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prove some fixed point theorems in the framework of G-metric space that cannot be
obtained from the existence results in the context of associated metric space.

1 Introduction and preliminaries

In 2007, Mustafa and Sims introduced the notion of G-metric and investigated the topol-
ogy of such spaces. The authors also characterized some celebrated fixed point results in
the context of G-metric space. Following this initial paper, a number of authors have pub-
lished many fixed point results on the setting of G-metric space (see, e.g., [1-33] and the
references therein). Samet et al. [24] and Jleli and Samet [25] reported that some pub-
lished results can be considered as a straight consequence of the existence theorem in the
setting of the usual metric space. More precisely, the authors of these two papers noticed
that p(x,y) = pc(x,y) = G(x,7,y) is a quasi-metric whenever G: X x X x X — [0,00) is a
G-metric. It is evident that each quasi-metric induces a metric. In particular, if the pair
(X, p) is a quasi-metric space, then the function defined by

d(x,y) = dg(x,y) = max{p(x,y), p(y,x)}, forallx,yeX,

forms a metric on X.

The object of this paper is to get some fixed point results in the context of G-metric
space that cannot be concluded from the existence results. This paper can be considered
as a continuation of [27], which was inspired by [26].

First, we recollect some necessary definitions and results in this direction. The notion
of G-metric spaces is defined as follows.

Definition 1.1 (See [1]) Let X be a non-empty set, G: X x X x X — R* be a function
satisfying the following properties:

(Gl) G(x,9,2)=0ifx=y=¢,

(G2) 0<G(x,x,y) for all x,y € X with x # y,

(G3) G(x,%,y) < G(x,9,2) for all x,y,z € X with y # z,

(G4) G(x,9,2) = G(x,2,9) = G(y,2z,%) = - - - (symmetry in all three variables),

(G5) G(x,9,2) < G(x,a,a) + G(a,y,z) (rectangle inequality) for all x,y,z,a € X.
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Then function G is called a generalized metric or, more specifically, a G-metric on X,
and the pair (X, G) is called a G-metric space.

Note that every G-metric on X induces a metric dg on X defined by
dg(x,y) = Glx,9,9) + G, x,x), forallx,yeX. (1)
For a better understanding of the subject, we give the following examples of G-metrics.
Example 1.1 Let (X, d) be a metric space. Function G: X x X x X — [0, +00), defined by
G(x,y,2) = max{d(x,y),d(y,2),d(z, %)},
for all %, y,z € X, is a G-metric on X.
Example 1.2 (See, e.g,, [1]) Let X = [0, 00). Function G : X x X x X — [0, +00), defined by
Gx,y,2) =[x =yl + 1y -zl + |z -],
for all x,7,z € X, is a G-metric on X.

In their initial paper, Mustafa and Sims [1] also defined the basic topological concepts
in G-metric spaces as follows.

Definition 1.2 (See [1]) Let (X, G) be a G-metric space, and let {x,} be a sequence of points
of X. We say that {x,} is G-convergent to x € X if

lim G(x,%,,%,) =0,
n,m—>+00
that is, for any ¢ > 0, there exists N € N such that G(x, x,,, x,,) < ¢ for all n,m > N. We call

x the limit of the sequence and write x,, — x or lim,,_, ;o0 %, = x.

Proposition 1.1 (See [1]) Let (X, G) be a G-metric space. The following are equivalent:
(1) {x,} is G-convergent to x,
()
(3) G(x,,%,%) — 0 as n — +00,
(4)

G(x,,%,,%) — 0 as n — +00,

G(Xy, X, x) = 0 as n,m — +00.

Definition 1.3 (See [1]) Let (X,G) be a G-metric space. Sequence {x,} is called a
G-Cauchy sequence if, for any ¢ > 0, there exists N € N such that G(x,,x,,,x;) < ¢ for
all m,n,l > N, that is, G(x,,, x,,,,x1) — 0 as n,m, [ — +00.

Proposition 1.2 (See [1]) Let (X, G) be a G-metric space. Then the following are equiva-
lent:

(1) sequence {x,} is G-Cauchy,

(2) forany ¢ >0, there exists N € N such that G(xy, X, Xm) < € for all m,n > N.

Definition 1.4 (See [1]) A G-metric space (X, G) is called G-complete if every G-Cauchy
sequence is G-convergent in (X, G).
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Definition 1.5 Let (X, G) be a G-metric space. Mapping F: X x X x X — X is said to be
continuous if for any three G-convergent sequences {x,}, {y,} and {z,} converging to x, y

and z, respectively, {F(x,, Y1, 24)} is G-convergent to F(x,y, z).

Mustafa [4] extended the well-known Banach [34] contraction principle mapping in the

framework of G-metric spaces as follows.

Theorem 1.1 (See [4]) Let (X, G) be a complete G-metric space and T : X — X be a map-
ping satisfying the following condition for all x,y,z € X:

G(Tx, Ty, Tz) < kG(x,9,2), ()
where k € [0,1). Then T has a unique fixed point.

Theorem 1.2 (See [4]) Let (X, G) be a complete G-metric space and T : X — X be a map-
ping satisfying the following condition for all x,y € X:

G(Tx, Ty, Ty) < kG(x,, ), 3)
where k € [0,1). Then T has a unique fixed point.

Remark 1.1 We notice that condition (2) implies condition (3). The converse is true only
if k € [0, %). For details see [4].

Lemma 1.1 [4] By the rectangle inequality (G5) together with the symmetry (G4), we
have

Gx,9,9) = G, 5,%) < Gy, x,%) + Gx,9,%) = 2G(y, %, x). (4)
2 Main results
Theorem 2.1 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y € X:

G(Tx, Ty, Ty) < kG(x, Tx, y), (5)

where k € [0,1). Then T has a unique fixed point.

Proof Let x¢ € X be an arbitrary point, and define the sequence x, by x,, = T"(x). By (5),

we have
G(xn: xn+1rxn+l) = kG(xn—lyxnrxn)- (6)
Continuing in the same argument, we will get

G(xn¢xn+1)xn+l) = knG(xnyljxl)' (7)
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Moreover, for all n, m € N; n < m, we have by rectangle inequality that

G Xy X Xn) < G(Xy X1, K1) + G(Xprs15 X2 Xiv2)
+ G425 X3 Xa3) + -+ + G(Xi—1, Xy Xp)

< (kn +kn+1 + kn+2 +een +km—1)G(x0,x1’xl)

k"
<
~“1-k

G(‘xo, X1, xl): (8)
and so, lim G(x,, %, %) = 0, as n,m — o0o. Thus, {x,} is G-Cauchy sequence. Due to the
completeness of (X, G), there exists u € X such that {x,} is G-convergent to u.
Suppose that Tu # u, then
G (%, T, Tt) < kG(%pp_1, %> 1), 9)
taking the limit as 7 — 00, and using the fact that function G is continuous, then

G(u, Tu, Tu) < kG(u, u, u). (10)

This contradiction implies that u = Tu.

To prove uniqueness, suppose that # # v such that 7v = v, and use Lemma 1.1, then
G(u, u,v) = G(Tu, Tu, Tv) < kG(u, Tu,v) = kG(u, u,v), (11)
which implies that u = v. d

Example 2.1 Let X = [0, 00) and

0, ifx=y=g2,
G(x,9,2) =
max{x,y,z}, otherwise

be a G-metric on X. Define T: X — X by Tx = %x. Then the condition of Theorem 2.1
holds. In fact,

1
G(Tx, Ty, Ty) = A max{x, y}
and
G(x, Tx, y) = max{x, y},
and so,
1
G(Tx, Ty, Ty) < ZG(x, Tx,y).

That is, conditions of Theorem 2.1 hold for this example.


http://www.journalofinequalitiesandapplications.com/content/2013/1/454

Asadi et al. Journal of Inequalities and Applications 2013, 2013:454 Page 5 of 14
http://www.journalofinequalitiesandapplications.com/content/2013/1/454

Corollary 2.1 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y,z € X:

G(Tx, Ty, Tz) < aG(x, Tx, z) + bG(x, Tx, y),
where 0 <a+ b <1. Then T has a unique fixed point.

Theorem 2.2 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y € X, wherea +b+c+d <1

G(Tx, Ty, sz) <aG(x, Tx, sz) + bG(y, Ty, sz) +cG(x, Tx, Ty) + cG(y, Ty, T3x). (12)
Then T has a unique fixed point.
Proof Take x¢ € X. We construct sequence {x,}5°, of points in X in the following way:
Xpe1 = Ix, forallm=0,1,2,....

Notice that if x,y = x,,; for some #n’ € N, then obviously T has a fixed point. Thus, we
suppose that

Xn #xnﬂ

forall n e N.

That is, we have
G(xn,xn+1’xn+2) > 0.
From (12), with x = x,,_; and y = x,,, we have

G(Txn_l, Tx,, sz,,) < aG(xn_l, Tx,_1, szn_l) + bG(xn, Tx,, szn)

+ Gy, Thno1, Txy) + dG(xm Txy, Tgxn—l),
which implies that

G(xn,xn+1’xn+2) = aG(xn—lﬁxnran) + bG(xnrxn+17xn+2)

+ CG(xn—lvxmxnﬂ) + dG(xnvxn+1¢xn+2)r
and so,

G (% K15 Xns2) < KG(Xp—1, %05 Xis1)5

where k = ;7= < 1. Then

G(xmxn+1)xn+2) = knG(x07x1;x2) (13)
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for all # € N. Note that from (G3), we know that
G (X %> %41) < G(Xy X1, %n42)
with x,, # x,,,1, and by Lemma 1.1, we know that
G(X41 %41, %) < 2G (X0 %1, Xp141)-
Then by (13), we have
G (X1, Xns1, %) < 2K" G(x0, %1, %2).
Moreover, for all n,m € N; n < m, we have by rectangle inequality that

G(xm:xm:xn) = G(xn)xn+lrxn+1) + G(xn+1;xn+2:xn+2)
+ G(xn+2:xn+3rxn+3) +---t G(xm—lyxm:xm)

<2k + K"+ K 4+ KN G, w1, %)

n

=< 1_kG(x0,x1;x2)r (14)

and so, lim G(x,, x,,,, x,,) = 0, as n,m — oo. Thus, {x,} is G-Cauchy sequence. Due to the
completeness of (X, G), there exists u € X such that {x,} is G-convergent to z. From (12),
with x = x,, and y = z, we have

G(Txn, Tz, Tzz) < aG(x,,, Tx,, sz,,) + bG(z, Tz, Tzz)

+cG(x,, Txy, TZ) + dG(z, Tz, Tsx,,).
Then
G (%41, Tz, T?2) < AG (s X1, Xs2) + BG (2, T2, T*2) + G (%s Xis1, T2) +AG (2, T2, Xp3).

Taking limit as # — oo in the inequality above, we have

d
Gz Tz, T°z) < %G(z, z, Tz).

Now, if Tz = T?z, then T has a fixed point. Hence, we assume that Tz # T?z. Therefore, by

(G3), we get
d d
G(z, Tz, T?2) < %G(z, o1 < & b)G(z, Tz, T*2),
which implies that G(z, Tz, T?2) = 0, i.e., z = Tz = T?z. O

At first, we assume that

Yy = {w : [0,00) — [0, 00) such that i is non-decreasing and continuous}

Page 6 of 14
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and
o= {go :[0,00) — [0, 00) such that ¢ is lower semicontinuous},
where ¥(¢) = ¢(t) = 0 if and only if £ = 0.

Theorem 2.3 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y € X, where € V and ¢ € ® holds

v (G(Tx, T?x, Ty)) < ¥ (G(x, Tx, p)) — ¢(Glx, Tx, y)). (15)
Then T has a unique fixed point.
Proof Take xy € X. We construct sequence {x,}5, of points in X in the following way:
X1 = Ix, forallm=0,1,2,....

Notice that if x,y = x,,; for some #n’ € N, then obviously T has a fixed point. Thus, we

suppose that

X F Xui1

for all » € N.
By (G2), we have

G(xn,xn+1’xn+l) > 0.
From (15), with x = x,,; and y = x,,, we have
Iﬁ(G(Txn—lﬂ szn—lv Txn)) S W(G(xn—lr Txn—l’ xn)) - ¢(G(xn—l’ Txn—lx xn))y

which implies that

w(G(xn;xnﬂ:xnﬂ)) = W(G(xn—lrxmxn)) - ¢(G(xn—1:xmxn)) (16)
=< w(G(xn—lyxn;xn)); (17)
then G(x,, %11, %141) < G(x,_1,%4,%,). So sequence {G(x,,x,.1,%,41)} is a decreasing se-

quence in R*, and thus, it is convergent, say ¢ € R*. We claim that £ = 0. Suppose, to the

contrary, that ¢ > 0. Taking limit as # — oo in (16), we get
V() <y @) - o),
which implies ¢(¢) = 0. That is, ¢ = 0, which is a contrary. Hence, £t = 0, i.e.,

lim G(%,, %41, %p41) = O. (18)

n—00
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We shall show that {x,}32, is a G-Cauchy sequence. Suppose, to the contrary, that there

exists € > 0, and sequence %,y of x,, such that
GXm)» Tom()s Xn(i) = € (19)

with n(k) > m(k) > k. Further, corresponding to m(k), we can choose n(k) in such a way
that it is the smallest integer with n(k) > m(k) satisfying (19). Hence,

G(Xm(kys Thm(kys Xn(r)-1) < €. (20)
By Lemma 1.1 and (G5), we have

& < Gy TXm(t)r Xnk) = G(Enk)s Xm(k)» Thm(k))
< G(®nk)s Xn()-15Fn()-1) + GEn)-1, TXm(k)> Xm(k))
< Gy Txm(k)s Xni)-1) + 28n(k)-1

<&+ 28uk)-1, (21)
where $,,k)-1 = G(Xn(k)-1, ¥u(k)> Xn(k))- Letting kK — oo in (21), we derive that
kll)nolo G Xty T nk)) = €. (22)
Also, by Lemma 1.1 and (G5), we obtain the following inequalities:

GFm()> Thmii)s X)) < GEm(k)s Xm(k)-15 Fmi)-1) + GEm(i)-1> THmii)» Xnk))
= G(Xm(k)s Xm(k)—1s Xm()-1) + GXn()r Xm()-1> Thm(k))
< G &) X1 Xm(k)-1) + G(Xn(k)» Xn(h)-1, ¥n(h)-1)

+ G(Xn) -1, Xm(k)-1, Tm(k))

< 28(k)-1 + 28nk)-1 + G(Xn(k)-1, Xm(k)-1, TXm(k)) (23)
and

G(®n ()1 Tm(k)-1» Tmk)) < Gonk)-1, %nky Xn(k)) + GXnky X1 Tm(r))
= G(Xutk)-1, Xnky X)) + Gomw)-1, Tk Xn(k))
< GXnk)-1> Xy X)) + GXm(k)-1 Xm(k)s Xm(k))
+ GXk), Tm(i)» Xniie))

= Suk)=1 + Sm()-1 + G(Emi)> Thmi)s Xnk))- (24)
Letting k — oo in (23) and (24) and applying (22), we find that

lim G(X()-1, Xm@-1, Thm(i) = €. (25)

k—o00
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Again, by Lemma 1.1 and (G5), we have

G(Xn(t)-1 Xm()-1 Txm)) = G(Thmii)s Xm()-1> Xniio)-1)
= G(Xm()+15 Xm(k)-1s Xn(k)-1)
< G415 Xm(k)s Xm(k)) + G(Em(k)s Xrm(k)—15 Xn(i)-1)
= G(Xm(k)+15 Xm(k)s Xm(k)) + G Emi)=1, Xim(k)s Xn()-1)

< 28m(t) + GEmr)=1, TXm(i)-1, Xn(k)-1)» (26)
and

G(Xmi)-15 Tmip)-1,%n(k)-1) = G(Xm(k)=1 Xm(k)» Xn(k)-1)
< GXmk)-1> Xm() +1, Xm(k)+1) + G Erm(k) 15 Xk Xn(k)-1)
< GXmk)-1, Xm(k)» Xm(k)) + G Ena(k)» Xk +1> Xk +1)
+ G(Xmk) 11> Xm(k)» Xn()-1)
= Smk)-1 + Sm(k) + GXmk)+1> Xm(k)» Xn()-1)
= Sm()-1 + Sm) + GEm(k)s Tm(k)s Xn(i)-1)

< Sm(l)-1 + Sm(k) + €. (27)
Taking limit as n — oo in (26) and (27) and applying (25), we have

lim G(Xgo-1, Thm()-15Kn(i)-1) = €. (28)

k— o0

By (15), with & = %,,(k)-1 and y = x,(¢)-1, we have

Y (Gm(r Tom(iys %nt))) = ¥ (G(THmit)-1» T Fm(t-1» Tonr-1) )
< Y (Gm@-1» Thm(k)-1) Fn)-1))

— & (Gm()-1> Tom(-1%n(i)-1))-

Taking limit as kK — oo in the inequality above and applying, we have

v(e) < y(e) - p(e),
which implies € = 0, which is a contradiction. Then

lim G(x, Ty, x,) = Hm G(xp, X041, %) = 0.

m,n— 00 m,n— 00

That is, {x,}5° is a Cauchy sequence. Since (X, G) is a G-complete, then there exist z € X
such that x, — z as n — oo. From (15), with x = x,, and y = z, we have

W(G(xnﬂy Kn+2s TZ)) =y (G(Txm szn: TZ))
< ¥ (G, T, 2)) — ¢ (G (%, T, 2))
-V

(G(xm KXn+ls Z)) - (G(xm Xn+ls Z)) .
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Taking limit as n — 0o, we get
¥ (Glz,2, Tz)) < ¥(0) - ¢(0) = 0.

Then G(z,z, Tz) = 0, i.e., z = Tz. To prove uniqueness, suppose that z # u, such that Tu = u.
Now, by (15), we get

Y (G(Tz, Tz, Tu)) < 1//(G(z, Tz, u)) - ¢>(G(z, Tz, u)), (29)
which implies that ¢(G(z, Tz, u)) =0, i.e., z = u. O

If we take ¥ (¢) = t and ¢(¢) = (1 — r)t in Theorem 2.3, where 0 < r < 1, then we deduce
the following corollary.

Corollary 2.2 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y € X, where 0 <r <1 holds

G (Tx, Tx, Ty) <rG(x, Tx, y).
Then T has a unique fixed point.

Example 2.2 Let X = [0, 00) and

0, ifx=y=z,
G(x,9,2) =
max{x, y} + max{y, z} + max{x,z}, otherwise

be a G-metric on X. Define T: X — X by Tx = ix. Then all the conditions of Corollary 2.2
(Theorem 2.3) hold. Indeed,

G(Tx, T°x, Ty) = et L max lx,y o1 max{, y}
4 4 4 4

and
1
Gx, Tx,y) =x + max{ Zx,y} + max{x, y},
and so,
2 1
G(Tx, T?x, Ty) < EG(x, Tx,y)

That is, the conditions of Corollary 2.2 (Theorem 2.3) hold for this example.

Corollary 2.3 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y,z € X, where 0 < a + b <2 holds

G(Tx, T*x, Ty) + G(Tx, T*x, Tz) < aG(x, Tx, y) + bG(x, Tx, 2).

Then T has a unique fixed point.
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Proof By taking y = z, we get

b
G(Tx, T?x, Ty) < @ ; ) G(x, Ix, ),
where 0 < @ < 1. That is, conditions of Theorem 2.3 hold, and T has a unique fixed
point. ]

3 Fixed point results for expansive mappings
In this section, we establish some fixed point results for expansive mappings.

Theorem 3.1 Let (X, G) be a complete G-metric space and T : X — X be an onto mapping
satisfying the following condition for all x,y € X, where a > 1 holds

G(Tx, T?x, Ty) > aGx, Tx, ). (30)
Then T has a unique fixed point.

Proof Letx, € X, since T is onto, then there exists x; € X such that xy = Tx;. By continuing
this process, we get x,, = Tx,,; for all » € NU 0. In case x,,, = %;,+1, for some ny e NU 0,
then it is clear that x,,, is a fixed point of T. Now, assume that x,, # x,,,1 for all #n. From (30),
with x = x,,,; and y = x,,, we have

G (% X1, Xp-1) = G(Txnﬂy szm—l: Txn)

> O[G(xnﬂr Txn+l; xn) = aG(er—l; X xn);

which implies that

G(Xpa1s Xy X)) < WG (X, X—15 X—1), (31)
where /1 = é < 1. Then we have

G(xn+1:xnrxn) =< hnG(xOrxl: xl)' (32)
By Lemma 1.1, we get

G(X, i1 K1) < 2G (X041, X, %) < 2H" G (20, %1, %1). (33)
Following the lines of the proof of Theorem 2.1, we derive that {x,} is a Cauchy sequence.
Since (X, G) is complete, then there exists z € X such thatx, — zas n — 0o. Consequently,
since T is onto, then there exists w € X such that z = Tw. From (30), withx = x,,,; and y = w,
we have

G(xn! Xn-1» Z) = G(Txn+17 szn+lr TW) > aG(‘x}'Hl’ Txn+lr W) = aG(erlr Xns W)

Taking limit as # — oo in the inequality above, we get

G(z,z,w) = lim G(x,,x,_1,2) = 0.

n—0o0
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That is, z = w. Then z = Tw = Tz. To prove uniqueness, suppose that i # v such that Tv = v
and Tu = u. Now by (30), we get

G(u,u,v) = G(Tu, T?u, Tv) >aG(u, Tu,v) > aG(u, u,v) > G(u, u,v),
which is a contradiction. Hence, u = v. O

Theorem 3.2 Let (X, G) be a complete G-metric space and T : X — X be a mapping sat-
isfying the following condition for all x,y € X, where a > 1

G(Tx, Ty, sz) > aG(x, Tx, sz). (34)
Then T has a unique fixed point.

Proof Letx, € X, since T is onto, then there exists x; € X such that xg = Tx;. By continuing
this process, we get x,, = T, for all 7 €e NU 0. In case x,,, = %41, for some ny e NU 0,
then it is clear that x,,, is a fixed point of T'. Now, assume that x,, # x,,.1 for all #n. From (34),
with x = x,,,; and y = x,,, we have

G(Txn1, Ton, T?%) = @G (%11, Tt T2%11),
which implies that

Gy X1, %n-2) = 0 G (X1, %y 1),
and so,

G (X415 %y Xn-1) < WG (X, X1, %n-2),

where % = é < 1. By the mimic of the proof of Theorem 2.1, we can show that {x,} is a
Cauchy sequence. Since (X, G) is a complete G-metric space, then there exists z € X such
that x, — z as n — co. Consequently, since T is onto, then there exists w € X such that

z = Tw. From (34), with x = w and y = x,,,1, we have
G (2% %n1) = G(Tw, Totyst, T?%001) = G (w, Tw, T*w).

Taking limit as # — oo in the inequality above, we have G(w, Tw, T?w) = 0. That is, w =
Tw = T?w. To prove the uniqueness, suppose that z # v such that Tv=vand Tu =u. [
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