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Abstract
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1 Introduction
The concepts of fuzzy sets and fuzzy set operations were first introduced by Zadeh [1]
and subsequently several authors have discussed various aspects of the theory and ap-
plications of fuzzy sets such as fuzzy topological spaces, similarity relations and fuzzy
orderings, fuzzy measures of fuzzy events, fuzzy mathematical programming. Matloka
[2] introduced bounded and convergent sequences of fuzzy numbers and studied some of
their properties. Later on, the sequences of fuzzy numbers were discussed by Diamond
and Kloeden [3], Nanda [4], Esi [5], Dutta [6—8] and many others.
A fuzzy number is a fuzzy set on the real axis, i.e.,, a mapping u# : R —> [0,1] which
satisfies the following four conditions:
(i) u is normal, i.e., there exists xy € R such that u(xg) = 1.
(ii) u is fuzzy convex, i.e., u[Ax + (1 — A)y] > min{u(x), u(y)} for all x,y € R and for all
A €[0,1].
(iif) # is upper semi-continuous.
(iv) The set [u]o = {x € R: u(x) > 0} is compact, where {x € R: u(x) > 0} denotes the
closure of the set {x € R: u(x) > 0} in the usual topology of R.
We denote the set of all fuzzy numbers on R by E! and call it the space of fuzzy numbers.
A-level set [u]; of u € E! is defined by

{teR:u(t)>1} (0<A<1),

=9 —
{teR:ult)y>r} (A =0).
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The set [u], is a closed, bounded and non-empty interval for each A € [0,1] which is de-
fined by [u]; = [u~(A),u*(A)]. R can be embedded in E' since each r € R can be regarded

as a fuzzy number

1, t=r,

0, t#r.

7(t) =

Let W be the set of all closed bounded intervals A of real numbers such that A = [41,45].

Define the relation s on W as follows:
s(A, B) = max{|A; - By|,|A; - By|}.

Then (W, s) is a complete metric space (see Diamond and Kloeden [9], Nanda [4]). Then
Talo and Basar [10] defined the metric d on E! by means of Hausdorff metric s as

d(u,v) = sup s([u],\, [V]x) = sup maxs(|u’(k)—v’()») u*(k)—v*(k)‘).

21€[0,1] 1€[0,1]

)

Lemma 1 (Talo and Basar [10]) Let u,v,w,z € E' and k € R. Then
(i) (EY,d) is a complete metric space.
(ii) d(ku, kv) = |k|d(u,v).
(iii) d(u+v,w+v)=d(u,w).
(iv) du+v,w+2z) <du,w) +d\v,z).
) 1d(u,0) —d(v,0)| <d(u,v) <d(u,0) +d(v,0).

Lemma 2 (Talo and Basar [10]) The following statements hold.:
(i) d(uv,0) <d(u,0)d(v,0) for all u,v € E*.
(i) If ux — u as k — oo, then d(ux,0) — d(u,0) as k — oo.

The notion of Z-convergence was initially introduced by Kostyrko et al. [11]. Later on,
it was further investigated from the sequence space point of view and linked with the
summability theory by Salat et al. [12, 13], Tripathy and Hazarika [14—16] and Kumar and
Kumar [17] and many others. For some other related works, one may refer to Altinok et
al. [18], Altin et al. [19-22], Colak et al. [23], Giingor [24] and many others.

Let X be a non-empty set, then a family of sets Z C 2% (the class of all subsets of X)
is called an ideal if and only if for each A,B € Z, we have AU B € 7 and for each A € 7
and each B C A, we have B € 7. A non-empty family of sets F C 2% is a filter on X if and
only if ¢ ¢ F, for each A,B € F, we have AN B € F and for each A € F and each A C B, we
have B € F. An ideal Z is called non-trivial ideal if T # ¢ and X ¢ Z. Clearly, Z C 2¥ is a
non-trivial ideal if and only if F = F(Z) = {X - A : A € T} is a filter on X. A non-trivial ideal
T C 2% is called admissible if and only if {{x} : x € X} C Z. A non-trivial ideal Z is maximal
if there cannot exist any non-trivial ideal / # Z containing 7 as a subset. Further details on
ideals of 2% can be found in Kostyrko et al. [11].

Lemma 3 (Kostyrko et al. [11, Lemma 5.1]) If Z C 2N is a maximal ideal, then for each
A CN, wehave eitherAcZTorN-AeT.
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Examplel IfwetakeZ =7y = {A C N : A is a finite subset}, then Z; is a non-trivial admis-

sible ideal of N and the corresponding convergence coincides with the usual convergence.

Example 2 If we take Z = Z; = {A € N : §(A) = 0}, where 5(A) denotes the asymptotic
density of the set A, then Z; is a non-trivial admissible ideal of N and the corresponding

convergence coincides with the statistical convergence.

Recall in [25] that an Orlicz function M is a continuous, convex, nondecreasing function
defined for x > 0 such that M(0) = 0 and M(x) > 0. If the convexity of an Orlicz function is
replaced by M(x + y) < M(x) + M(y), then this function is called the modulus function and
characterized by Ruckle [26]. The Orlicz function M is said to satisfy A,-condition for all
values of u if there exists K > 0 such that M(2u) < KM(u), u > 0.

Lemma 4 [27] Let M be an Orlicz function which satisfies Ay-condition, and let 0 < § < 1.
Then, for each t > §, we have M(t) < K§~1tM(2) for some constant K > 0.

Two Orlicz functions M; and M, are said to be equivalent if there exist positive constants
o, B and x( such that

Mi(a) < Ma(x) < Mi(B)

for all x with 0 < x < x.
Lindenstrauss and Tzafriri [28] studied some Orlicz-type sequence spaces defined as

follows:

Ly = {(xk)ew:ZM<@> <ooforsome,0>0}.

k=1 p

The space £,; with the norm

llxl| = inf{,o >0: iM('%k') < 1}

k=1

becomes a Banach space which is called an Orlicz sequence space. The space £, is closely
related to the space £, which is an Orlicz sequence space with M(t) = |¢]” for 1 < p < 0.

In the later stage, different classes of Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [29], Esi and Et [30] and many others.

Throughout the article, N and R denote the set of positive integers and the set of real
numbers, respectively. The zero sequence is denoted by 6.

Let A = (ay;) be an infinite matrix of real numbers. We write Ax = (Ax(x)) if Ax(x) =
> aixx converges for each i.

Throughout the paper, wf denotes the set of all sequences of fuzzy numbers.

Definition 1 A set EF C w' is said to be solid if (b,,) € Ef whenever d(b,,,0) < d(a,0)
for all m € N and (a,,) € EF.
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The following well-known inequality will be used throughout the article. Let p = (px) be
any sequence of positive real numbers with 0 < py < sup; px = G, D = max({l, 2671}, then

|ai + by’ < D(|axlP* + |bi )
for all k € N and ay, by € C. Also, |ax|Pk < max{1,|a|®)} foralla € C.

2 Some new sequence spaces

Let Z be an admissible ideal of the non-empty set S, and let p = (px)3°; be a bounded

sequence of positive real numbers. Let M = (My)?2; be a sequence of Orlicz functions, let
= (ay;) be an infinite matrix of real numbers, and let x = (x¢)72; be a sequence of fuzzy

numbers. Then we introduce the following sequence spaces:

WI}-(M,A,p)z{(xk)ewF:{neN Z|: <M>] za}eI

for some p >0 andL},

W()I]:(M,A,p)={(xk)€WF:{VIEN Z[ <M>] ze}eI

for some p > 0},

WOJZ(M,A,p):i(xk)ew :sup — Z[Mk<w):|pk<ooforsomep>0]

k=1

and

WOIO}-(M,A,p) = {(xk) e wf 13K > 0 such that

{neN Z[ (M)} >K}eIforsomep>0}.

3 Main results

In this section we investigate the main results of this paper.

Theorem1 Thespaces W (M, A, p), W()I}—(M,A,p), W/OIOF(M,A,p) and WOJC:(M,A,p) are

linear over the field of reals.

Proof We give the proof for the space WZ (M, A, p) only, and the others will follow simi-
larly. Let x = (x) and y = (yx) be two elements in WOI}— (M, A, p). Then there exist p; > 0
and p, > 0 such that

)
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and

e (A2

Let o, 8 be two reals. By the continuity of the Orlicz functions (Mj)’s, we have the fol-

lowing inequality:
[ (d(Ak(ax+ﬁy) 0))]
la| o + | Bl 2
bl [ ( (Ax(), 0))] 1 [ (d(Ak(y),ﬁ))]”
- +D= 2RI
nia P2
oL [ ol (d(Akoc),é))]pk
n 2= alor 1B\
+D3 [ 1Bl Mk(d(Ak(y),m)Tk
nia la|pr + 1Bl 2 02
Hence we have the following inclusion:
1 - d(Ak(ozx+,By),(_))>i|p"
{”EN'%W alor+1Blos )] ~F
{nem Z[ (A0 }

et (00T |

This completes the proof. O

S

I/\

N ™

It is not possible in general to find some fuzzy number X — Y such that X = Y + (X -
Y) (called the Hukuhara difference when it exists). Since every real number is a fuzzy
number, we can assume that Swf C wf is such a set of sequences of fuzzy numbers with
the Hukuhara difference property.

For the next result, we consider SWZ (M, A,p) C WZ (M, A,p) to be the space of se-

quences of fuzzy numbers with the Hukuhara difference property.

Theorem2 Thespace SW. (M, A, p) is a paranormed space (not totally paranormed) with
the paranorm g defined by

d(Ar(x),0
glx) = inf{p%k :supM;(w) <1 for some p > 0},
k 1%

where H = max {1, sup; p}.
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Proof Clearly, g(—x) = g(x) and g(f) = 0. Let x = (x¢) and y = (yx) be two elements in
SWZ (M, A,p). Now, for py, py > 0, we put

A= {,01 >0: supMk(M> < 1}
k L1

and

A, 6)) 3 1}'

Ay = {,02 >0:supMk(
k P2

Let us take p = p; + p3. Then, using the convexity of Orlicz functions M;’s, we obtain

Mk(d(Ak<x+y>,6)> o Mk(d(Ak<x>,6)>+ p: Mk(d(Ak(y),c‘)))’

<
P T ot P p1t+ P2 P2

which in turn gives us
d(A ,0)\ 17
sup|:Mk< (A(x +y) ))} <1
k o

and

. Pk
glx+y) =inf{(o1 + p2) 7 : p1 € A, p2 € A}
Pk Pk
§inf{le 101 eA1}+inf{p2H 02 eAz}

=gx) +g).

Let " — L, where £, L € E!, and let g(x” — x) — 0 as m — oo. To prove that g(¢"x" —
Lx) — 0 as m — 00, we put

e (S -
k m

and

Ay = {,0; >0: sup|:Mk<w)]pk < 1}.
k s

By the continuity of the sequence M = (M), we observe that

Mk<d(Ak(t x —Lx),O)) ka<d(Ak(t x™ — Lx ),O))
|87 — L| o + L] s [£7" — L| o + IL| ps

(d(Ak(Lx’” — Lx), ()))
1 = Lipm + Ll ps

& = Llom (d(Ak(x’”),f)))
Tt = Llpm + |L|ps Pm
IL| ps M (d(Ak(xm —x),()))
[t" — L| o + |L| ps Ps
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From the above inequality it follows that

|: (d(Ak(t’"x”‘ —Lx),(_))>:|pk
sup| My
k £ — L| pm + L] ps

and, consequently,

Pk
g(e"x™ — Lx) = inf{ (|¢" = L| pm + IL1ps) 7 : pm € A3, ps € As)

|7~ L| T int{ (o) # : py € As)

IA

+|LI% inf{(p) 7 : p, € Au)

m 2k m
£ =L Jg(+")

+max{|L|, [L| % }g(x" - x). 3.1)

IA

max{|tm -L|,

Note that g(x™) < g(x) + g(x” — x) for all m € N. Hence, by our assumption, the right-
hand side of relation (3.1) tends to 0 as m — 0o and the result follows. This completes the
proof. d

Theorem 3 Let M = (My) and S = (Sx) be two sequences of Orlicz functions. Then the
following statements hold.:

(i) WI7(S,A,p) € WIF (Mo S, A,p) provided p = (py) is such that Go = inf py > 0.
(i) WIF(M,A,p) N WIF(S,A,p) € WIT (M +S,4,p).

Proof (i) Let & > 0 be given. Choose &; > 0 such that max{ef,slco} <¢e.Choose 0 <8 <1

such that 0 < ¢ < § implies that My(¢) < &, for each k € N. Let x = (x) € W27 (S, A, p) be
any element. Put

e e S (40D ).

Then, by the definition of ideal, we have A; € Z. If n ¢ A;, we have

1 d(Ak(x),L))]pk G
SN s [
n;[ k( p <8
. Z[ ( Ak(x)L))] < 18
k=1
N [S <d(Ak(x)L))} <89 fork=1,2,3,...,n

0
= S;(W) < 8. (3.2)

Using the continuity of the sequence M = (M) from relation (3.2), we have

d(Ar(x),L
Mk<5k<w)> <& fork=1,2,3,...,n
0

Page 7 of 10
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Consequently, we get

Z[Mk (&(W))]pk <n-max{el, e} < ne
k-1
= lZ[Mk(gk(M))]pk <e.
= P

This implies that
1< d(Ai(x),L Pk
ineN:—Z[Mk<Sk<M)>] 28]§A5€I.
n o
k=1

This completes the proof.
(ii) Let x = (xx) € WZF (M, A, p) N WL (S, A, p). Then the result follows from the follow-

ing inequality:
1« d(Ax(x),L) \ 7 1 ”|: (d(Ak(x),L)):r"
— My + S )| —— D— M| ——
n;[( K+ k)( P )] < s k P
[ (dAk), L)\ ™
+DZZ[Sk( P )] ' D

k=1

Taking L = 0 in the proof of the above theorem, we have the following corollary.

Corollary 1 Let M = (My) and S = (Sk) be two sequences of Orlicz functions. Then the
following statements hold:

(i) WOI}-(S,A,p) c WOIJT(M 0S,A,p) provided p = (px) is such that Gy = inf py > 0.

(i) W5 (M, A, p) N WG (S,A,p) S WT7 (M +S,4,p).

The proofs of the following two theorems are easy and so they are omitted.
Theorem 4 Let 0 < py < qi and (Z—’;) be bounded, then
W57 (M, A,q) € Wy” (M,A, p).

Theorem 5 For any two sequences of positive real numbers p = (px) and q = (qk), the fol-
lowing statement holds:

ZIMA,p)NZIMA,q) #¢ for Z =W, WE , WL" and WZ.
Proposition 1 The sequence spaces Z(M, A, p) are solid for Z = WE" and WZ7.
Proof We give the proof of the proposition for WZ7(M,A,p) only. Let x = (x;) €

W()I}—(M,A,p) and y = (yx) be such that d(yi,0) < d(xt,0) for all kK € N. Then, for given
& >0, we have

B= {neN:l - [Mk<w>j|pk 28} e’
e p

Page 8 of 10
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Again the set

E-= neN:%Z[j\/j,{(W)irk selen
k=1

Hence E€Z andso y = (y¢) € W()I]:(M,A,p). Thus the space W()I]:(M,A,p) is solid. O
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