Liu et al. Journal of Inequalities and Applications 2013, 2013:492 ® Journal of Inequalities and Applications
http://www.journalofinequalitiesandapplications.com/content/2013/1/492 a SpringerOpen Journal

RESEARCH Open Access

A note on rough singular integrals in
Triebel-Lizorkin spaces and Besov spaces

Feng Liu, Huoxiong Wu and Daiging Zhang’

“Correspondence:
zhangdaiging2011@163.com Abstract

School of Mathematical Sciences, Thi . d with the si lar i | | | ial
Xiamen University, Xiamen, 361005, is paper is concerned with the singular integral operators along polynomial curves.

China The boundedness for such operators on Triebel-Lizorkin spaces and Besov spaces is
established, provided the kernels satisfy rather weak size conditions both on the unit
sphere and in the radial direction. Moreover, the corresponding results for the singular
integrals associated to the compound curves formed by polynomial with certain
smooth functions are also given.

MSC: 42B20; 42B25

Keywords: singular integrals; rough kernels; Triebel-Lizorkin spaces; Besov spaces

1 Introduction

Let R”, n > 2, be the n-dimensional Euclidean space and S”! denote the unit sphere in
R” equipped with the induced Lebesgue measure do. Let Q € L!(S"!) be a homogeneous
function of degree zero and satisfy

/ Q(u)do (u) = 0. (1.1)
SVI*I

For a suitable function / defined on R* = {t € R: ¢t > 0} and a polynomial Py with Py (0) =
0, where N is the degree of Py, we define the singular integral operators T}, p, along
polynomial curves in R” by

LG d.

1.2)
[yl"

Thapy (f)(x) == p.v. /Rnf(x -Px(yl)y)

For Py(t) = t, we denote Ty, p, by Tj. Fefferman [1] first proved that T}, is bounded

on L”(R") for 1 < p < oo provided that  satisfies a Lipschitz condition of positive order

on S" ! and & € L*(R). Subsequently, Namazi [2] improved Fefferman’s result to the case

Q € L1(S"1). Later on, Duoandikoetxea and Francia [3] showed that T}, is of type (p, p) for

1 < p < 0o provided that € L1(S"™) and & € Ay(R*), where A, (R*), y > 0, denotes the
set of all measurable functions /7 on R* satisfying the condition

R 1/y
1]l &, (r+) = sup <R‘1 / h(e)|” dt> < 00.
R>0 0

It is easy to check that A (R*) = L®(R*) € A,,(R*) € A, (R*) for 0 < 1 < y» < 0. In
1997, Fan and Pan [4] extended the result of [3] to the singular integrals along polyno-
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mial mappings provided that @ € H*(S"™) and & € A, (R*) for y > 1 with [1/p - 1/2| <
min{1/2,1/y’}, where H'(S"!) denotes the Hardy spaces on the unit sphere (see [5, 6]). In
2009, Fan and Sato [7] showed that T}, is bounded on L?(R”) for some 8 > max{y’,2} with
|1/p — 1/2| < min{l/y’,1/2} — 1/8, provided that # € A, (R*) for y > 1, and  satisfies the
following size condition:

B
g/i—gg—l /fS"‘le”‘l ‘Q(@)Q(u')!(logJr m) do(9)do (u/) < 00. 1.3)

For the sake of simplicity, we denote
F (S” 1) {Q el (S” 1) Q satisfies (1.3)}, VB> 0.

On the other hand, for /() = 1, Fan et al. [8] showed that T}, p,, is bounded on L?(R") for
2B/(2B —1) < p < 2B provided B >1 and Q € F5(5" ), where

B
Fp(s") = {QELI(S” ) : sup / |§2(y/)|(10g B 1y/|> do(y/)<oo}, VB > 0.
sn-1 .

§€S"_1

Moreover, see [9, 10] for the corresponding results of the singular integrals in the mixed
homogeneity setting.

Remark 1.1 It should be pointed out that the functions class Fz(S"™!) was originally
introduced in Walsh’s paper [11] and developed by Grafakos and Stefanov [12] in the
study of L”-boundedness of singular integrals with rough kernels. It follows from [12] that
Fp, (S"1) C Fp, (8™ for 0 < By < 1, and |, L1(S" ) C Fp(S™?) for any B > 0, more-

over,

q>1

(Fe(s) H' (S € | Fu(s™) (1.4)
B>1 p>1

We also remark that condition (1.3) was originally introduced by Fan and Sato in more
general form in [7]. In addition, it follows from [7, Lemma 1] that

F5(S") € Fp(SY), forp>o0. (15)

In this paper, we consider the boundedness of T}, p, on the Triebel-Lizorkin spaces
and the Besov spaces, which contain many important function spaces, such as Lebesgue
spaces, Hardy spaces, Sobolev spaces and Lipschitz spaces. Let us recall some nota-
tions. The homogeneous Triebel-Lizorkin spaces £5'?(R”) and homogeneous Besov spaces
BY(R") are defined, respectively, by

. ) 1/q
Fg’q(R”) = {f € y/(]R”) : |[f||}':g'q(Rn) = H (Z 27 |y, *f|q>

=4

< oo} (1.6)
LP(R™)

and

1/q
Bqu(Rn) = {f e yl(Rn) . ”f”ng(]Rn) — (Z 2—5"“I||\I/i *f”lq}’(]R")> < OO}, (17)

i€l
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wherea € R, 0 < p,qg < 00 (p # 00), ¥’ (R") denotes the tempered distribution class on R”,
@-(S) = ¢(2¢) for i € Z and ¢ € C>°(R") satisfies the conditions: 0 < ¢(x) < 1; supp(¢) C
{x:1/2 <|x| <2}; ¢(x) > c>0if 3/5 < |x| <5/3. It is well known that

Ep*(R") = 17 (R) (1.8)

for any 1 < p < 00, see [13—15], etc. for more properties of F5¥(R") and BYARM).

For h(t) =1, the operator T}, is the classical Calderén-Zygmund singular integral opera-
tor denoted by T'. In 2002, Chen et al. [16] proved that T is bounded on FPI(RM) provided
Q e L"(5" 1) for some r > 1. Subsequently, Chen and Zhang [17] improved the result of [16]
to the case 2 € F(5") for some B > 2. Furthermore, in 2008, Chen and Ding [18] showed
that 7}, is bounded on F£(R") for 1 < p,q < oo and « € R if Q € H'(S"™') and & € L®(R*).
In 2010, Chen et al. [19] extended the result of [18] to the singular integrals along poly-
nomial mappings provided that # € A, (R*) for y > 1 with max{|1/p — 1/2|,|1/q - 1/2]} <
min{1/2,1/y'}.

In light of aforementioned facts, a natural question is the following.

Question Is T}, p,, bounded on EPURMY)ifQ e ]?,3 (S"1)and h € A, (R*) for some y >1?

In this paper, we will give an affirmative answer to this question. Our main results can
be formulated as follows.

Theorem 1.1 Let Tyqp, be as in (1.2) and h € A, (R*) for some y > 1. Suppose that
Qe f,g(S"‘l)for some B > max{2,y’} and satisfies (1.1). Then for « € R and max({|1/p —
1/2],|11/q —1/2|} < min{1/2,1/y’} — 1/ B, there exists a constant C > 0 such that

” Th,Q,PN (f) ||I.:g'q(R”) < C|l,f||ﬁg‘q(Rn)y
where C = C,,p g haN,y.p iS independent of the coefficients of Py.
Theorem 1.2 Let T),qp, be as in (1.2) and h € A, (R*) for some y > 1. Suppose that Q €

]i';; (S"7Y) for some B > max{2,y'} and satisfies (1.1). Then for a € R, 1 < g < 00 and |1/p —
1/2] <min{1/2,1/y’} — 1/B, there exists a constant C > 0 such that

“ Th'Q,PN (f) “B{;’q(R”) =< C|lf||3§'q(Rn)’
where C = C,,pghaN,y.p iS independent of the coefficients of Py.
By (1.5) and Theorems 1.1-1.2, we get the following results immediately.

Theorem 1.3 Let T),qp, be as in (1.2) and h € A, (R*) for some y > 1. Suppose that Q €
F(S') for some B > max{2,y'} and satisfies (1.1). Then for o € R and max{|1/p-1/2|,11/q~
1/2|} < min{1/2,1/y"} — 1/ B, there exists a constant C > 0 such that

“ Th,Q,PN (f) ||I.:£'q(R2) < C|V||Fg'q(R2);

where C = Cy 4 ja.N,y,p IS independent of the coefficients of Py.
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Theorem 1.4 Let T qpy, be as in (1.2) and h € A, (R*) for some y > 1. Suppose that Q €
Fp(SY) for some B > max{2,y'} and satisfies (1.1). Thenfora € R,1< q < ooand |1/p-1/2| <
min{1/2,1/y’} — 1/B, there exists a constant C > 0 such that

” Th,Q,PN (f) ||B§'4(R2) S CHf’”Bﬂ‘q(]RZ);
where C = Cy 4 jaN,y,p IS independent of the coefficients of Py.

Remark 1.2 Obviously, by (1.5) and (1.8), our results can be regarded as the generalization
of the results in [8] or [7], even in the special case /(t) = 1 or Py(t) = ¢t. Moreover, by (1.4)-
(1.5), our results are also distinct from the ones in [18, 19].

Furthermore, by Theorems 1.1-1.4, and a switched method followed from [20], we can
establish the following more general results.

Theorem 1.5 Let h € A, (R*) for some y >1 and Q € ]:'ﬁ(S”‘l)for some B > max{2,y’}
with satisfying (1.1). Suppose that ¢ is a nonnegative (or nonpositive) and monotonic C*

function on (0,00) such that T (t) := :ﬁg) with |T'(¢)| < C, where C is a positive constant

which depends only on ¢. Then
(i) fora € R and max{|1/p —1/2|,|11/q —1/2|} < min{1/2,1/y’} — 1/B, there exists a
constant C > 0 such that

| Thprio () ”F{j“?(w) < CIlfll g1 gy

where

oy

Tl = . [ 1le=Pulo()) 220

(ii) fora eR,1<g<o0and|l/p-1/2| <min{l/2,1/y’'} - 1/, there exists a constant
C > 0 such that

|| Th,PN,w (f) “Bﬁ’q(R”) < C|V”Bf{’q(Rn)-
The constant C = CypghaoN,y.p iS independent of the coefficients of Py.

Theorem 1.6 Let ¢, h and Tj,py,,, be as in Theorem 1.5. Suppose that Q € Fz(S') for some
B >max{2,y’'} with satisfying (1.1). Then
(i) for o € R and max{|1/p —1/2|,|1/q - 1/2|} < min{1/2,1/y’} — 1/B, there exists a
constant C > 0 such that

|| Thpyo(f) “ g2y = C”f”pqu(Rz);

(ii) fora eR,1<g<o0and|l/p-1/2| <min{l/2,1/y’'} - 1/8, there exists a constant
C > 0 such that

” Th,PNﬁﬂ (f) ||B§’q(R2) = CHf”Bg‘q(]Rz)'

The constant C = Cy g na,0,N,y,p S independent of the coefficients of Py.

Page 4 of 13
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Remark 1.3 Under the assumptions on ¢ in Theorem 1.5, the following facts are obvious
(see [20]):
(i) limo@(£) = 0 and lim;_, o |@(2)| = 00 if ¢ is nonnegative and increasing, or
nonpositive and decreasing;
(ii) lim,—o |@(#)| = 0o and lim,_, o ¢(£) = 0 if ¢ is nonnegative and decreasing, or

nonpositive and increasing.

Moreover, the inhomogeneous versions of Triebel-Lizorkin spaces and Besov spaces,
which are denoted by Fi'?(R") and By?(R"), respectively, are obtained by adding the term
[[® * fllr@n) to the right-hand side of (1.6) or (1.7) with }_,_, replaced by } .., where
d e S (R"), supp(Ci)) c{&:1&| <2}, ®(x) > ¢ > 0 if |x| <5/3. The following properties are
well known (see [13, 14], for example):

F2(R") ~ F24(R") N LP(R") and
1.9)
Wl gz gy ~ Wl paggeny + I @y (o > 0);
BYI(R") ~ BP(R") N LP(R") and
()~ B ) 2 () .
W Wl g ny ~ Il goa gy + I ey (e > 0).

Hence, by (1.8)-(1.10) and Theorems 1.5-1.6, we get the following conclusion immediately.

Corollary 1.7 Under the same conditions of Theorems 1.5 and 1.6 with o > 0, the operator
Th,py,e is bounded on Fy'(R") and By (R"), respectively.

The paper is organized as follows. After recalling and establishing some auxiliary lem-
mas in Section 2, we give the proofs of our main results in Section 3. It should be pointed
out that the methods employed in this paper follow from a combination of ideas and ar-
guments in [3, 19, 20].

Throughout the paper, we let p’ denote the conjugate index of p, which satisfies 1/p +
1/p’ = 1. The letter C or ¢, sometimes with certain parameters, will stand for positive con-
stants not necessarily the same one at each occurrence, but are independent of the essen-
tial variables.

2 Auxiliary lemmas

For given polynomial Py(f) = YN, bit!, we let P, (¢) = Y1, bit' for & € {1,2,...,N} and
Py(t) = 0 for all £ € R. Without loss of generality, we may assume that b, # 0 for A €
{1,2,...,N} (or there exist some positive integers 0 < /; < [ < - - - < [; < N such that Py (t) =
Zflzl blitli with b;, #0 forall i € {1,2,...,d}). Let k € Z and Dy = {y e R" : 2k < |y| < 2%+,
For A € {1,2,...,N} and & € R”, we define the measures {0k }xcz by

T (6) = / e—2me(|y|>y’-sMib’l) J
D Iyl

It is clear that

Thary(f) = Z oxN *f. (2.1)

kel

We have the following estimates.
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Lemma 2.1 Let h € A,(R") for some y >1 and Q € ]:'ﬂ(S”‘l)for some B > 0. For A €
{1,2,...,N}, k€ Z and & € R", there exists a constant C > 0 such that

(i)
|50 (€) ~ 5eaa ()] < C[2% D4 p, 6 [ (2.2)
(i)
|606)| < C(log| 26 b, )7, for |26+ b, €| 1, (2.3)

where 7 = max{2,y’}. The constant C is independent of the coefficients of P,

Proof By the change of the variables, we have

2k+1
|§/J(§) - a/k,x\_l(f;‘)| = ‘ / 1 Q(y/) (e—ZmP-A(t)yhs _ e—2niP;L,1(t)y’»§) do (y’)h(t)?
sn-

2k

< ClIR sy I lla, @) |25 big | (2.4)

On the other hand, it is easy to check that
612 (8)| < ClIQ sy lAl &, @) (2.5)

Interpolating between (2.4) and (2.5) implies (2.2). Next, we prove (2.3). Let

ok+1

i / dt
Hy (EJ’/, 9) = ﬁk e—2mP)L(t)(y -0)¢ 7

By Van der Coupt lemma, there exists a constant C > 0, which is independent of the coef-
ficients of P, and k such that

F6.5.0)] = Coinfa, |24 (7~

For |2V, £] > 1, since t/(logt)? is increasing in (e, 00), we have

_ - (og2eP 1y - (v - 0)| )"

|Hi(€,5,0)| < C Gog ZFVBE)F (2.6)

where 1 = £/|&|. Let y be as in Lemma 2.1, by the change of the variables and Holder’s
inequality, we have

ok+1
|5/;»(5)‘ = ‘/Z‘k ‘/Sn_l Q(y’)e—ZmP)\(t)J”'E do (y’)h(t)

ok+1

2miP; () o ANE
= C||h||Ay(]R+)(/ / Q(y/)e* TP (t)y"-§ do(y/) _)
ok sn-1 t

< ()", 2.7)

dt
t
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where
2k+1 ' ; Zdt
K&)- [ ][ e <ao(y)| 5.
2k sn-1
Note that
2k+1 ‘ ) zdt
Ko [ ][ a)er e an(y)| ¢
ok sn-1
2k+1

// Qy)QO)e POV g () do (9)£
sn-1y gn-1 ¢

2k

B //Sn—l gn-1 Hk(s’j/, Q)Q(y,)wdd (y/) do(6).

Combining (2.6)-(2.7) with the fact that Q2 € f‘g (5"1), we get (2.3). This proves Lemma 2.1.
O

Lemma 2.2 19, Theorem 1.4] Let d > 2 and P = (P\,...,Pg) with P; being real-valued
polynomials on R". For 1< p,q < 00, the operator Mp given by

Mo =sup - [ |f(e=PO)|

lyl=r

satisfies the following L7 (£9,R?%) inequality

’

LP(RY)

H (;IMPW)W

=Cpq
d)

1/
()"

PR
where C,, is independent of the coefficients of P; for all1 <j < d.

Lemma 2.3 [21, Proposition 2.3] Let0 <M <N and H :RM — RM, G: RN — RN be two
nonsingular linear transformations. Let {ai }kez be a lacunary sequence of positive numbers
satisfying infrez agi/ax > a > 1. Let ®(§) € L (RM) and ®(§) = a; ®(&/ax). Define the
transformations ] and Xy by

J()(x) = f(G' (H' ® idgn-m)x)
and
Xi(F)(x) = ]71((<I>1< ® Spn-m) *]f) (%).

Here, we use Sgn to denote the Dirac delta function on R", ]! denote the inverse transform
of ] and G* denote the transpose of G. We have the following inequalities:

” <Z <Z|Xk(;;)(.)|2>‘”2)1/q

JEZ “kel

(2.8)

1/q
<] (o)
LP(RN)

JEL LP(RN)

Page 7 of 13
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Jor arbitrary functions {f;} € LP(¢1,RN) and 1 < p, q < o0;

(o)) . <l (S(er) )

jeZ kel jeZ “keZ

<

LP(RN)

(2.9)

LP(RN)
for arbitrary functions {gi;}x; € LP(€1(¢?),RN) and 1 < p,q < oc.

Lemma 2.4 Forany A € {1,2,...,N} and arbitrary functions {gi}x; € LP(09(¢2),R"), there
exists a constant C > 0, which is independent of the coefficients of P, such that

q/2\ 1/q q/2\ 1/q
”( <Z ok, *gk,1|2) ) =C (Z (Z ng,j|2> )
keZ keZ

' (2.10)
JEL LP(R™) JEL

LP(RM)
for max{|1/p —1/2|,|1/q — 1/2|} < min{1/2,1/y’}.
Proof Since ||h|la,®+) < Cllhllay@+) when y > 2, we may assume that 1 < y < 2. By

duality, it suffices to prove (2.10) for 2 < p,q < 2y/(2—y). Given functions {f;} with
5 L1 (a2 oy < 1. It follows from the similar argument as in getting (7.7) in [4] that

[ lows s fwds = [ low Mo, ), e

where

M- [

By Holder’s inequality, we have

ok+1

[ it o) 1200 do (o %

ok+1

2—
Mp, (5)(6) < Ikl g fg </2
20y’

: C/EH [20)] (S“P Vs o)) dt) do (¥).

r>0 T Jit|<r

) 21y’
s Piy) ") 120 do )

By Lemma 2.2 and Minkowski’s inequality, we have for y'/2 < u, v < 0o,

()’

=d|(zw)”
jeZ LAR) jez LH(R™)
Thus, by (2.11)-(2.12), we get
q/2\ 1/q )2
” (Z(Tonsveut) )
jEZ “kel LP(RM)
i / ZZ|O“*gk1(x)|f(x)dx

||{f}HL(p/2 « q/2 RS JEZ keZ

<C / 3N gk @) M, () () dx

I} (p/z)’ q/z)’ ]Rn)— jEZ keZ

Page 8 of 13


http://www.journalofinequalitiesandapplications.com/content/2013/1/492

Liu et al. Journal of Inequalities and Applications 2013, 2013:492
http://www.journalofinequalitiesandapplications.com/content/2013/1/492

1/v
=< C sup <Z|MP)L (}5)|v>
1My a2y ey <0 Njez Le(R")
ai2\ Vg2
(Z (Z |gk,,~|2) )
jez “keZ LP(RM)
a/2\ 1/q )2
< CH ( (Z ng,j|2> ) ,
jezZ “keZ LP(R™)
where we take u = (p/2)" and v = (¢/2)’. This completes the proof of Lemma 2.4. O

Lemma 2.5 [20, Lemma 2.1] Let I, ¢ be as in Theorem 1.5. Suppose that h € A, (R*) for
some y > 1, then we have h(p™)I'(¢p™") € A, (RY).

Lemma 2.6 Let T, p,,, be given as in Theorem 1.5. Then
(i) if g is nonnegative and increasing, Ti,py o(f) = Thy-1yr-1)a.ey )
(i) if  is nonnegative and decreasing, Tppy,o(f) = = Th-1yr-1) ey F);
(iii) if ¢ is nonpositive and decreasing, Tn,py,o(f) = Tpyp1yr(o-1),0,py )3
(iv) if ¢ is nonpositive and increasing, Tp,py,p(f) = =Tj-1)r (1),
where Q(y) = Q(-y).

Proof We can get easily this lemma by Remark 1.3 and the similar arguments as in getting
[20, Lemma 2.3]. The details are omitted. O

3 Proofs of main results
For a function ¢ € C{°(R) such that ¢(¢£) =1 for |t| < 1/2 and ¢(¢) = 0 for |£| > 1. Let
¥ (¢) = p(£2), and define the measures {7 ;} by

N N
7.6 =50 @) [ ] v (12%bg)) s @ [ [v (2% be|) (3.1)
Jj=A+1 J=A

fork € Zand A € {1,2,...,N}, where we use convention [,

jep @ = 1. It is easy to check that

N
Ok,N = Z Tk,h- (32)

In addition, by Lemma 2.1, we can obtain the following estimates (see also in [4, (7.39)])

1/x,

| (6)] < Cl2% Vb8 [ (3.3)
|70.(8)] < Clog|2% Vb, |) "7, for |26V p, | 51, (3.4)
where y = max{2,y'}.
Now, we are in a position to prove our main results.
Proof of Theorem 1.1 1t follows from (2.1) and (3.2) that
Thory(f) = ZZTM *f = ZBx(f) (3.5)

r=1 keZ

Page9of 13
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By (3.5), to prove Theorem 1.1, it suffices to prove that for any A € {1,2,...,N},

|B.() “Pg'q(Rn) < Clifll g ey (3.6)

for max{|1/p —1/2|,|1/q - 1/2]} < min{1/2,1/y'} = 1/B and o € R, where C = Cp,  g.0,1,y.8 iS
independent of the coefficients of P; for A € {1,2,...,N}.
For A € {1,2,...,N}, we choose a Schwartz function T € .7 (R*) such that

0<Y(@®) <1, supp(Y) C [274,2%], ZTk(t)2 -1,
keZ

where Yy (t) = T (2¥*t). Define the operator S; by
Sif () = Ti(1b:)F (€).

Let O (£) = T(|b,£]). It is clear that ©; € . (R”) and
Sif (%) = O % f(x).

Observe that we can write

By(f) = Z Tk, * (Z Sj+k5j+kf> = Z ZS/‘H((T/(,A * Sjuf) = ZBa(f)' (3.7)

kel JEZ JEZ kel JjEZ

Invoking the Littlewood-Paley theory and Plancherel’s theorem, we get

LIGIAES oY I =CIROI

keZ ©

where

Ej = { £ e R 20k DE < p | < 2-(;+k-1)x}'
This together with (3.3)-(3.4) yields

1B, 2 < CCf N2y
where

I, <1
/ 2—I1’I’ ] > -1,
and y = max{2, y'}. In other words (by (1.8)),

|B,. () ”P@Z(Rn) = CCJ'W“Fg'Z(Rny (3.8)

Next, we will show that

||B])n(f) ||Fg'q(Rn) = C”.f”Fg’q(]R”) (3’9)
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for max{|1/p —1/2|,|1/g - 1/2|} < min{1/2,1/y'}, ¢ € R,j € Z and 1 € {1,2,...,N}. To prove
(3.9), it suffices to prove that

(3.10)

(e

i€’

()],

i€Z LP(R™)

for max{|1/p —1/2|,|1/q — 1/2|} < min{1/2,1/y’} and {g;} € L?(¢4,R"), where C is indepen-
dent of the coefficients of P;. In fact, (3.10) implies (3.9), that is,

D = (S )

ieZ LP(R™)
1/q
<Z|BI m\IJ *f | )
icZ, LP(R")
1/q
< CH (Zz g |\, *fw)
i€Z LP(R™)

= CHf”ﬁg’q(]Rn):

which leads to (3.9). Now, we return to the proof of (3.10). Using Lemmas 2.3-2.4, the
definition of tx; and the similar argument in getting [19, Proposition 2.3], one can check

that
q/2\ 1/q q/2\ 1/q
(o)), el (zer))
i€Z “keZ LP(R™) i€l “kel

for max{|1/p — 1/2|,|1/q — 1/2|} < min{1/2,1/y'}. Using Lemma 2.3 again, for 1 < p,q < 00

(3.11)

LP(R™)

and arbitrary functions {g;};cz € L (¢4, R"), we have

(S sar)”)”

By duality and (3.11)-(3.12), we have

(g’

LP(R") i€Z

(3.12)
1P (RM)

/ Z Z Sk (Tra * Sjargi) (x)fi(x) dx

(o)

ieZ LP(R™) ||{f,}\| ' o oy =t i€Z keZ
5 q' 12\ 1/q
<C sup <Z(Z| +kft|) ) /
WM o’ =1 Nz Nkez &)
q/2\ g
x (Z(Zlfk,x *Sj+kgi|2) )
i€l “keZ LPR")
q/2\ 1/q
ie7 “keZ LP(R")
i€Z LP(R™)
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This proves (3.10). Interpolating between (3.8) and (3.9) (see [14, 22]), for max{|1/p —
1/2],11/g—1/2|} < min{1/2,1/y’} -1/8 and @ € R, we can obtain € € (0,1) such thateg/y > 1
and

1B,) | s gy < CCFUF Nty (3.13)
which together with (3.7) implies (3.6) and completes the proof of Theorem 1.1. O

Proof of Theorem 1.2 The proof of Theorem 1.2 is to copy the arguments in proving [19,
Theorem 1.2]. By Theorem 1.1 and (1.8), for |1/p —1/2| < min{1/2,1/y’} — 1/8, there exists
a constant C > 0 such that

| Theen ()| o gy < CIlf o). (3.14)

Then for [1/p —1/2| < min{1/2,1/y’} —=1/B8,1< g < 00 and « € R, we have

) 1/q
” Thapy(f) ”B{;"f(Rn) = (Z 27””” Wik Thﬂfﬂ””iﬁ(ﬂ@ﬂ))

i€l

) 1/q
= (Z | Thcpy (27 Wi % £) ”Z’(]R”))

i€l

1/q
< C(Z 27|y *fnzp(w))

i€l
= CHf”Bg’q(]Rny

Theorem 1.2 is proved. O

Proofs of Theorems 1.5-1.6 Using Lemmas 2.5-2.6 and Theorems 1.1-1.2, we get Theo-
rem 1.5. Theorem 1.6 follows from Theorem 1.5 and Remark 1.1. O
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