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1 Introduction
We use the following notations throughout the paper (see [1]):

N A A
X = (X1, %), o= (oq,...,0,), | =g+ -+ +ay,
n lp
e£(0,1,...,n-1), ||x||p£(zxi’> , p>0.
i=1

Let A = [a;j],x» be an n x n matrix over a commutative ring. Then the permanent of the
matrix A, written as perA , is defined by

perdA £ Z A10(1)A2,0(2) " * Ano ()

o€eSy

where S, is a symmetric group of n-order (see [2]). The matrix

a1 a1 o1
Aot e Xy
a a as

x x e x

; 1 2 n

H AT, _
n(X,O() - [xj ]nxn - :

Pn Pn Q,
X1 Xy o X
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is called a Hardy matrix, the matrix functions per H,(x, o) and det H,(x, &) are called the
Hardy function (see [2, 3]) and the generalized Vandermonde determinant (see [4, 5]),
respectively.

Due to the facts that the symmetric polynomial and certain symmetric functions can be
expressed by the Hardy function (see [6] and Remark 1), and that the interpolating quasi-
polynomial can be expressed by the generalized Vandermonde determinant (see [4, 5]), the
Hardy function and the generalized Vandermonde determinant are of great significance
in mathematics.

Obviously, the Hardy function per H, (x, &) is a symmetric function. For the Hardy func-
tion, we have the following well-known Hardy inequality (see[3, 7]): Let o, B € (—00, 00)".
Then the inequality

per H,(x, &) < per H,(x, B) 1)

holds for any x € (0,00)" if and only if & < B.
For the Hardy function per H,(x, ), Wen and Wang in [2] (see Corollary 1 in [2]) ob-
tained the following result: Let x,y € (0,00)", & € (—00,00)". If

X< <---<x, and y <y =<--- <y

then

per H,(xy, a) - per H,(x,)  per H,(y, a)
n! - n! x n! ’

()

where

XY £ (X191, XnYn)-

For the generalized Vandermonde determinant det H,,(x, o), Wen and Cheng in [5] (see
Lemma 3 in [5]) obtained the following result: Let x, & € (0,00)", n > 2. If

X1 <Xy < < Xy au-a;>1, j=1,2,...,n-1,

then we have

n-1 -1 dy d |dli—|€|
X7+ xhn n
det H,(x,0) < (l_[j!) detH,,(oc,s)detH,,(x,g)< n—12 " ) ’ 3)
j=1
where
-1
d 2 max{la, —orn 1), el > [e] = ”(”2 )

Famous Minkowski’s inequality can be described as follows (see [8, 9]): If 0 < p < 1, then

for any x,y € (0,00)", we have the inequality

Ix+yllp = [Ixllp + Iyl (4)


http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Wen et al. Journal of Inequalities and Applications 2014, 2014:186 Page 3 of 17
http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Inequality (4) is reversed if p > 1. Equality in (4) holds if and only if x, y are linearly depen-
dent.

Minkowski’s inequality has a wide range of applications, especially in the algebraic ge-
ometry and space science (see [8—11]). In this paper, we establish the following Minkowski-
type inequality (5) involving Hardy function.

Theorem 1 (Minkowski-type inequality) Let a € [0,1]". If 0 < || <1, then for any X,y €
(0,00)", we have the following inequality:

L L L

[per H,(x + y, )] > [per H,(x,o0)] ¥ + [per H,(y, )] ™. (5)
Equality in (5) holds if x, y are linearly dependent.

In Section 3, we demonstrate the applications of Theorem 1. Our objective is to estimate
the lower bounds of the increment of a symmetric function.

2 The proof of Theorem 1
In order to prove Theorem 1, we need the following lemmas.

Lemmal Ifa € [0, 00) %, Jot| — (a1 — 2)? > 0, || > O, then for any X,y € (0,00)%, we have
the following Minkowski-type inequality:

[per Hy(x +y,0)] g > [per Ha(x, )] gl + [per Hy(y, )] gl . (6)
Equality in (6) holds if x, y are linearly dependent.
Proof First of all, we consider the case
a € (0,00)?, loe] = (1 — a2)? > 0.
Write y;/x; = u;, i = 1,2. Then inequality (6) can be rewritten as
[A7" 52 (1 + 2)“ (L + 1) + 125" (1 + 11)*2 (1 + 1) | s
> (AU U+ KA U D) T (A 4 ) @)
Without loss of generality, we can assume that
X% +a2a0 =1, (x1,%0) € (0,00)2 (8)
Indeed, if
X a5 +x)2x = C1T2, C >0,
then

k] ko Koy ko] ESN 2
Xy +xx =1, (xf,x3) € (0,007,


http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Wen et al. Journal of Inequalities and Applications 2014, 2014:186
http://www.journalofinequalitiesandapplications.com/content/2014/1/186

where

x=Cly, i=12.

Set

KOS U =, e, ©)
and

Fluy, u) = 277052 (1 + )™ (1 + 42)*2 + 272050 (1 + 1) "2 (1 + up)™,

D 2 {(u1,u5) € (0,00)° ¥ 521y iy + 72065 w2y = ™12 ).

We arbitrarily fixed x1, x,, which satisfies condition (8), then inequality (6) can be rewritten

as
F(uy, up) > (c+1)"7%,  V(uy,uz) € D. (10)
We consider the following Lagrange function:

L = F(uy, uz) + M(o" 6520y 3 + 2725 gyt — <172,

Set
88_151 = o w2 (1 + 10) 7N A+ 49)™? + 025 (1 + 29)*2 7 (1 + )™
+ A (onx w52 T S + o T ugt) = 0, (11)
and
88—52 = 0 S (1 4+ 1) (1 + 42) 2™ + a2 (1 + 29)*2 (1 + )17
+ (o a2 > o a uul ) = 0. (12)

From (11) and (12), we get

opxy a2 (1 + ) 7N+ ) + 0205 (1 4+ 1) ™27 (1 + )™

ag—1 o1-1

aaxy w0 (L un)™ (L4 12) 7 + a5 (14 )™ (1 + 1)

ap oz a1-1 ay a1 ar-1 «
oy w2 Uyt Uy + o P xs Uyt Uy

= T
ooxy xy Uy us? T+ o Ray Uyt uy

(13)

Write

(1>

a1—a3 o] -0
X o] + (Lot
2 >0, g2 THERE T, (14)
X1 oo + (Lo 1792
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Since
o1 oo -1 a ay o1 oa-1 o X2 \X1—02 (up \X1 02
00Xy X Uy Uy onX g Uy Uy Uy +oa ()7 ()

oy, ap op-1 a a1 oy o-1 X2 \01=02 (up \o =02’
0 Xy U usE T+ o Ty iy up o+ o ()7 ()

equation (13) can be rewritten as

o(52)-o(2),
+ Uy u

By
log[g(t)] =log(t) + 10g(a1 + uaztal_”) - log(az + ;wzlto‘l_"‘z),
we get
g 1 (o —a)paat® ™ (o —ap)pay 127!
. —_
gty ¢ o + Lo tH1—%2 oy + Lo L2
o[l + (e )] + [of + af + (o — o) (ed — )]t
- ton + paat®=02) (o + pro £1-92)
20001t + [af + o3 + (a1 — op) (03 — af)] =2
- tlon + pagt™1=2)(ory + Lo t*1742)
2
_ (mtra)oro— (-] o,
tlon + pagt™=2)(ay + po t*1792)
> 0,
hence
g >0, Vt>0. (16)
By (15) and (16), we get
1+
h_B (17)
l+u; wm
By (16), (17), (8) and (9), we get
Uy =iy =c. (18)

According to the theory of mathematical analysis, we just need to prove that inequality
(10) holds for a stationary point (c, ¢) of F(u1, u3) and boundary points of D.

If (41, u2) = (¢, ¢) € Disastationary point of F(us, u,), then equality in (10) holds. Here we
assume that (i1, #) is a boundary point of D. Then we have (i, 1) = (0,00) or (41, u3) =

(00, 0). Since
F(ur,un) = 00> (c +1)%1+%2,

inequality (10) also holds. So we have proved inequalities (7) and (6).


http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Wen et al. Journal of Inequalities and Applications 2014, 2014:186
http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Next, note the continuity of both sides of (6) for the variable o, hence inequality (6) also
holds if

o< [0)00)2) |O{|—((X1—Ol2)2=0, lee| > 0.

From the above analysis we know that equality in (6) holds if u#; = uy, i.e., X, y are linearly

dependent. This completes the proof of Lemma 1. g

Lemma 2 [fa €(0,1)2 and 0 < || < 1, then for any X,y,z,w € (0,00)", n > 1, we have the
inequality

L

n Je] n %
[Z (i + 1) (2 + Wi)a2j| > (Z xflzflz) (Z ) (19)

i=1

®|~

Equation in (19) holds if and only if

X1 X2 X 21 Z2 z
A R —...= (20)
Yy 2 Yn W1 W3 Wy

Proof Write

Ji Wi .
— =uj —=v;, i=12.
Xi Zj

Then inequality (19) can be rewritten as

L L

1
Ta] I3
|:Z Mz 1+ u) ™ (1 + vi)“2:| (Zxalzaz ualvaz)

Without loss of generality, we can assume that

+
PR
Nk
X
g
N
=R
S
S————"
~
=

Zxal 2 =1, x,z<(0,00)", (22)
and
X:;vco“zo‘zua1 Vi =1t 0> 0. (23)
Write
n
Gu,v) & Zx?lzflz 1+ 2)" (A +v)*?,  u,ve(0,00),
i-1
and

A
D, 2 l( € (0,00)*" E X122 ul VI = e

Page 6 of 17
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Then inequality (21) can be rewritten as
G(u,v) = (c+ 1) 2, V(u,v) € D,. (24)

We define the following Lagrange function:

n
L=Gu,v)+ A( E X2 u v - c“”"‘z).
i-1

Set

;_Z =Xl 22 L+ u) L+ v+ hax 2 ud T =0, k=12,...m, (25
and

;—VL]( = @ 22 (L + ) (L + v 4 haoaxl 20Ul v =0, k=1,2,...,m.  (26)

Then equations (25) and (26) can be rewritten as

_ 1
a1x 22 (L4 wg) 7N L+ v)™ = —donal 22l Ve, k=12,...,m, (27)
and
_ -1
X 22 (1 + w)™ (L +v)®? ™ = —haoaxl 22UV, k=1,2,...,n, (28)

respectively. From (27) divided by (28), we get

1+ve v

= & ur=w, k=12,...,n (29)
1+ur ug

From (29) and (27), we get

(T+u)™ = k=120 (30)

By (30) and o1 + a3 — 1 = || =1 < 0, we get
Uy =Uy =---=Uy. (31)
From (31), (29), (22) and (23), we get
Up=Uy=-=U,=V]=Vg=-+-=V,=C. (32)
That is to say, the function G(u, v) has a unique stationary point (c,...,¢,c,...,c) in D,.
Next, we use the mathematical induction to prove that inequality (24) holds as follows.
According to the theory of mathematical analysis, we only need to prove that inequality

(24) holds for a stationary point (c,...,¢,¢,...,c) of G(u,v) and boundary points of D,. To
complete our proof, we need to divide it into two steps (A) and (B).

Page 7 of 17
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(A) Letn = 1.If (¢, ) is a stationary point of G(u, v) in D,, then equality in (24) holds. Here
we assume that (i,v) is a boundary point of D,. From (23) we know that (u;,v) = (0, 00)
or (u1,v1) = (00,0). Hence

G(u,v) = a1 202 (1 + ug)™ (1 +11)*2 = 00 > 142,
That is to say, inequality (24) also holds. According to the theory of mathematical analysis,
inequality (24) is proved.

Let n =2.1If (¢,c, ¢, ¢) is a stationary point of G(u,v) in D,, then equality in (24) holds.
Here we assume that (u,v) is a boundary point of D, then there is a 0 among u;, us, v1,
v,. Without loss of generality, we can assume that u; = 0. From (23) we have

122Uy = ¢, > 0. (33)
By (33), we get

G(u,v) = 2727 (L + 1) (L + v1)™ + 25 252 (1 + 12)* (1 + v5)*?
=222 (L+ 1) (L +v1)* + a5 252 (1 + 1) ™2

> a1 22 (L + u) (1 +vp)*2

a] o o o
> %702 ut)?

= Mt
That is to say, inequality (24) still holds for the case when (i, v) is a boundary point of D,.
According to the theory of mathematical analysis, we know that inequality (24) is proved.

(B) Suppose that inequality (24) holds if we use n — 1 (n > 3) instead of n, we prove that
inequality (24) holds as follows.

For a stationary point (c,...,c,c,...,¢) of G(u,v) in D,, equation in (24) holds. Here
we assume that (,v) is a boundary point of D,, then there is a 0 among w3, 4, ..., Uy,
Vi, Va,..., v, Without loss of generality, we can assume that i, = 0. From (23), we get

i

n-1
E X2 PulViE =1, > 0. (34)
i=1

Set

1 1
* - * - .
xf =i (1—allze?) v, Zf=zi(1-alz22) e, i=1,2,..,n-1,

then equation (22) can be rewritten as

n-1
Zx;‘alzf” =1, %2 €(0,00)"7, (35)
i-1

and equation (23) can be rewritten as

n-1
1
kO kO 0] 0D o+ _ Q1 02\ aq+ag
E XUV = ¢, e = e(1-allZ2) e >0, (36)
i=1
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as well as the function G(i,v) can be rewritten as

-1
Glu,v) = (1-5 Z P ) (L4 i)+ X022 (14 v,) (37)
i=1

By the induction hypothesis we have
-1
Z TZ 1A w) M (1 + v > (ch + 1)MT2 (38)
i=1

By (37) and (38), we get

n-1

Glu,v) = (1-a21222) Y a2, (L 1) (L +v)™ + &2 222 (L + )™

> (1-a2122%) Zx}"alzjm L+ ) (L + )™ + 251252
i-1

(1 - x‘,’,‘lzZZ)(c* +1)01702 4 50122

v

(1 - x‘,’flzZZ) [c(l - xfjlzgz)fﬁ + 1]a1+a2 + X122

= [c + (1 —lezzZ)ﬁ]“l"“z + X222,

G(u,v) = ¢(5), (39)
where

1
§& (1 —leszz)"‘l*“Z €(0,1), xt;ltlzzlz =1 - §urer

and

08) & (c+8)M 2 +1-54%2, §¢(0,1). (40)
Since

o+ oy >0, a1 +ay—1=]a|-1<0, c>0,
we have

d(fl—fj) 2 (o + 052)[(6 +§)areel 8“”"‘2_1] <0, 8¢€(0,1). (41)

From § € (0,1) and (41), we get

0(8) & (c+8)M72 + 18472 5 (1) = (¢ + 1)*172, (42)

Page9of 17
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Combining with inequalities (39) and (42), we get
G(u,v) = ¢(8) > (c +1)*1%*2, (43)

By inequality (43) we know that inequality (24) holds.

According to the theory of mathematical analysis, we know that inequality (24) is
proved, hence inequality (19) is also proved by the above analysis. Inequality (19) is an
equation if and only if equations (20) hold. This completes the proof of Lemma 2. d

Next we turn to the proof of Theorem 1.

Proof First of all, we prove that inequality (5) holds if & € (0,1)"” and 0 < || <1 by induc-
tion for n. To complete our proof, we need to divide it into two steps (A) and (B).

(A) When n = 1, then inequality (5) is an equation. Let # = 2. According to the hypothesis
of Theorem 1, we know that

| — ag] < |og + aa] <1, o1 +ay — () — ) >+ ag — () +0) > 0.
By Lemma 1, inequality (5) holds.
(B) Suppose that inequality (5) holds if we use n — 1 (n > 3) instead of n, we prove that

inequality (5) holds as follows.
For convenience, we use the following notations:

X(]) = (xl, e XXl e ,x,,), Ot(l/l) = (0[1, 0oy.ee ,Ol,,_l).

According to the Laplace theorem (see [2]), we obtain that

per H,(x, o) = Zx;‘” per H,_1 (x(j), ee(n)). (44)
j=1

Write

22 (per Hy (x(), (1)) ™7 and  w; 2 (per Hys (y()), () ) 1.
By

0 <|oe(m)| <oy + |a(n)] = | <1,

(44), the induction hypothesis and Lemma 2, we get
1
[perH,,(x +Y, oc)] lel

1
|

{Z (a; + %) [per Hu—1 (x() + y(7), (n)) ] Eal }

j-1
1

n e
|:Z (% + 3) " (z + w/)'“(”)':|

j-1

v
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L

n ol n
> |:Zx7n perH,_ (x(/'),ot(n)):| + |:Zy;?‘n perH, (y(]’),oc(n))j|

i=1 i=1

&~

L L

= [Ha(x, )] ™ + [per H,(y, e) ] .
That is to say, inequality (5) holds.
According to the theory of mathematical induction, inequality (5) is proved.

Next, note the continuity of both sides of (5) for the variable o. We know that inequality
(5) also holds for the case

o €[0,1]7, 0<|a| <1.

From the above analysis we know that equality in (5) holds if x, y are linearly dependent.

This completes the proof of Theorem 1. 0

3 Applications in the theory of symmetric function

We use the following notations in this section (see [2, 6, 12, 13]):

N£{0,1,2,...}, B! £ |a eN"||a| =k k e N},

P[] = { > % per H,(x, )

h: B — (~00, oo)}\{O},

ﬁ;‘n[x] = { Z % per H,(x, o)

aeBf
\ly;é(\lyx—l;uw«k/xn)) a—x=(a—x1,...,a—xn),

G,(x) 2 /%1%, I,2(1,...,1) € (~o0,00)",
of (x)

8x1

B — [0, oo)}\{O},

0,2(0,...,0) € (—00,00)", flL,) =

|x:In .

If f(x) € Py ,[x], then we call f(x) a k-degree homogeneous and symmetric polynomial

(see [6]). Obviously, we have that
Py ,[x] C Prulx].
Theorem 1 implies the following result.

Theorem 2 Let f(x) € ﬁ,:’n [x], kK = 2. Then, for any x,y € (0,00)", we have the following
Minkowski-type inequality:

Fx+Y) 2 f(Vx) +£(Y)- (45)
Equality in (45) holds if x, y are linearly dependent.

Proof If n =1, then inequality (45) is an equation. We suppose that # > 2 below.
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Note that

®ec01", o<
k

’:151, Vo € By

| R

According to Theorem 1, we get

f¥x+y) = Z MperH (Yx+y,a)

oce.Bk
- e (s, 2) ]
_azeéB,;r l P ’ y’k
L ) AR )
oce.,‘BJr ’
~ Aar) o o
= a§+ - |:perH ( k) +perH,,<y,?)]
A A
:Z%perH(\/— )+Z%perH(f, )
oce;Bk ae£k

= f (V%) +£ (),

that is to say, inequality (45) is proved. Equality in (45) holds if x, y are linearly dependent
by Theorem 1.
The proof of Theorem 2 is completed. 0

Theorem 1 also contains the following result.

Theorem 3 Letf : [0,a)” — [0,00) be a symmetric function, and f (x) can be expressed as
a convergent Taylor series:

= Z Z —perH x, ), Vxe[0,a)”, (46)
k=0 acB} B
where
s 1 kf(X)
a>1, Aa)= >0, VkeN,Vae By.

olan! - - - o) 3 x5 - - -y |x=0,,
Then, for any X,y,X +y € (0,a)", we have the following inequality:
()
L2 M 60+ Gty @)

Equality in (47) holds if there is a real 0 € (0,1) such that

x=601, and y=(01-0)L,

or f(X) = x1%y - - - X, and X, y are linearly dependent.

Page 12 of 17
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Proof Obviously, we have that

DD Ma) =£(L). (48)

k=0 acB}

Here we show that

DD leli@) = nf (L,). (49)

k=0 acB}

Note the following identities:

af (x)
'/
X)) = ——
fl( ) 8x1
perH (x,oc)
e 2 X sl
k 0 aei;’*
o0
Mo d «, «, «,
_ Z Z ( ) xlc(l)xza(Z) . 'xna(n)
n! 8x1
k=0 acB} o€eSy
M) a1 o Yo (n
DI I S
k=0 aeB} ! €Sy
Hence

Aa)=>">" )»}(qo'c) > s

k=0 “G"(Bl: ' oeSy,

DIPILLIRI) e

k=0 aeBy

= Joe| A (et)
=ZZ¥

_ +
k=0 wEB]

- %i > Jali@)

k=0 acBy

That is to say, equation (49) holds.

Seta = (L, n7L,...,n!) in Theorem 1, we get

Gu(x+Y) = G,(x) + Guly), VYx,y€(0,00)",Vn=>1 (50)

According to the A-G inequality (see [12]) or Hardy’s inequality (1), we have

Perfbo®) - 16,0]", Vxe (000" 5D

Page 13 of 17


http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Wen et al. Journal of Inequalities and Applications 2014, 2014:186
http://www.journalofinequalitiesandapplications.com/content/2014/1/186

Note the A-G inequality with weights:

1

oo o0 ﬁ
> hi = A (]_[xf") , Vx,A € (0,00)%. (52)
i=1 i=1

By (48)-(52), we get

_ +
k=0 aeBY

5 (o)
> f(L) l_[ 1_[ [Gn(x) + Gn(y)]‘“\)t(a)

- +
k=0 aEBY

1
Z/i(:)o Zagﬁl: Joe|2(er)

= fIL)[G(x) + Gu(y) ]

”’fl/(ln)

= fL)[Gu(x) + Gu(y)] 7@ .

That is to say, inequality (47) holds.
According to the above analysis, we know that a sufficient condition of inequality (47)
to be an equality is as follows: there is a real 6 € (0,1) such that

x=0I, and y=(Q1-0)I,

or f(x) = x1%; - - - x, and X, y are linearly dependent.
This completes the proof of Theorem 3. d

Theorem 3 implies the following result.

Corollary1 Leta € (0,00), X,y,x+Yy € (0,1 + a)". Then we have the following inequality:
[Gu(1+a-x-y)][Gu(x) + Guly)] < a*. (53)
Equality in (53) holds if there exists a real 6 € (0,1) such that
x=01, and y=(1-0)L,

Proof We construct an auxiliary function f : [0,1+ a)” — (0, 00) as follows:

n

A 1 _n i Xi -
1002 [Ty = 1 (1-575)

i=1 i=1

n 0o . j
- [TY (1)

i=1 j=0
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o P

k=0 ae@,ﬁ .
_ i Z 1+ a)’k’” perH,(x, &)
‘ 7
k=0 aeﬁ; =
ie.,
S Aet) y
flx)= Z Z Tperl—[y,(x,oc), vxe [0,1+a)”, (54)
k=0 1:(6{/3’1:r '
where

Ma)=1+a)*">0.
Then
fMy=a™,  fL)=a""

According to Theorem 3, for any x,y,x +y € (0,1 + 4)”, inequality (47) holds, i.e.,

[aGn(;)ir > G,(x) + Gy (y),
l+a-x-y

that is to say, inequality (53) holds. Equality in (53) holds if there exists a real 6 € (0,1)
such that

x=0I, and y=(Q1-0)I,
by Theorem 3. This ends the proof. O
Corollary 1 implies the following result.

Corollary 2 Let the functions ¢ : [b,c] — (0,1+a) and  : [b,c] — (0,1 +a) be continuous,
and let them satisfy the following conditions:

a>0, b<c, o(t) + ¥ () € (0,1 + a), Vt € [b,c].

Then we have the following inequality:

exp[a‘fb ]0g(1+ﬂ—¢_lp):||:exp(‘/‘bc]ﬂ> +exp</‘blﬂ>i| < 4% (55)

c—-b -b c-b -

Set x € (0,00)'®l, f(x) = 21 - - - x| in Theorem 3. By

detH,(x, &) = l_[ (% — %)

1<i<j<nm

(see [6]) and Theorem 3, we have the following Corollary 3.
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Corollary 3 Let x,y € (—00,00)", and let
X1 <Xy < < Xy Y1<Y2< <Y, H=2

Then we have the following Minkowski-type inequality:

®VdetH,(x +y,&) > '¥/detH,(x,e) + {/detH,(y,¢). (56)
Equality in (56) holds if x, y are linearly dependent.

Remark 1 If there exists a function M(x) > 0 such that for any x € [0,4)”, any non-
negative integer k and any a € B, we have

9 (x)
| <M
1 2 n

then (46) holds and the Taylor series (46) converges (see [14]) by the theory of mathemat-
ical analysis.

Remark 2 The significance of Theorem 2 and Theorem 3 is to estimate the lower bounds
of the increment of the symmetric functions

’

S
f(¥x) and %"))] 50

respectively.
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