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Abstract

In this paper, we introduce the notion of generalized G-B-yr contractive mappings
which is inspired by the concept of a-i contractive mappings. We showed the
existence and uniqueness of a fixed point for such mappings in the setting of
complete G-metric spaces. The main results of this paper extend, generalize and
improve some well-known results on the topic in the literature. We state some
examples to illustrate our results. We consider also some applications to show the
validity of our results.

1 Introduction and preliminaries

In nonlinear functional analysis, the importance of fixed point theory has been increasing
rapidly as an interesting research field. One of the most important reasons for this devel-
opment is the potential of application of fixed point theory not only in various branches
of applied and pure mathematics, but also in many other disciplines such as chemistry,
biology, physics, economics, computer science, engineering etc. We also emphasize the
crucial role of celebrated results of Banach [1], known as a Banach contraction mapping
principle or a Banach fixed point theorem, in the growth of this theory. In 1922, Banach
proved that every contraction in a complete metric space has a unique fixed point. After
this remarkable paper, a number of authors have extended/generalized/improved the Ba-
nach contraction mapping principle in various ways in different abstract spaces (see, e.g.,
[2—-22]). One of the interesting and recent results in this direction was given by Samet et al.
[23]. They defined the notion of «-y contractive mappings and proved that including the
Banach fixed point theorems, some well-known fixed point results turn into corollaries of
their results. Another interesting result was given in 2004 by Mustafa and Sims [24] by
introducing the notion of a G-metric space as a generalization of the concept of a metric
space. The authors characterized the Banach fixed point theorem in the context of a G-
metric space. After this result, many authors have paid attention to this space and proved
the existence and uniqueness of a fixed point in the context of a G-metric space (see, e.g.,
[11,17-20, 24—48]). In this paper, we combine these two notions by introducing a G-8-v
contractive mapping which is a characterization «-y contractive mappings in the context
of G-metric spaces. Our main results generalize, extend and improve the existence results
on the topic in the literature.

Let W be a family of functions v : [0, 00) — [0, 00) satisfying the following conditions:
(i) ¢ is nondecreasing;
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(ii) there exist kp € N and a € (0,1) and a convergent series of nonnegative terms
8 g
o0
> #o1 Vk such that

) < ayk(e) + v

for k > ko and any t € R*, where R* = [0, 00).
These functions are known in the literature as Bianchini-Grandolfi gauge functions in
some sources (see, e.g., [21,22, 49]) and as (c)-comparison functions in some other sources
(see, e.g, [50]).

Lemma 1 (See [50]) Ify € \V, then the following hold:
(i) (¥"(£))nen converges to 0 as n — oo for all t € R*;
(i) W () <t foranyteRY;
(iii)  is continuous at 0;
(iv) the series Y g, w*(¢) converges for any t € R*.

Very recently, Karapinar and Samet [32] introduced the following concepts.

Definition 2 Let (X, d) be a metric space and T : X — X be a given mapping. We say that
T is a generalized «-y contractive mapping if there exist two functions o : X x X — [0, 00)
and ¢ € W such that

alx,y)d(Tx, Ty) < ¥ (M(x,y))
for all x,y € X, where
M(x,y) = max{d(x,y), (d(x, Tx) + d(y, Ty)) 12, (d(x, Ty) + d(y, Tx))/Z}.

Clearly, since v is nondecreasing, every «-y contractive mapping, presented in [23], is
a generalized «-1 contractive mapping.

Definition 3 Let T: X — X and o : X x X — [0,00). We say that T is «-admissible if for
all x,y € X, we have

axy)>1 =  oTx,Ty)>1.

Various examples of such mappings are presented in [23]. The main results in [32] are
the following fixed point theorems.

Theorem 4 Let (X,d) be a complete metric space and T : X — X be a generalized a-y
contractive mapping. Suppose that

(i) T is a-admissible;

(ii) there exists xg € X such that a(xg, Txo) > 1;

(iii) T is continuous.

Then there exists u € X such that Tu = u.

Theorem 5 Let (X,d) be a complete metric space and T : X — X be a generalized -y
contractive mapping. Suppose that
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(i) T is a-admissible;
(ii) there exists xo € X such that o(xg, Txg) > 1;
(ili) if {x,} is a sequence in X such that o(xy, %y41) > 1 for all n and x, — x € X as
n— 00, then a(x,,x) > 1 for all n.
Then there exists u € X such that Tu = u.

Theorem 6 Adding to the hypotheses of Theorem 4 (resp. Theorem 5) the condition: For all
x,y € Fix(T), there exists z € X such that «(x,z) > 1 and a(y,z) > 1, we obtain the unique-
ness of the fixed point of T .

Mustafa and Sims [24] introduced the concept of G-metric spaces as follows.

Definition 7 [24] Let X be a nonempty set and G: X x X x X — R* be a function satis-
fying the following properties:

(Gl) G(x,9,2) =0ifx=y=2z;

(G2) 0<G(x,x,y) for all x,y € X with x # y;

(G3) Gx,x,y) <G(x,9,2) forall x,y,z € X withy #z;

(G4) G(x,9,2) = G(x,2,9) = G(y,z,%) = - - - (symmetry in all three variables);

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) for all x,y,z,a € X (rectangle inequality).

Then the function G is called a generalized metric or, more specifically, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Every G-metric on X defines a metric dg on X by
dc(x,9) = G(x,9,9) + G(y,x,x) forallx,yc X.
Example 8 Let (X, d) be a metric space. The function G: X x X x X — R*, defined as
G(x,y,2) = max{d(x,y),d(y,2),d(z,x)}
or
Gx,9,2) =dx,y) +d(y,z) + d(z,x)
for all %, y,z € X, is a G-metric on X.

Definition 9 [24] Let (X, G) be a G-metric space, and let {x,} be a sequence of points
of X. We say that {x,} is G-convergent to x € X if

lim G(x,%,,%,) =0,
n,m— 00
that is, for any € > 0, there exists N € N such that G(x, x,, x,,) < & for all n,m > N. We call

x the limit of the sequence and write x,, — x or lim,,_, o, x, = x.

Proposition 10 [24] Let (X, G) be a G-metric space. The following are equivalent:
(1) {xn}is G-convergent to x;
(2) G(xy,x,%) = 0 as n — oc;
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(3) G(xy,x,%) — 0 as n — oo;
4) G(xy, %, x) = 0 as n,m — oo.

Definition 11 [24] Let (X, G) be a G-metric space. A sequence {x,} is called a G-Cauchy
sequence if for any € > 0, there is N € N such that G(x,,, x,,,%;) < ¢ for all n,m,[ > N, that
is, G(x,,, Xy, %1) — 0 as n,m, [ — o0.

Proposition 12 [24] Let (X, G) be a G-metric space. Then the following are equivalent:
(1) the sequence {x,} is G-Cauchy;
(2) forany e >0, there exists N € N such that G(x,, %, %) < € for all n,m > N.

Definition 13 [24] A G-metric space (X, G) is called G-complete if every G-Cauchy se-
quence is G-convergent in (X, G).

Lemma 14 [24] Let (X, G) be a G-metric space. Then, for any x,y,z,a € X, it follows that
(i) if Gx,9,2) =0, thenx =y =z;
(i) G(x,9,2) < Gx,x,9) + G(x,x,2);
(iii) G(x9,9) <2G,x,%);
(iv) G(x,9,2) < G(x,a,2) + G(a,y,2);
V) G,y,2) < 3[G(x,y,a) + G(x,a,2) + G(a,y,2)];
(vi) G(x,9,2) < G(x,a,a) + G(y,a,a) + G(z,a, a).

Definition 15 (See [24]) Let (X, G) be a G-metric space. A mapping 7 : X — X is said
to be G-continuous if {T(x,)} is G-convergent to T(x), where {x,} is any G-convergent

sequence converging to x.

In [36], Mustafa characterized the well-known Banach contraction principle mapping

in the context of G-metric spaces in the following way.

Theorem 16 (See [36]) Let (X, G) be a complete G-metric space and T : X — X be a map-
ping satisfying the following condition for all x,y,z € X:

G(Tx, Ty, Tz) < kG(x,,2), 1)
where k € [0,1). Then T has a unique fixed point.

Theorem 17 (See [36]) Let (X, G) be a complete G-metric space and T : X — X be a map-
ping satisfying the following condition for all x,y € X:

G(Tx, Ty, Ty) < kG(x,y,y), (2)

where k € [0,1). Then T has a unique fixed point.

Remark 18 The condition (1) implies the condition (2). The converse is true only if k €
[0, %). For details, see [36].

From [24, 36], each G-metric G on X generates a topology s on X whose base is a family
of open G-balls {Bg(x,¢€) : x € X, & > 0}, where Bg(x,e) = {y € X : G(x,5,y) <e} forallx € X
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and ¢ > 0. Moreover,
x€A & Bglx,e)NA#P, foralle>0.

Proposition 19 Let (X, G) be a G-metric space and A be a nonempty subset of X. Then A
is G-closed if for any G-convergent sequence {x,} in A with limit x, one has x € A.

2 Main results
We introduce the concept of generalized «-y contractive mappings as follows.

Definition 20 Let (X, G) be a G-metric space and T : X — X be a given mapping. We say
that 7T is a generalized G-B-y contractive mapping of type I if there exist two functions
B:X x X x X — [0,00) and ¥ € W such that for all x, y,z € X, we have

B(x,9,2)G(Tx, Ty, Tz) < ¥ (M(x,y,2)), 3)
where

G(x,5,2), G(x, Tx, Tx), G(y, Ty, Ty), G(z, Tz, TZz),

M(x,y,z) = max 1
3(Gx, Ty, Ty) + G(y, Tz, Tz) + G(z, Tx, Tx))

Definition 21 Let (X, G) be a G-metric space and T : X — X be a given mapping. We say
that T is a generalized G-B-{ contractive mapping of type II if there exist two functions
B:X x X x X — [0,00) and ¥ € ¥ such that for all x,y € X, we have

B(x,y,9)G(Tx, Ty, Ty) < ¥ (M(x,5,7)), (4)
where

G(x,5,5), G, Tx, Tx), G(y, Ty, Ty),

M(x,y,y) = max 1 .
3(Gx, Ty, Ty) + G(y, Ty, Ty) + G(y, Tx, Tx))

Remark22 Clearly, any contractive mapping, thatis, a mapping satisfying (1), is a general-
ized G-B-y contractive mapping of type I with B(x,7,2z) = 1 for allx,y,z € X and ¥ (¢) = k¢,
k € (0,1). Analogously, a mapping satisfying (2) is a generalized G-B-{ contractive map-
ping of type Il with B(x,y,y) =1 for all v,y € X and ¥ (¢) = kt, where k € (0,1).

Definition 23 Let 7:X — X and 8 : X x X x X — [0,00). We say that T is S-admissible
if for all x,7,z € X, we have

Bx,y,2) 21 = B(Ix, Ty, Tz) > 1.

Example 24 Let X = [0,00) and T : X — X. Define (x,7,2) : X x X x X — [0,00) by
Tx = In(1 + x) and

e ifx>y>z,
:B (x, Y Z) = . .
0 if otherwise.

Then T is B-admissible.
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Our first result is the following.

Theorem 25 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a gener-
alized G-B-{ contractive mapping of type I and satisfies the following conditions:

(i), T is B-admissible;
(i), there exists xg € X such that B(xo, Txo, Txo) > 1;
(iii)p, T is G-continuous.

Then there exists u € X such that Tu = u.

Proof Let xy € X be such that S(xo, Txo, Txo) > 1 (such a point exists from the condition
(ii),). Define the sequence {x,} in X by x,,,; = T, for all n > 0. If x,,, = x,,,41 for some ny,
then u = x,, is a fixed point of T. So, we can assume that x,, # x,,,; for all . Since T is
B-admissible, we have

B(xo,x1,%1) = B(xo, Txo, Txo) =1 = B(Txo, Tx1, Tx1) = Blx1, x2,%2) > 1.
Inductively, we have

B Xns1,%041) > 1, forallm=0,1,.... (5)
From (3) and (5), it follows that for all # > 1, we have

G(xn: Xn+ls xn+1) = G(Txn—l; Txm Txn)
< BXne15 %0, %) G(Tx 1, Ty, Tx)

S w (M(x}’l—I’ X xn)) .
On the other hand, we have

G(xn—l; X xn): G(xn—lr Txn—l: Txn—l)y G(xn; Txn: Txn);
M(xn—lyxm xn) = max,y 4
§(G(xn—1: Txn: Txn) + G(xnr Txnr Txn) + G(xm Txn—ls Txn—l))

G(xn—l; Xns xn): G(xn—lr Xn» xn): G(xnr Kn+l> Xn+l ); }

= max

%(G(xn—lx Xns1r K1) + GXn Xni1, Xns1) + G, X, 1))
< max G(xn—bxmxn); G(xnrxn+lﬁxn+l):
N % (G(xn—l: X xn) + G(xm Xn+ls xn+1) + G(xn; Xn+ls xn+1))
= max

G(xn—l; Kns xn)r G(xm Xn+ls xn+1)¢
% (G(xn—l; Xns xn) + 2G(xn: Xn+ls xn+1))

= max { G(Xn—1,%n %), G(Xs X1, K1) } .
Thus, we have
G(Xn K41, Xps1) < 1;[f(Inax{G(xn—lyxm %) G(Xns Xps1s xn+1)})~

We consider the following two cases:
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Case 1: If max{G(x,_1,%,, %), G(X, X1, X41)} = G, X141, X1241) fOr some 7, then
Gy Xps1s Xps1) < I//(G(xmxn+1:xn+l)) < G(%ps Xprs1s Xne1)s

which is a contradiction.
Case 2: If max{G(x,_1, %, %), G(Xy1, X141, X141)} = G(%-1, X1, X,), then

G i1 %m1) < VY (G (X1, % %))
for all » > 1. Since v is nondecreasing, by induction, we get
G (X Xns1,%n41) < Y (G(x0,%1,%1))  forallm> 1. (6)
Using (G5) and (6), we have

G(Xns X X)) < G(Xss Xprs15 %41) + G(X115 X2, Xs2)

+ G(xn+2,xn+31xn+3) L G(xm—bxmyxm)

m-1

= Y Gl K1, K1)

k=n

m-1
= Z Wk(G(xo, X1, xl))
k=n

Since ¥ € ¥ and G(xo,x1,%1) > 0, by Lemma 1, we get that

> K (G, 21, 21)) < 0.

k=0

Thus, we have

lim G(x,, %, %) = 0.
n,m—0

By Proposition 12, this implies that {x,} is a G-Cauchy sequence in the G-metric space
(X, G). Since (X, G) is complete, there exists u# € X such that {x,} is G-convergent to u.
Since T is G-continuous, it follows that {7, } is G-convergent to Tu. By the uniqueness of
the limit, we get u = Tu, that is, u is a fixed point of T. O

Definition 26 (See [51]) Let (X, G) be a G-metric space and T : X — X be a given map-
ping. We say that T is a G-B-v contractive mapping of type I if there exist two functions
B:X x X x X — [0,00) and ¥ € W such that for all x, y,z € X, we have

B(x,9,2)G(Tx, Ty, Tz) < ¥ (G(x,,2)) 7)
by following the lines of the proof of Theorem 25.

Corollary 27 Let (X, G) be a complete G-metric space. Suppose that T : X — X isa G-B-y
contractive mapping of type I and satisfies the following conditions:

(i), T is B-admissible;
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(i), there exists xog € X such that B(xo, Txo, Txo) > 1;
(iii)p, T is G-continuous.

Then there exists u € X such that Tu = u.

Example 28 Let X = [0, 00) be endowed with the G-metric
G, y,2)=|x—y|+|y—z|+|z—«x| forallx,y,zeX.

Define T : X — X by Tx = 3x for all x € X. We define 8: X x X x X — [0,00) in the
following way:
s if (x,2,2) #(0,0,0),

B(x,y,72) = 19

otherwise.

One can easily show that

1
B(x,v,2)G(Tx, Ty, Tz) < ;G(x,y, z) forallx,y,ze X.

Then T is a G-B-y contractive mapping of type I with ¥ (¢) = %t for all ¢ € [0, 00). Take
x,9,z € X such that (x,7,z) > 1. By the definition of T, this implies that x =y =z = 0.
Then we have 8(Tx, Ty, Tz) = f(0,0,0) = 1, and so T is B-admissible. All the conditions
of Corollary 27 are satisfied. Here, 0 is the fixed point of 7. Notice also that the Banach
contraction mapping principle is not applicable. Indeed, d(x,y) = |x — y| for all x,y € X.
Then we have x #y d(Tx, Ty) = 3|x — y| > k|x — y| for all k € [0,1).

It is clear that Theorem 16 is not applicable.
The following result can be easily concluded from Theorem 25.

Corollary 29 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a gen-
eralized G-B-{ contractive mapping of type Il and satisfies the following conditions:

(i), T is B-admissible;
(i), there exists xg € X such that B(xo, Txo, Txo) > 1;

(iii)p, T is G-continuous.

Then there exists u € X such that Tu = u.
The next theorem does not require the continuity of T

Theorem 30 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a gen-
eralized G-B-{ contractive mapping of type I such that  is continuous and satisfies the
following conditions:

(i), T is B-admissible;
(i), there exists xy € X such that B(xo, Txo, Txo) > 1;

(iii)p if {xn} is a sequence in X such that B(xy,Xns1,%u1) = 1 for all n and {x,} is a
G-convergent to x € X, then B(x,,x,x) > 1 for all n.

Then there exists u € X such that Tu = u.
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Proof Following the proof of Theorem 25, we know that the sequence {x,} defined by
%xu41 = Tx, for all m > 0, is a G-Cauchy sequence in the complete G-metric space (X, G),
that is, G-convergent to u# € X. From (5) and (iii),, we have

Bxy,u,u)>1 forallm>0. (8)
Using (8), we have

G(xps1, Tu, Tu) = G(Tx,, Tu, Tu)
< By, u, u)G(Tx,, Tu, Tu)

< 1//(M(xn, u, u))¢

where

M(x,, u, u) = max {

G(x,, u, u), G(x,, Ty, Tx,), G(u, Tu, Tu),
%(G(x,,, Tu, Tu) + G(u, Tu, Tu) + G(u, Tx,, Tx,))

G(xm u, L{), G(xru Kn+ls xn+1): G(Lt, TM: Tu):
= max .
3 (G, Tut, Tue) + Gut, Tus, T) + Gty X1, %141))

Letting n — oo in the following inequality:
G (i1, T, Tue) < (M, 1)),

it follows that
G(u, Tu, Tu) < 1/f(G(u, Tu, Tu)),

which is a contradiction. Thus, we obtain G(u, Tu, Tu) = 0, that is, by Lemma 14, u = Tu.
O

The following corollary can be easily derived from Theorem 30.

Corollary 31 Let (X, G) be a complete G-metric space. Suppose that T : X — X is a gen-
eralized G-B-y contractive mapping of type Il such that  is continuous and satisfies the
following conditions:

(i), T is B-admissible;

(i), there exists xg € X such that B(xo, Txo, Txo) > 1;

(iii)p if {x,} is a sequence in X such that B(x,,%Xp41,%041) = 1 for all n and {x,} is a
G-convergent to x € X, then B(x,,x,x) > 1 for all n.

Then there exists u € X such that Tu = u.

With the following example, we will show that the hypotheses in Theorems 25 and 30
do not guarantee uniqueness.
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Example 32 Let X = {(1,0),(0,1)} C R? be endowed with the following G-metric:
G((x,y),(u,v),(z,w)) =lx—ul+lu—zl+|z—x|+|y—v|+|v-w|+ |w-y|

for all (x,y), (u,v), (z,w) € X. Obviously, (X, G) is a complete metric space. The mapping
T (x,y) = (x,y) is trivially continuous and satisfies, for any ¥ € W,

B((x,9), (,), (z,w))G(T(x,9), T(u,v), T(z,w)) < v (M((x,9), (1, v), (z, w)))

for all (x,y), (i, v), (z, w) € X, where

ﬂ((x,y), (M, V), (Z, W)) _ 1 if (x’y) = (I/t, V) = (Zr W)¢

0 otherwise.

Thus T is a generalized G-B-y{ contractive mapping. On the other hand, for all (x,y),
(u,v), (z,w) € X, we have

B((x,9), (1,), (z,w)) =1— (x,9) = (,v) = (z,w),
which yields that
T(x,y) = T(u,v) = T(z,w) > B(T(%,9), T(u,v), T(z,w)) > 1.

Hence T is B-admissible. Moreover, for all (x,y) € X, we have B((x,7), T(x,y), T(x,y)) > 1.
So, the assumptions of Theorem 25 are satisfied. Note that the assumptions of Theorem 30
are also satisfied, indeed, if {(x,,, y,)} is a sequence in X that converges to some point (x,y) €
X with B((%, Y1), X415 Yis1)> (X415 Yus1)) = 1 for all n, then from the definition of 8, we have
(%, ¥n) = (%, ) for all n, which implies that 8((x,, y,), (x,%), (x,7)) = 1 for all n. However, in
this case, T has two fixed points in X.

Let X be a set and T be a self-mapping on X. The set of all fixed points of 7" will be
denoted by Fix(T).

Theorem 33 Adding the following condition to the hypotheses of Theorem 25 (resp. Theo-
rem 30, Corollary 29, Corollary 31), we obtain the uniqueness of the fixed point of T .
(iv) Forx € Fix(T), B(x,z,2) > 1 forallz € X.

Proof Let u,v € Fix(T) be two fixed points of T. By (iv), we derive
Bu,v,v) > 1.

Notice that B(Tu, Tv, Tv) = B(u, v, v) since u and v are fixed points of T. Consequently, we
have

G(u,v,v) = G(Tu, Tv, Tv)

< B, v,v)G(Tu, Tv, Tv) <y (M(u,v,v)),
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where

G(u,v,v), G(u, Tu, Tu), G(v, Tv, Tv), ]

M(u,v,v) = max | ,
3(G(u, Tv, Tv) + G(v, Tv, Tv) + G(v, Tu, Tu))

G(u,v,v), l G(u,v,v) + G(v, u, u)
3

IA

maxj G(u, v, v), l G(u,v,v) +2G(u, v, v)
3

= G(u,v,v).
Thus, we get that
G(u,v,v) < ¥ (M(u,v,v)) < ¥ (G(u,v,v)) < G(u, v, V),
which is a contradiction. Therefore, u = v, i.e., the fixed point of T is unique. O

Corollary 34 Let (X, G) be a complete G-metric space and let T : X — X be a given map-
ping. Suppose that there exists a continuous function W € V such that

G(Tx, Ty, Tz) < ¥ (M(x,9,2))
forallx,y,z € X. Then T has a unique fixed point.

Corollary 35 Let (X, G) be a complete G-metric space and let T : X — X be a given map-
ping. Suppose that there exists a function v € V such that

G(Tx, Ty, Tz) < ¥ (G(%,9,2))
forallx,y,z € X. Then T has a unique fixed point.

Corollary 36 Let (X, G) be a complete G-metric space and let T : X — X be a given map-
ping. Suppose that there exists A € [0,1) such that

G ) ,G ITYT ,G ,T7T YG 7T7TY
G(Ts, Ty, T2) < A max (lx ,2), G(x, Tx, Tx), G(y, Ty, Ty), G (2, Tz, TZ)
3(Gx, Ty, Ty) + G(y, Tz, Tz) + G(z, Tx, Tx))
forallx,y,z € X. Then T has a unique fixed point.

Corollary 37 Let (X, G) be a complete G-metric space and let T : X — X be a given map-
ping. Suppose that there exist nonnegative real numbers a, b, c,d and e witha+b+c+d+e <
1 such that

G(Tx, Ty, Tz) < aG(x,y,z) + bG(x, Tx, Tx) + cG(y, Ty, Ty) + dG(z, Tz, Tz)

+ g(G(x, Ty, Ty) + G(y, Tz, Tz) + G(z, Tx, Tx))

forall x,y,z € X. Then T has a unique fixed point.
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Corollary 38 (See [40]) Let (X, G) be a complete G-metric space and let T : X — X be a
given mapping. Suppose that there exists ) € [0,1) such that

G(Tx, Ty, Tz) < AG(x,y,2)
forallx,y,z € X. Then T has a unique fixed point.

3 Consequences

3.1 Fixed point theorems on metric spaces endowed with a partial order
Definition 39 Let (X, X) be a partially ordered set and T': X — X be a given mapping.
We say that T is nondecreasing with respect to < if

xyeX, x=xy = Ix=<xTy

Definition 40 Let (X, <) be a partially ordered set. A sequence {x,} C X is said to be
nondecreasing with respect to < if

X, <%, forall s

Definition 41 Let (X, <) be a partially ordered set and G be a G-metric on X. We say that
(X, %, G) is G-regular if for every nondecreasing sequence {x,} C X such thatx, > x € X
as n — 00, x, < x for all ».

Theorem 42 Let (X, X) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Let T : X — X be a nondecreasing mapping with re-
spect to <. Suppose that there exists a function v € V such that

G(Tx, Ty, Ty) < ¥ (M(x,y,y)) 9)

forall x,y € X with x < y. Suppose also that the following conditions hold:

(i) there exists xg € X such that xo < Txo;

(i) T is G-continuous or (X, <, G) is G-regular and v is continuous.

Then there exists u € X such that Tu = u. Moreover, if for x € Fix(T), x < z for all z € X,
one has the uniqueness of the fixed point.

Proof Define the mapping §: X x X x X — [0, 00) by

1 ifx=y,
Bx,y,5) = (10)
0 otherwise.

From (9), for all x,y € X, we have
B, %,9)G(Tx, Ty, Ty) < ¥ (M(x,,7)).

It follows that T is a generalized G-B-{ contractive mapping of type II. From the condi-
tion (i), we have

Bxo, Txo, Txo) > 1.
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By the definition of 8 and since T is a nondecreasing mapping with respect to <, we have

Thus T is B-admissible. Moreover, if T is G-continuous, by Theorem 25, T has a fixed
point.

Now, suppose that (X,<,G) is G-regular. Let {x,} be a sequence in X such that
B(%y, %41, %401) > 1 for all n and x,, is G-convergent to x € X. By Definition 41, x, < x
for all #, which gives us B(x,,x,%) > 1 for all k. Thus, all the hypotheses of Theorem 30 are
satisfied and there exists u € X such that Tu = u. To prove the uniqueness, since u € Fix(T),
we have, u < z for all z € X. By the definition of 8, we get that B(u,z,z) > 1 for all z € X.
Therefore, the hypothesis (iv) of Theorem 33 is satisfied and we deduce the uniqueness of
the fixed point. d

Corollary 43 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Let T : X — X be a nondecreasing mapping with re-
spect to <. Suppose that there exists a function v € V such that

G(Ix, Ty, Ty) < ¥ (G(x,7,9))

forall x,y € X with x < y. Suppose also that the following conditions hold.:

(i) there exists xq € X such that xy < Txo;

(i) T is G-continuous or (X, <, G) is G-regular.

Then there exists u € X such that Tu = u. Moreover, if for x € Fix(T), x < z for all z € X,
one has the uniqueness of the fixed point.

Corollary 44 Let (X, X) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Let T : X — X be a nondecreasing mapping with re-
spect to <. Suppose that there exists A € [0,1) such that

G(x,5,9), G(x, Tx, Tx), G(y, Ty, Ty),

G(Tx, Ty, Ty) < Amax ,
3(G(x, Ty, Ty) + G(y, Ty, Ty) + G(y, Tx, Tx))

forall x,y € X with x <y. Suppose also that the following conditions hold:

(i) there exists xg € X such that xo < Txo;

(ii) T is G-continuous or (X, <X, G) is G-regular.

Then there exists u € X such that Tu = u. Moreover, if for x € Fix(T), x < z for all z € X,
one has the uniqueness of the fixed point.

Corollary 45 Let (X, <) be a partially ordered set and G be a G-metric on X such
that (X, G) is a complete G-metric space. Let T : X — X be a nondecreasing mapping
with respect to <. Suppose that there exist nonnegative real numbers a, b, ¢ and d with
a+b+c+d<1suchthat

G(Tx, Ty, Ty) < aG(x,y,y) + bG(x, Tx, Tx) + cG(y, Ty, Ty)

d
t3 (Gx, Ty, Ty) + G(y, Ty, Ty) + G(y, T, Tx))
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forall x,y € X with x < y. Suppose also that the following conditions hold:

(i) there exists xo € X such that xq < Txo;

(i) T is G-continuous or (X, <, G) is G-regular.

Then there exists u € X such that Tu = u. Moreover, if for x € Fix(T), x < z for all z € X,
one has the uniqueness of the fixed point.

Corollary 46 Let (X, <) be a partially ordered set and G be a G-metric on X such that
(X, G) is a complete G-metric space. Let T : X — X be a nondecreasing mapping with re-
spect to <. Suppose that there exists a constant A € [0,1) such that

G(Tx, Ty, Ty) < AG(x,9,)

forall x,y € X with x < y. Suppose also that the following conditions hold:

(i) there exists xg € X such that xq < Txo;

(i) T is G-continuous or (X, <, G) is G-regular.

Then there exists u € X such that Tu = u. Moreover, if for x € Fix(T), x < z for all z € X,
one has the uniqueness of the fixed point.

3.2 Cyclic contraction
Now, we will prove our results for cyclic contractive mappings in a G-metric space.

Theorem 47 (See [30,33]) Let A, B be a nonempty G-closed subset of a complete G-metric
space (X, G). Suppose also that Y =AUBand T : Y — Y is a given self-mapping satisfying

T(A)CB and T(B)CA. (11)
If there exists a continuous function W € V such that

G(Tx, Ty, Ty) < 1//(M(x,y,y)), VxeA,yeB, 12)
then T has a unique fixed point u € A N B, that is, Tu = u.

Proof Notice that (Y, G) is a complete G-metric space since A, B is a closed subset of a
complete G-metric space (X, G). We define 8: X x X x X — [0,00) in the following way:

1 if(x,y) €(AxB)U(BxA),
,B(x»)’»)’) =
0 otherwise.

Due to the definition of 8 and the assumption (12), we have

B(x,y,9)G(Tx, Ty, Ty) < ¥ (M(x,3,7)), VxyeY. (13)

Hence, T is a generalized G-B-{ contractive mapping.

Let (x,y) € Y x Y be such that B(x,5,y) > 1. If (x,y) € A x B then by the assump-
tion (11), (Tx, Ty) € B x A, which yields that 8(Tx, Ty, Ty) > 1. If (x,y) € B x A, we get
again B(Tx, Ty, Ty) > 1 by analogy. Thus, in any case, we have 8(Tx, Ty, Ty) > 1, that is,
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T is B-admissible. Notice also that for any z € A, we have (z, Tz) € A x B, which yields
Bz, Tz, Tz) > 1.

Take a sequence {x,} in X such that B(x,,%,1,%,41) > 1 for all # and x, — u € X as
n — oo. Regarding the definition of 8, we derive that

(X, %n41) € (A x BYU (B x A) for all n. (14)

By assumption, A, B and hence (A x B) U (B x A) is a G-closed set. Hence, we get that
(u,u) € (A x B) U (B x A), which implies that u € A N B. We conclude, by the definition
of B, that B(x,, u,u) > 1 for all n.

Now, all hypotheses of Theorem 30 are satisfied and we conclude that T has a fixed
point. Next, we show the uniqueness of a fixed point u of T Since u € Fix(T) and u € AN B,
we get B(u,a,a) > 1 for all a € Y. Thus, the condition (iv) of Theorem 33 is satisfied.
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