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1 Introduction

In this paper, we consider the Schrodinger operator
L=-A+V(x) onR"n>3,

where V(x) is a nonnegative potential belonging to the reverse Holder class B, for g > /2.
The Riesz transform associated with the Schrodinger operator L is defined by T = VL3

and the commutator operator
[6, T(f)(%) = T(bf)(x) - b(x)Tf (x), x€R”, 1)

where f is a suitable integral function. Also, the dual Riesz transform associated with the
1
Schrodinger operator L is defined by 7* = L72 V and the commutator operator

[, T () = T" b)) - b T (x), x € R". 2)

First, Tang and Dong established the boundedness of some Schrédinger type operators
on the Morrey spaces related to the nonnegative potential V' belonging to the reverse
Holder class in [1]. Furthermore, Liu and Wang investigated the boundedness of the dual
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Riesz transforms and its commutators on the Morrey spaces related to the nonnegative
potential V belonging to the reverse Holder class in [2]. Recently, Pan and Tang established
the boundedness of some Schrodinger type operators on weighted Morrey spaces related
to the nonnegative potential V' belonging to the reverse Holder class in [3]. Motivated
by [3], our aim is to establish the boundedness for the dual Riesz transform associated
with Schrédinger operators and its commutators on weighted Morrey spaces related to
the certain nonnegative potentials, where the condition on the potential is weaker than
that in [3]. Our result is a nontrivial generalization of the main results in [3].

A nonnegative locally L? integrable function V' (x) on R” is said to belong to B, (1< ¢ <
00) if there exists C > 0 such that the reverse Holder inequality

1 Vg 1
(ﬁfs‘/(x)qu) §C(®/3V(x)dx) (3)

holds for every ball B in R”.

It is important that the B, class has a property of ‘self improvement’; that is, if V € B,
then V € B,,, for some ¢ > 0 (see [4]).

We assume the potential V' € B, for ¢ > n/2 throughout the paper. We introduce the
auxiliary function p(x, V) = p(x) defined by

>0

1
,o(x):sup{r: 2/ V(y)dyfl}, xeR".
- B(x,r)

It is well known that 0 < p(x) < oo for any x € R” (¢f. Lemma 1 in Section 2).

A kind of new Morrey spaces is established by Tang and Dong in [1]. Furthermore, the
weighted Morrey space is introduced by Pan and Tang in [3]. Let p € [1,00), & € (—00, 00),
and A € [0,1). For f € Lﬁ)C(R”) and V € B, (g>1), wesay f € Li"xv,w(R”) (weighted Morrey
spaces related to the nonnegative potential V) provided that

r )>aw(B(x0,2r))_A

%
= su 1+
1 p ( e

V(x) !pa)(x) dx < 00,
a,V,a)(Rn) B(xg,r)CR" )

B(xq,7,

where B = B(x, r) denotes a ball with centered at x, and radius 7, and the weight functions
w € A)™ (see Section 2).

Now we are in a position to give the main results in this paper.

Theorem 1 Suppose V € B, for n/2 < g <n, a € (-00,00), A € (0,1), and 1/pg =1/q — 1/n.

’ 0,00
Then, for py <p < oo and w € Ap/pé,’

%k
I TfHL(’;“}{,,w(R") = C”f”Lﬁ"kV‘w(R”)’
where C is independent of f.

Theorem 2 Suppose V € B, for n/2 < q<n, b€ BMO,, a € (—00,00), A € (0,1), and py so
that 1/po = 1/q — 1/n. Then, for pjy < p < 00 and w € AZ};?,
0
16TV s, o = Wiz, ey

where C is independent of f .
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We will use C to denote a positive constant, which is not necessarily same at each occur-
rence and even is different in the same line, and may depend on the dimension # and the
constant in (3). By A ~ B, we mean that there exists a constant C such that 1/C < A/B < C.

2 Some lemmas
In this section, we collect some known results proved in [4] in order to prove the main
results in this paper.

Lemma 1 There exist constants C, kg > 0 such that

1 =31\ _ o() Joc — ] ) 0/ to D
E(“ p<x>> E%SC(“ p(x)) :

In particular, p(y) ~ p(x) if |x — y| < Cp(x).
Lemma?2 (1) For O <r<R< o0,

P
= V(y>dy<6(1) o [ Vol
"2 B - \R R"2 Jpip)

and

1
rn—2

/ V(y)dy~1 ifandonlyif r~ p(x).
B(x,r)

(2) There exist C > 0 and ly > 0 such that

1 R \b
— Viy)dy<C (1 + —) .
Rn=2 /B(x,R) O)dy p(x)

Let IC be the kernel of T and C* be the kernel of T*.

Lemma 3 If'V € B, for q > n/2, then for every N there exists a constant Cy > 0 such that

|KC*(x,2)| < C‘;CA_[ ! </( 40 du + 1 ) (4)
B

1+ p(—xz)')N [ — 21"\ J Bz woziay |4 — 2] lx — 2]

Moreover, the last inequality also holds with p(x) replaced by p(z).

In this paper, we always write Wy(B) = (1 + r/p(x0))?, where 6 > 0; x, and r denote the
center and radius of B, respectively.

A weight will always mean a nonnegative function which is locally integrable. As in [5],
we say that a weight w belongs to the class Aﬁ’e for 1 < p < 00, if there is a positive constant
C such that for the whole ball B = B(x, r)

1 1 . p1
(%(B)|B| /B‘”U)dy><%<3>|3| /B“’ " Wy) =

We also say that a nonnegative function w satisfies the A} ? condition if there exists a
positive constant C, for all balls B

M‘f,(a))(x) <Cw(x), ae.xeR"
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where

1

0 _
Myf(e) =sup 4 B B fgl’w -

Since Wy(B) > 1, obviously, A, C AZ’9 for 1 < p < 0o, where A, denote the classical Muck-
enhoupt weights (see [6]). It follows from [7] that A, CC Az’a for 1 < p < 0. For con-
venience, we always assume that W(B) denotes Wy(B), Ap™ = [U,., A;'e, and A2 =

Upzl A[[j,oo

Lemma 4 ([7]) Let 0 <6 < oo, then:
(i) If1 < p1 <pa <00, then Aﬁlie c ALY
i) weA,” ifand only if o 71 € AT, where 1/p + =1
(i) weAy’ ifand only i T A;9 here 1/p +1/p/ =1
(iii) Ifwe Az’e for1 < p < oo, then there exists a constant C > 0 such that for any A > 1

Ar
p(xo)

(ko+1)0
w(AB(xo,r)) < C(l + ) w(B(xo,r)).

Lemma 5 ([8]) Let0<0<o0,1<p<oo.lffwe AI‘,"Q, then there exist positive constants 3,
n, and C such that

i s )1/(1+6) i < r >n
<|B|/B‘“(” b SCum/B“’(”dy T )

for all ball B(xy, ).

As a consequence of Lemma 5, we have the following result.

Corollary1 ([8]) Let0 <O <oo,1<p<oo.lfwe AI’,”G, then there exist positive constants
q>1,n,and C such that

w(E) |EI\ " "
wB) = C(ﬁ) (“ p(xo)>

for any measurable subset E of a ball B(xy,r).

Bongioanni et al. [9] introduced a new space BMOy(p) defined by

1
If 1l Bp0y (o) = SUP m/jg{f(x) — f3| dx < o0,

BCR”

where f3 = \;TI Jof ) dy and Wy (B) = (1 + r/p(x0))?, B = B(xo,r), and 6 > 0.
In particularly, Bongioanni et al. [9] proved the following results for BMOy(p).

Proposition1 Let 6 >0 and1 < s < oco.Ifb € BMOy(p), then

1 1/s ’ 0’
— | |b(x) - bs|’d <C|b 1
<|B|/B| (x) — by x) <Cj ||BM09(p)< +p(x0))

holds for all B = B(xy, r), with xo € R" and r > 0, where 6’ = (ko + 1)0 and ky is the constant
appearing in Lemma 1.

Page 4 of 16
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Proposition 2 Let b € BMOy(p), B = B(xg,7), and 1 < s < co. Then

1 s\ 2kr \?
— b(y) — bgl| d Cllb k(1 5
<|2’<B| /2k3| () - bs| J’) < ClIbllzmoy (o) ( +,o(x0)> (5)

forall k e N, with 6’ = (ko + 1)0 and the constant ko is given as in Proposition 1.

Obviously, the classical BMO space is properly contained in BMOy(p); for more exam-
ples please see [9]. For convenience, we let BMO,, = | J,,, BMOy(p).
From Corollary 2.2 in [3], the following result holds true.

Corollary 2 Ifb € BMO, and w € A%, then there exist positive constants C and n such
that for every ball B = B(x, r), we have

1 » r\" s
M/Bw(x)—bﬁg{ wx)dx < (1+%) 15113000,
where bg = ﬁfB b(y)dy.

3 The proof of our main results
Proof of Theorem 1 Without loss of generality, we may assume that « < 0 and w € AZ }Z, .
0

Pick any ball B = B(xy, r), and write

f&) = filx) + fo(x),

where fi = xp(x,2rf- Hence, we have

1/p
(/ | T*f(x) |pw(x) dx)
B(xo,r)

p Up
< </ |T*f1(x) |pa)(x) dx) + </ |T* 5 (%) |pa)(x) dx) . (6)
B(xg,7) B(x,r)

By the %, boundedness of T* (see Theorem 3 in [5]), we obtain

r

p(xo)

/j;( )|T* 1(x) ’pa)(x) dx < C(l + )Wa)(B(xo,2;"))'\|[f||lzp_A . 7)

a,V,w(Rn)

Now, for x € B(xy,r) and using Lemma 3, we have

| T*f(%)| = / K*(x,2)f (2) dz
|lxo—2z|>2r
< Li(x) + I(x), (8)
where
_ [f =)
hi#) = Cu /xo—z>2r lx—z|"(1 + ‘:j("xz)' W dz
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and
\4
Lx) = Cx / el / Ve,
|x0—z|>2r Ix - Z|n_1 (1 + W)N B(z,|x—z|/4) |I/l - Z|n_
Then

1/p
(/ | T*f(x) [P () dx)
B(xg,r)

1/p 1/p
< ( / (L)) w(x) dx) + ( / (L)) w(x) dx) .
B(xq,r) B(xg,r)

By the proof of Theorem 1.1 in [3], we have

)

P r -« -
/;(Xw) (L) w(x) dx < C(l + ,o(xo)> w(B(xo,2r)) 1,

o,V,w

®"’

Next we deal with I,(x). For x € B(xg, ), |x°2—_zl <lx-z| < W We get

/ (L)) w(x) dx
B(xg,r)

_ If (2)l V(1) ’
- CN /B(xo,r) (/l.xo—z>2r Ix - Z|n_1 (1 + lx—z] )N /B:( i dz) w(x) x

% z,|x—z|/4) |u - Z|n_1

- i Cu / ( / If 2|
T IBeon \JBx 27n\B(

s02in) oo — 2|71 (1 + BN

Vv p
X ] L)l du dz) w(x)dx
B(x0,2”3r) |Lt - Z|n7

> 1
C [
=20,

p
(2 ( / | Lf(z)|zl(vxg(xo,2i,))dz> o(x) dx.
xo,r) (1 + p(a:) )Np B(xg,2ir)

Let pl, < p < 0o. By simple computation, p% =1+ £, By the definition of A;) }2/0,

1 , 1/v
, . o )d)
(‘I/(B(xo,er))lB(xo,er)l Blx,2ir) 0)dy

1 (Z+1-1)—51

1 1
—m v(§ +1-1)
, . @ v1(y) dy)
(\P(B(xO! 2’r))|B(x0, 217)' L(xo,Zir)

1 “p
<C . - w(y)d ) ,
(W(B(x()r er))|B(x0! 217)' B(xg,2ir) (y i’

(10)
wherel/g=1/s+1/nand1/p+1/v+1/s=1.

Using Holder’s inequality, (10), and the boundedness of the fractional integral 7; : L7 —
L with 1/q =1/s + 1/n, for 1/p + 1/v + 1/s = 1, we have

/ OV Kping i)
B(xg,2'r)

= / ) V(x)|a)1/pa)’1/pl'1(VXB(xO,Zi,))dx
B(x0,2'r)
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1 1/p
)V ( / [f |p w(x) dx>
B(xg,2ir)

1 1/v
X . . wlx)™"P dx>
(‘I/(B(xo,Z’r))lB(xo,Z’r)l Blx,2ir)

1/s
) (/ TV Xy 2m)) dx)
B(xg,2r)

1 1/p
) ' (/B:(xo 2ir) lf |pw(x )

1 -1/p
X . . w(x) dx)
(\IJ(B(JC(),Z’V))|B(JC(),2[V)| B(x0,2ir)

1/s
x (/ . (II(VXB(xoyzir)))S dx)
B(x0,2'r)
y i\ \Up+llv
< C(W(B(x0,2'7)) |B(x0,2'7) ) (/B
a)(B(xo, 21';"))_1/1: HII(VXB(xo,Zir))”S
= C(W(B(xo,2ir))|B(x0,2i,)|)l/p+1/v(/3

o (B(x0,2r)) 11V Xp(ag 200 - (1)

< (W (B(x0,2'r)) |B(x0,2r)

< C(lll (B(xo, 2’%)) ‘B(xo, 2ir)

1/
If @) w(x) dx) ’

(x0,2ir)

1
[f(x) |p w(x) dx) ’

(x0,2ir)

For V € B,, using Lemma 2, we get

i\l
IV X 20 llg < C(27) ™" / V(@) dx

B(x0,2/r)

< C(zir)—n/q/+n—2(2ir)—n+2/ V(x) dx

B(xo,2ir)

< C(zi )—n/q’+n—2 (1 N 2ir )lo (12)
r .
- p(xo)

Itis easy to check that —(n-1)p— 27 + (n-2)p+n+L2- p “ = 0. Furthermore, using Corollary 1,

we have
w(B(x9,2r)) . _n< 2ir )”
————<C(2) 1[1+ . (13)
w(B(xo, 2"*1r)) @) p(x0)
Therefore, by (13),

/ (12 (x))p w(x) dx
B(

\% P
=Cy / ( / il = / ) I dudz) w(x) dx
Bxo,) \Jjxo—zl>2r |X — 2|~ o N Bzl lu — z|"~

< ZC 2, —(n-1)p +(n— 2)p+n+
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2r \(1 +€)0+lop
« / (1+ P(xo))

: ; )| 0) dyo(x) dx
B(xg,r) a)(B(xo,2lr))(1 + pZ(;) )NP /B(xo,Zir)V |

2l ) a+(1+ )0+lop

< iCNw(B(xo v 14 U+ i) () dx
B i=1 , LIM »®) B(xo,r) er
= X

a

) a+(1+2 5)0+lop

1+ 2

o0
; A1 (
= Z CN“)(B(’CO’ZHI’”)) w(B(xo,r)) 1 ix%)Np/ ko+1)
o(xo

w(B(xo,2r))
_Z (ﬁ) o(B(x0,2r))

2 \-a+(1+2)0+lgp+
A( 27 1+5)0+lop+n

17,

o,V,w

R")

4
2)0+lop

12,

1+ %)Np/(kﬁl) o V.o BT

< Z Cn27"0=M 0 (B(xo, 27)) |lf||pr

o,V,0

®")

(1 + 2L )Npl(ko+D)

plxo)
<CII,. s (14)

a,V, w(Rn)

where we choose N large enough so that the above series converges.
From (6)-(14), we obtain

1753, @y < CUF i ey
Thus, Theorem 1 is proved. 0

Proof of Theorem 2 During the proof of Theorem 2, we always denote 6" = (ko +1)0. With-

out loss of generality, we may assume that o < 0, b € BMOy(p), and w € A; }Z, . Pick any ball
0

B = B(x, r), and write

S&) =filx) + fo(x),

where fi = xp@,,2rf . Hence, we have

1/p
([ llorywlowa)
B(xq,r)

1p 1/p
< (/ [, T* i) [ o(x) dx) + ([ |[6, T @) w(x dx> ) a5)
Blxo,r) B(xo.r)

By the L%, boundedness of [b, T*] (see Theorem 2 in [8]), we obtain

oti(

/ I[6, T* ) [ o(x) dx < C(l + ) w(B x0,2r)) [T — (16)
Blxo,r) p(x0) R")
Set bg = m fB(xO,r) b(x) dx. Write [b, T*|f> = (b — bg)T*fo — T*(f(b — bg)). Then
1/p
( /B ( )|[b, T*1f®) | w(x) dx)

1/p 1/p
< < f |(b—bp) T*f| w(x) dx> - < f | T* (f(b — bp)) [ o(x) dx> . (17)
B(xo,r) B(xo,r)


http://www.journalofinequalitiesandapplications.com/content/2014/1/194

Liu and Wang Journal of Inequalities and Applications 2014, 2014:194
http://www.journalofinequalitiesandapplications.com/content/2014/1/194

By (8) in the proof of Theorem 1, we obtain
f |(b—bp)T*f| w(x) dx
B(xo,r)

<ot ( f b - bgl? (L(x))’ w(x) dx + f b - gl (L(x)) w(x) dx).
B(xg,r) B(xg,r)

Let p, < p < co. By simple computation, p% <1+ 5. By Lemma 4, Aﬁ }0 Af); ;- Then

/
1 v

(‘V(B(xo:zir))|3(xo,2i7)| Blxo,2ir)

, p
o (y) dy)
1

TS 1+
v (y)dy)

5o

1
= " ’ w
(‘I/(B(xo,2’r))IB(xo,2lr)| Blxo,27)

1 1
SC(wue(xo,2l‘r))|B(xo,2l‘r)| B(xo,zm“’(”dy) ’ 18)

By Lemma 1 and Corollary 2, as well as Lemma 3, we have

[ o= baP () ot ds
Blxq,r)

p
< CN/ |b — blP (/ le—l dz) w(x) dx
B(xo,r) lo—zl>2r |% —z|"(1 + == )N

o)

z p
|b— bgl‘”(/ A )|Ixo zl ~ z) w(x)dx
Blxo,21*1r)\B(xo,2ir) [%0 — 2| (1 + )

2
/xor b= bB|p(1+ 11 )N (2if)_np</;(xo‘2ir)[f(z)|dz) o(x) dx
o

S

|b—bg|fp ————— 1 (2ir)"

2ir \N;
1+p(x)) v

IA

Mz I EAﬂg i Mz

i=1

X (/B( y )[f(z)’w(z)l/pw(z)_”” dz)pa)(x) dx

1 -
= b—bglp——— (2 p(/ ) d)
Z N/xor | sl 1+ %)Np( r) B(xo,2ir)v ‘ ‘

y4

* (/};(xo,zir) w(z)_%/ dz) ?a)(x) dax
1 ; —,
C b_balP——— (i np( , . )
<Z N/x(,, |b — b 1+ %)Np( r) /I;(xo‘w){f( 2)[ w(z) dz

2r (1+§)9 1+ L i \\-1
(10 25) 7 o 2) (B 20) o

00 (1+ 2ir
< ZCN/ |b— bgl? —L5)"_(B(xo,27r))
Blxo,r)

2r \N;
(L+ 555

Page9of 16
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x / (@) (o) dzol) dx
B(x0,2ir)

() (1 + 2'r) —a+pl
<> Cnvo(Blxo,27) I, / b~ bl ——20— () dx
i:ZI LtP;VLu( ) B(xq,r) (1 2r ))Np

o+pl+n
1+ (xo )

SZCNw(B(xO:2”17‘)))\_1”(3(960’7)) b ”BMop”f”LpA o

1+ p(xo))Np/k +1) R")
00 1
w(B(xo,2r)) A
<X pziy) B0
i=1 ’
(1+ )—a+p9+n
—f“” 16150, IF 1o
(1+ 2L Wp/o+) P Ly )
00 ( A( 2r ) a+pf+2n
—in(1-1)/q p
szlchz (B(x0,2r)) —(“ﬁ)Np/(k o 100, I Wi gy (19)
i= plxo

where we choose N large enough so that the above series converges.
For I(x), we assume 7n/2 < g < n due to Lemma 3. Then, since x € B(xy, ), we also have

- 3lx0—
Bl < |y — 2] < 2502l Then

[ -bar () o ds
B(xg,r)

@)
scN/ |b—b3|p</ LA/ —
B(xo,r) lxo—zl>2r |% — 2" 1(1 + F)

x)
Vv p
X / L)l dudz> w(x) dx
Blz,|x—zl/a) |4 — 2|

[f )
<ZCN/ |b_bB|p</ X . n-1 |x0 Z| N
B(xo,7) Blxo,271)\Blxg,2ir) |0 — 2|" (1 + )
14
x/ 7( “) 1dudz) w(x) dx
B(x0,2i+3r) |l/l Zln

= 1 (n-1),

i \—(n-1)p
,Z:l: Blxo) (1+ %)NP( )

p
X (/ _ [f(z)’Il(VXB(xO,Zi,))dz) w(x) dx.
B(x,2r)

By (11) and (12) in the proof of Theorem 1, we obtain

/ |b—bglP (12 (x))pw(x) dx
B(xq,r)

< CN/ |b— bgl? (/ /e =
B(xo,r) wo-zl>2r |6 — 2" (1 + W)N

% p
X / L)l du dz> w(x)dx
Bz, x—zl/a) 14— 2|"”
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<> Cno(B(xo,2717))"" |[f||f’

o (R

(1 + Lf)—a+(l+p/v)9+lop
x / |b - bylP —LE) () dx
B0y (L+ 2

< Z CNw(B(xo, 2“+1r)))\_1a)(B(x0, r))
i=1

( 2ir )—a+(1+p/v)0+lop+n

'3
» 10010, Py

00 1-x
< ZCN(M> w(B(xo,2r))"
i=1

_2'r \Np/(ko+1)
Sy T

w(B(xo,2'7))

(1 + ﬂ )—a+(1+p/v)<9+lop+n

16110, 111
™ j,’{ /oD oo, Wy, e
0)

< ZCN2 in(t /qa)(B(xO,Zr))

(1 2ir )—a+(1+p/v)0+lop+2ﬂ
plxg)

2ir \Np/(ko+1)
1+ P(xo)) oo

» »
1211810, |lf|| @ (20)

if we choose N large enough.

Now, for x € B(xy,r) and using Lemma 3, we have

T ()| =

/ | K*(x,2)f (2)(b — bg) dz
x0—2|>2r

< Li(x) + L(x), (21)
where
hw=cy [ VOO
|xg—z|>2r Ix Z| (1+ ))
and
() = Cy / [f (2)(b - bp)| / V(u) dudz
lxo-zl>2r |x —2|"~ 1(1+ :)C(_le)N Bl(z,|x—z|/4) |u z|"~ 1 '
Then,

1/p
( /B ( )|T* (fa(b — bp)) [ 0(x) dx)

. 1/p . 1/p
< </ (Il(x))pa)(x) dx) + (/ (Iz(x))pw(x) dx) . (22)
B(xo,r) B(xg,r)
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Firstly, we consider L(x). By Proposition 2 and (10), for 1/p + 1/v + 1/s = 1, we have

/ |f (x)(b(x) - bg)| dx
B(x0,2ir)

S N TP
B(xg,2tr,

< \Il(B(xo,2ir))|B(xo,2ir)’

1 » 1/p
(‘I’(B(xo,z"’))|3(xo,2’r)| a2 @l ”(x)dx>

X

1/v
wlx)™"P dx>

X

(\D(B(xo,er)NB(xo,er)' Blso 2i7)
1/s
blx)—bs|’d
(‘D(B(xo’zl )B(x0,2'7)| B(xozt)‘ %)= bs| x)
< C¥(B(x0,2'r) )|B(xo,2r)|

X

1/p
[f(x) |p w(x) dx)
-1/p
w(x) dx)

1/s
|b(x) - bB|de>

\Ij x():z r |B(x0r2 7‘)| B(x0,2i7)

X

\Ij xo,z r |B(x0r2 7')| B(x,2ir)

< C(¥ (B(x,2))) """ |B(xo,27)|

1/p
X / x)|‘” x)dx) a)(B(xo,Zir))_l/p
B(xo,2ir)

X

X -
(\Ij x()izl |B(x0r21r)| B(x0,2ir)
1\

1/s
bx)-b de)
|B(xo, 2r)| B2 )| 3

%ip (1/p+1/v)6+6’ ) 1/p
(1 + ) ‘B(x0,2‘7)|</ @) olx) dx)
B(xq,2'r)

o(B(x0,2'7)) 7 16l sar0,

x )
9, (Up+1ve+o’ ., 1/p
< Ci(l ) (2'7r) ( /B o If @) () dx)
X )

w(B(x0,2'r )_l/p”bllBMop‘ (23)

Then we get

/ (L))’ w(x) dx
B(xo,r)

[f (2)(b - bg)l )p
-C —_— d.
N /B(xo,r) (\/l.x0z>2r Ix — Z|n(1 + |:)C(;xz)|)]\[ ‘ w(x) x

= b-b e
< Z CN/ (/ )X ‘xB)_L‘ dz> w(x)dx
P} Blxo,r) \J Blxo,20*1r)\B(x,2r) %0 — 2|"(1 + %)N
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: ) b byl dz) o d
<ZCN~/ m(z 7”) <./l;(x0,2ir)lf(z)( - B)| Z) o(x) dx

Blxo.r) (
00 ( + 2ir )(1+p/v)9+p9/
<> cw? / o) ( / f @) w(z) dz)
i1 B(xo,r) a+ p(;) )Np B(xg,2ir)

x & (B(x0,2'7)) 1B 110, () dx

< Z CNi”w(B(xo,Z”lr)) |lf||p & |b”BMOp

i=1

)" —a+(1+p/v)0+pt’
)

(1 + Zxr
x/ o SRR w(x) dx
B(xg,r) (1 + m) P

< Z CNi"w(B(xo, 2i+1r))A_lw(B(x0, r))

(1+ Zir )—a+(1+p/v)0+p9’
X

1813810 |V||ppk
Np/(ko+1) 4 R”
L+ P
(B(xo,2r)) Py
< CyP| ————— B(xg,2r
Z N? ( x() 2”’17')) ( (0 ))
a + 2ir ) a+(1+p/v)0+pd’
(1 + A)Np/ (ko+1) 15110, ”f”L’Z” »®")
p(x0)
o
< Cnir2 "D (B(xg, 21))
i=1
( %)—a+(l+p/v)0+p6’+ﬂ
plxo 2
”b”BMOp”f” e (24)

2ir \Np/(ko+1)
1+ »0(%0)) 0

where we choose N large enough so that the above series converges.

For V € By, then V € B, for ¢ > 0. Using Lemma 2, we get

i \~n(q+e)
1V Xpag 2imllgre < C(277) 0 f V(x)dx

B(x0,2ir)

< C(zir)—n/(q+g)/+n—2(2l‘r)—n+2/ V(x)dx

B(xg,2ir)

o e 2i lo
< C(2ip) @ 2(1+ V) . (25)
p(x0)

Let pj, < p < 00. We choose u such that u = q(‘”g and1/p+1/v+1/u+1/s=
Let 1/(g + &) = 1/s + 1/n. By simple computatlon,

P 1 1 1 1 1 1
—=pll-—+—)=p(l-—+—+ -—
Po q n q n q+& q+¢

1 1 p
=pll- -=)=1+-
qlg+e) s v
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Finally, we deal with L (x). Using Holder’s inequality, (10), and the boundedness of the

fractional integral 7; : L9** — L*, for 1/p + 1/v + 1/u + 1/s = 1, we have
/ 1) (6) — b5) [TV g i)
B(xq,2'r)
< / 1) 0P 0P [b(o) — b T (V g i)
B(xo,2ir)

1/p
[f x) ’p dx)
(0,2ir)

1/v
w(x)™"P dx)

~(w (B(xo,2ir)))1/V(|B(x0’2ir) ‘)1/V+1/u (/B

1
X - -
(\I’(B(xo,2’r))|B(x0,2’r)| B(xq,2ir)

1 u 1/u s 1/s
) b(x) - b dx) (/ Ti(V Xpir 9in)’ dx
( |B(X(), 2lr)| B(x0,2ir) | B| B(x0,2ir)( ! Blxo,2) )

<C(¥ (B(xo,Zir)))l/v({B(xo,zi,)})l/m/u (/B ol dx)llp

(%0,2¢r)

-1/p
w(x) dx)

x
W(B(x0,2'r )|B(x0,2 N B ,2r)

1/u 1/s
bx)-b de) (/ Ti(V XBixo i) sdx)
[B(%0,2i7)| Jpxg,2i )| B| B(xo,zir)( 1 AB02) )

(
(i
< C(W (B0, 27))) " B, 207) |71
(
(i

X

1/p T,
X f P o(x )dx) w(B(%0,2'r)) P
B(x0,2i7)

X

1/u
|B(x0, 277)| J Bxg 2 )| )= b3|”dx> ”II(VXB(xo’Zir))Hs

i (1/p+1/v)6+6’ ] 1/p
(1 + > |B(x0,2'r) |1/p+1/v+l/u </ If ) o(x) dx)
p(xo) Blx,2'r)

x @(B(%0,27)) " 1Bl a0, IV Xpsg 2in) g+

i 1/p+1/v)0+6' +i
caifie 2 ) (i)
B p(%0)

i\\“lp p e
x (B(x0,2'r)) (/B(x ” If )" o(x) dx) bl Bamo, - (26)

Then

/ (L)) (x) dx
B(xo,r)

b-b |4 s
o ([ bl [ ) s
B(xg,r) |xg—z|>2r Ix Z|n 1(1 + )) B(z,|x—z|/4) |M_Z|n_

oo
b-b
= E CN/ (/ i . lf(Z)(l \iZ'—ZI N
i1 Blxo,r) \J Bxo, 201 n)\B(xo,27r) [%0 — 2" (1 + “T=2)
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x/ La,’udz) w(x) dx
Blxg,2+3r) U — 2"

> 1
=< Z CN/B _— (2ir)_(n_l)p
i=1

o) (1+ Z5)NP

»
X </ f@b- bB)|Il(VXB(x0,2i,))dZ> w(x)dx
B(xg,2r)

sZchﬂw( (x0,27°17)) Wuf’, L

i=1

2y )—a+(1+p/v)9+p9’+lop
X

(
X / > w(x)dx
B(xg,r) (1 + ,0(9:) )Np

< Z Cni¥w(B(xo, 2i+1r))x_lw(B(xo, r))

(1+ 2ir )) —a+(1+p/v)0+pb’ +lop

b P
(1+ LWl (ko +1) 16W5u10, W1, o ®)

. [ w(B(xg,2r)) '
- 21: CNLP(W(M) ©(B(xo,27))"

( 2r )—a+(1+p/v)0+p9’+lop

: b
(L + Sgs)Npltko+D | ”BMOPW”L“ o®?)
plxo

o0
< Z CNiI’z*i"(I*’\)/qw(B(xo, 2,,))A

i=1

a+ %r )" a+(L+p/v)0+po’ +lop+n

HbHBMOp |V||pp,k ) (27)

( %;Cr) )Np/(k0+1) L v,w(]R”)
0

where we choose N large enough so that the above series converges.
From (15)-(27), we obtain

18TVl oo = CW Lz, oy

Thus, we complete the proof of Theorem 2. d
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