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1 Introduction

In 1997, Phillips [1] introduced and studied g analogue of Bernstein polynomials. During
the last decade, the applications of g-calculus in the approximation theory have become
one of the main area of research, g-calculus has been extensively used for constructing
various generalizations of many classical approximation processes. It is well known that
many g-extensions of the classical objects arising in the approximation theory have been
recently introduced and studied (e.g., see [2—8]). Recently the statistical approximation
properties have also been investigated for g-analogue polynomials. For instance, in [9]
Kantorovich-type g-Bernstein operators; in [10] g-Baskakov-Kantorovich operators; in
[11] Kantorovich-type g-Szdsz-Mirakjan operators; in [12] g-Bleimann, Butzer and Hahn
operators; in [13] g-analogue of MKZ operators were introduced and their statistical ap-
proximation properties were studied.

The goal of this paper is to introduce two kinds of new Kantorovich-type g-Bernstein-
Stancu operators and to study the statistical approximation properties of these operators
with the help of the Korovkin-type approximation theorem. We also estimate the rate of
statistical convergence of the mentioned sequences of operators to the appropriate func-
tion f, respectively.

Before proceeding further, let us give some basic definitions and notations from
g-calculus. Details on g-integers can be found in [14, 15].

Let g > 0, for each nonnegative integer k, the g-integer [k], and the g-factorial [k],! are
defined by

—g5/(1 -
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and

(k]! = [Klglk =1]4--- [y k=1,
S R k=0,

respectively.
Then for g > 0 and integers #, k, n > k > 0, we have

lk+1];=1+¢g[kl; and [k];+ qk[n —klg = [nl,

For the integers n, k, n > k > 0, the g-binomial coefficient is defined by

nl [n],!
k], UKl - Kt

For an arbitrary function f(x), the g-differential is given by

dof (%) = f(qx) — f (%).

The g-Jackson integral in the interval [0, 5] is defined as
b 00 .
/ f()dst=(1-q)b E f(q’b)q’, 0<g<l,
0 °
j=0

provided that sums converge absolutely.

Suppose 0 < a < b. The g-Jackson integral in a generic interval [a, b] is defined as

b b a
/ﬂ f(t)dgt = /0 ft)d,t - /0 fOdgt, 0<q<l.

2 Construction of the operators
In this part, we first construct the Kantorovich-type g-Bernstein-Stancu operators as fol-
lows.

Definition 1 Let f be a g-integrable function on [0,1], for 0 <o < 8, x € [0,1], n € N,
0 < g <1, we define the Kantorovich-type g-Bernstein-Stancu operators by

" [k+1]g+a
_ [n+1]g+B
S i) = (b4 11y 8) S0 st [ F@ 1)
k=0 [n+1]g+B

where

s=0

n—-k-1
Pukl(gix) = [Z]qu [T0-4%)= quku — )7

In the following we give some lemmas.
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Lemmal For Sﬁ,‘z’s)(t";x), i=0,1,2,0<g <1, we have

S 0 =1, (2)
[7] 1+ 2«
@A (t;x) = T —x+ , ®3)
1 m+1l,+B8 [Rl([n+1];+B)
S(“'ﬂ)(t2'x) _ glnlyln-1l; , (2+3q+q*+3a+3aq)nl,
T ([n+ 1]y + B) [3](ln + 1]y + B)?
N 1+ 3a + 3a? @)
Bly([n +1],+ B)*
[k+1]g+a .
Proof Fori=0,since Y i_opui(@x) =1, [ [;(;;]fgﬁ dgt = ["XW’ so Eq. (2) holds.
[n+1]g+B
Fori=1, !
n [[k+1}q+a
o, . _ . n+l q+/3
il 62) = (In+ g+ B) Y a " Pux@) [, . tdgt
k=0 [n+1]g+p
- 1+ 2a + [2],[k]
=Y palgr) L
pars [2]4([n + 1], + B)
(1], 1+ 2
= X+ .
(m+1la+B  [Rl([n+1];+B)
Fori=2,
n [[k+1]]q+0t
_ n+llg+p
Syl (5x) = (n+ 1+ B) D q " Pui(as) / [qu+: t*dyt
k=0 [n+1]g+p
_ [n],
[3l4([n +1], + B)?
" 1+ 3a +3a? + (1 +2q + 3a[2],)[k], + [3],[k]2
XY Puk(g%) e
k=0 [I’l]q
glnlyin-11, , @+3g+q*+3a+3aq)nl,
= X+ -
([m+1]4+B) [3]4([n + 1], + B)
N 1+ 3a + 302
Bl(ln+1], + P -

Lemma2 ForneN,x€[0,1],0<g<1,0<a < B, we have

@A) (5 ) ) < 130+ B (l ! )
S,,'q ((t x) ,x)S n+1],+8 4.+ (n+1],+ B '

Proof In view of Lemma 1 and maxyejo1]#(1 — %) = 7, by a simple computation, we have

1
4 ’
e (e~ 075)

= Sﬁff) (tz;x) - 2xS£,‘f‘6’1’3)(t; x) + xZSL‘j‘f)(l;x)
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1+ 3« + 302 N x
Bl ([n+1],+ B)?  [21403]4([n + 1], + B)?

x [[214(2 +3q + ¢* + 3a + 3arq) [n] g — 2(1 + 20) [3]4 ([ + 1] + B) ]

N qlnlgln —1]q =2[n]g([n +1]g + B) + (n + 14 + ﬂ)2x2

([n+1], + B)?
13(1 + B)? 1
= [n+1]q+'8<x(1—x)+ [n+1]q+,8)
- 131+ 8) /1 1
_[n+1]q+,3<1+[n+1]q+/3>' O

Lemma 3 ([9]) Let 0 <a<b, 0<q<1, and let f be a positive function defined on the
interval [0, b). Iff is monotone increasing on [0, b), then f:f(t) dyt > 0 in this interval.

It is clear that the operator Sfff )(f ;%) is a linear and positive operator for any monotone
increasing function f € [0,1].

Remark1 To guarantee the positivity of Sﬁff ) (f;x),f must be amonotone increasing func-
tion on the interval [0, 1]. But for the function f this condition is strong. In order to solve
the problems, a special type of g-integral, which is the Riemann-type g-integral, is defined
by Marinkovic et al. [16].

Definition 2 ([16]) Let 0 <a < b, 0 < g < 1. The Riemann-type g-integral is defined as

b o0
Rifia) = [ fOdSt-(1-06-0)Y f(a+b-ag)d, 5)
a }=0

provided the sums converge absolutely.

We now redefine sL‘f‘,f )(f ;x) by putting the Riemann-type g-integral into the operators
instead of the general g-integral as

[k+1]g+a

~ “ Trilg B
SO (fix) = ([n+1)g+ B) D q  puslasx) / e T O, 6)
k=0 [n+1]q+B

where f is a Riemann-type g-integrable function on [0,1].
Let us give some lemmas as follows.

Lemma4 Let0<qg<1,0<a <, then {fgi,‘ff)(f; x)} is a linear and positive operator.
Proof The proof is clear, so we omit it. d

Lemma 5 Forg,(q‘féﬁ)(ti;x), i=0,1,2,0<g<1,0 <a<pB, wehave

S L) = 1, ?)
~ 2 1+[2
S50 = = A 2l ®

21,(n+1,+ B 2(n+1l,+B)


http://www.journalofinequalitiesandapplications.com/content/2014/1/10

Ren and Zeng Journal of Inequalities and Applications 2014, 2014:10 Page 5 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/10

§53:}ﬂ) (£5%) = alrlyln ~ 11, (1 + 2g -1) + 4= 1)2>x2

CESVEY )2 G TR
0, 2g-D+a) 2
a1, + AP (1 L T,

+2(q_1)+(q_1)2>x+ ! (i+2—a+a2> 9)
(314 (314 (n+1g+ B> \[8ly  [2], '

Proof By Definition 2, we have

[k+1]g+a k

[n+1]g+p Rt _ q

[K]g+or q” ’
P (n+1],+ B

[k+1]g+a
[n+1lg+p

tdlt= k(K] 7 11
[Klg+a q” q q+Ol)+ [Z]q ’ ( )

[n+1]g+B

([n+1], + B)?

[k+1]g+a

bellgth o p, 1 8 2 2q% qgk}
/[k]q+a ¢ dqt_ m{q ([k]q+°‘) + W([k]q+‘)‘)+ @ . (12)

[n+1]g+B

Hence, by using the equality Y ;_, #nk(¢; %) = 1 and Eq. (10), we get
Seh (1) = 1.
By using Eq. (11) and the equality ¢* = (g — 1)[k], + 1, we have

(g-Dk]lg+1 }

N T , {
Sug’ 69 = Lo ﬂgpn,uq,x) Ky o 0

_ 2q(n], . 1+ [2]40
2l,([n+1],+B)"  [24([n+1],+B)

By using Eq. (12) and the equality ¢* = (g — 1)[k]; + 1, we have
T.B) (2.
Sglyqﬁ (t ,x)

= ! 3 . 2 24° el
= m kXO:pn,k(qu){([k]q +O{) + @([k]q +Ot) n @}

[n]q ~ Puk(g5%) { 1 2 (2a N 2(g - De

_ - = 2
T pr e I, Bl Rl 21,

L2y 2("_1))[1(]q+ <1+ 2g-1) (q_l)z)[k];}

2, 13, 2, B,
_ q["]q[n - 1]q (1 2(q - 1) (q - 1)2) 2
1, + B2\ 21, = B, )
[nl, 2Ag-DA+a) 2 2g-1)
a1, + BP (1 S T o M T

+(61—1)2>x+ 1 <L+2_“+az)
3], ([n+1,+p2\13, 12, © ) H
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Lemma 6 ForneN,x€[0,1],0<g<1,0<a < g, we have

B (¢ - 9%x) <20 - g+ —— (3 ML Rt ﬁ)z)

(m+1],+p8 (m+1],+ B

Proof In view of Lemma 5, by a simple computation, we have

wﬂ)((t x)2 )
:§n”'ﬂ)( ) 2xS°“3(tx)+x "‘ﬂ(l x)
[ alyln -1, (hqw—n+W—n3_ aqlnl, *4“
([n+1]4+ B)? (2], (314 [2]4([n + 1], + B)

. [1]q <1+2a+2(q—1)(1+a)+i+2(q—1)
([n+1]q + B)? (214 2, BBl

N (g-1)? >x ~ 2(1 + [2],400) .
[3]q [Z]q([l’l + 1]q +B)

+___i___(i_+33+aﬂ
(1, + AP\ B, ' 2

) 1+ p)? 2 1 +o)?
§<2(1—q) +m)x + [n+1]q+/3x+([n+l]q+ﬁ)2

) 1 (1+a)?+(1+pB)>?
=20-4) +[n+1]q,+ﬁ( * (n+1], +B )

3 Statistical approximation of Korovkin type
Now, let us recall the concept of statistical convergence which was introduced by Fast [17].
Let set K € N and K, = {k < n: k € K}, the natural density of K is defined by §(K) :=
lim,— oo % |K,| if the limit exists (see [18]), where |K,,| denotes the cardinality of the set Kj,.
A sequence x = {x} is called statistically convergent to a number L if for every ¢ > 0,
8{k e N:|xx — L| > ¢} = 0. This convergence is denoted as st-limy xy = L.
Note that any convergent sequence is statistically convergent, but not conversely. Details
can be found in [19].
In approximation theory, the concept of statistical convergence was used by Gadjievand
Orhan [20]. They proved the following Bohman-Korovkin type approximation theorem
for statistical convergence.

Theorem 1 ([20]) Ifthe sequence of linear positive operators A, : Cla, b] — Cla, b] satisfies
the conditions

st-lim“An(eU; J-—e =0
n

v ” Cla,b)

forey(t)=t",v=0,1,2. Then, for any f € Cla, b],

st-lim [ An(f; ) = f | e = 0

Theorem 2 Let g = {q,}, 0 < g, <1, be a sequence satisfying the following condition

1
st-limg, =1, st-limg, =a (a<1l) and st- l1m [ =0, (13)
n n n an
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then for any monotone increasing function f € C[0,1], we have
; () (£. -
st—h;n“Sn"fqn f;-) _fHC[O,l] =0.

Proof From Theorem 1, it is enough to prove that s¢-lim, IIS,(f‘}’z)(eU; ) —eyllcro,) = 0 for
e(t) =t', v =0,1,2.
From Eq. (2), we can easily get

st—li;n”Sffé’z)(eo; ) —ep || cloy = 0 (14)

From Eq. (3), we have

[n] 1+2a
@B) (o ) _ Y S e [ ——
Snﬂn (el’x) el(x) <[V[ + l]qn + ﬂ 1>x * [2]qn([n + l]qn + :3) '

In view of [# +1],, =1+ g4[n],,, for B > 0 we have

1+ 2« 1
||S£f{;’:)(€1; )—e ||C[0’1] <(A-qn)+ <1 +B+ m) bl (15)

Now, for every given ¢ > 0, let us define the following sets:

U= {k: ||S£féf)(€1; )-e ”C[O,l] > e},

&
U1={k31—qk25}:

U—{k' 1 1+ 2« 1 >_}
H = .(+ﬁ+[2]qk>[k]qk_2.

From inequality (15), one can see that U € U; U U, so we have

™

sk <n:|Spies) ~ e o = €}

gs{ksnzl—qkzg}

+8{k<n:(1+,3+1+2a> ! >£}.
- (21g / [Klg — 2

By condition (13), it is clear that s¢-lim, (1 - ¢,) = 0, st-lim,(1 + 8 + %;fi“) [n]lq =0.
So we have
Timl @B .y _ _
st hyrln“Sn,qn (e;-) —er ||C[0,1] 0. (16)

In view of Eq. (4) and the equality [# + 1],, = 1+ g,[#n],,, by a simple computation, for

B >0 we have

11+ 9a +3a? + 48 + B2

(n]q,

ISt e ) = el o <

Page 7 of 12


http://www.journalofinequalitiesandapplications.com/content/2014/1/10

Ren and Zeng Journal of Inequalities and Applications 2014, 2014:10 Page 8 of 12
http://www.journalofinequalitiesandapplications.com/content/2014/1/10

Now, for every given ¢ > 0, let us define the following sets:

{k ”ank (e2;) — €2 “0[0,1] z 8}’
2 2
T1:{1'11+9a+3a +4B8+ B 28}.
(k]q

It is clear that T' C T, so we get

2
{k<n ||S“‘3)(62, e2||C[O,1]— }<8{k 11+9a+3a +48 + B 28}.

(Kl
By condition (13), we have

11+9 3a? + 4 2
st-lim +9x +3a” +4B + B _o,
" [n]qn

s0, we can get
_1; (@B) (..} _ -
st ll;nHSn,qn (e2;+) — ey HC[O,H 0. 17)
In view of Egs. (14), (16) and (17), the proof is complete. a

Theorem 3 Let g = {q,}, 0 < g, <1, be a sequence satisfying condition (13), then for all
f € Cl0,1], we have st-lim, [S\se? (f; ) = f | cjon = O

Proof From Theorem 1, it is enough to prove that st-lim,, ||§£fi}£)(€u; ) —eyllcron = 0, for
e,(t)=t",v=0,1,2.
From Eq. (7), we can easily get

St—li;n||§fq‘,’c;f)(60? ) —eof cioq = 0- (18)

From Eq. (8), we have

(a 8) _ _ 2qn[nlg, B > 1+[2]y,a
Shay (€:%) —e13) = ([21%([71 PV R AT ST
In view of [n +1],, =1+ g4[n],,, for B > 0 we have
I35~ €1l oy = 1= )+ [0+ )04 B) 1+ 2] (19)
qn

Now, for every given ¢ > 0, let us define the following sets:

{k ”Snaqf ei;) el ”C[O,l] z 8}’

~ &
U1={k:1—qk25};

i, = {k: [A+g0+B) +1+[2],0] [/j > %}
dk
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From inequality (19), one can see that i C L~11 U flz, so we have
NS @B (.
3{k =n: ”Snlqu (e1;) —er ”C[O,l] z 8}

SS{kSn:l—qkzg}

+6{k§n:[(1+qk)(1+ﬁ)+1+[Z]qka][k] %}
ak

By condition (13), it is clear that

1
st-lim(1 - g,) =0, st-lim[(l +q)1+B)+1+ [Z]qna] =0.
n n [n]qn
So we have
St'li,ﬁnugfféf)(el; )-el cio = 0- (20)

In view of Eq. (9) and the equality [# + 1],, =1 + gu[n],,, for B >0and 0 < g, <1, by a
simple computation, we have

11+ 6a+a?+6(L+8)3+p)

[nlg,

[ e23) = 2] gy < 61— ) +
Now, for every given ¢ > 0, let us define the following sets:
T- {k: ”3‘(01,;3)(62; )-e “0[0,1] = 8}’

nqk

T1={/<16(1—Qk)22}y

2= >

~ {k' 1 +6a+a?+6(1+pB)3+p)
’ [k]qk

I

N ™

It is clear that T C 711 U 72, so we get
6{k <n: ||§}(,g;:)(€2; J—e ||C[0,1] > 8}

58{k5n:6(l—qk)z§}

2
+8{k§n:n+6a+a +6(1+,3)(3+/3)>§}'

[Klqs -
By condition (13), we have

11+ 6a+a?+6(1+p)3+p8)

st-lim6(1—¢g,) =0, st-lim =0.
n n [n]qn
So, we can get
i [ C@B) (. —
st—h;n”Sn‘j‘qn (e2;-) — e ||C[0,1] =0. (21)

In view of Egs. (18), (20) and (21), the proof is complete. O
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4 Rates of statistical convergence
Let f € C[0,1], for any § > 0, the usual modulus of continuity for f is defined as w(f;§) =
SUPg <5 SUPyxeiefo1) U (% + 1) = f(%)].

For f € C[0,1] and any ¢,x € [0,1], we have |f(£) — f(x)| < o(f, |t — x]), so for any § > 0,

we get

o(f,8), |t —x| <8,

off, L), |t-x > 8.

a)(f, |t — xl) <
In the light of w(f; A8) < (1 + A)w(f;3) for A > 0, it is clear that we have
[f(6) —f@x)| < (1+87%(t —%)*)oo(f, ) (22)
for any ¢,x € [0,1] and § > 0.
Next we will give the rates of convergence of both Sﬁ,‘i‘,}’z)(f ;%) and 352‘;15)()’ ;x) by means of

modulus of continuity.

Theorem 4 Let q = {q,}, 0 < q, < 1 be a sequence satisfying condition (13), then for any

monotone increasing function f € C[0,1], we have

[S5a (5) =l crony < 20(F380),

where

131+ 8)? (1 1 12
5":{[n+1]qn+ﬂ(1+[n+1]qn+ﬁ)} ‘ 2

Proof Using the linearity and positivity of the operator Sﬁf‘,}ﬂ )(f ;x), by Lemma 2 and in-

equality (22), we get

SO (f;) - £ ()]
<S«O(f () —f )] %)
< (1+8728%P((t - %)% %)) oo(f, 6)

L 13148 (1 1 }
S|:1+8 [n+1]q+/3(4+[n+1]q+;3) (f,9)-

Take g = {g,}, 0 < g, < 1, to be a sequence satisfying condition (13) and choose § = §, in
(23), we have |S£,‘f‘é€)(f; x) — f(x)| < 2w(f;8,), which implies the proof is complete. O

Theorem 5 Let g = {q,}, 0 < q, <1, be a sequence satisfying condition (13), then for any
f € Cl0,1], we have IS0 (f3 ) = fllcion) < 20(f;8,), where

(1+oz)2+(1+,3)2)}1/2

8n={2(1—q)2+ 1 <3+
(m+1],, + B (n+1]y, +8
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Proof Using the linearity and positivity of the operator 55,‘3‘;,’3 )(f ;x), by Lemma 6 and in-

equality (22), we get

[Seh(f;2) - £ ()|
< Sl (0 ~f)]s)
< (1487282 ((t - x)%5%))oo(f 6)

5 ) 1 L+a)?+1+p)?
5{1+8 |:2(1—q) +[n+1]q+ﬂ<3+ Dir1l, + B ):“w(f,rS).

Take g = {g.}, 0 < g, < 1, to be a sequence satisfying condition (13) and choose § = §, in

(24), we have |§ffé’3)(f ;%) — f(%)] < 20(f;8,), which implies the proof is complete. a
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