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Abstract

The purpose of this paper is to study fixed point theorems for a multi-valued
mapping satisfying the a-Meir-Keeler contraction with respect to the partial
Hausdorff metric H in complete partial metric spaces. Our result generalizes and
extends some results in the literature.
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1 Introduction and preliminaries
Fixed point theory is one of the most crucial tools in nonlinear functional analysis, and it
has application in distinct branches of mathematics and in various sciences, such as eco-
nomics, engineering and computer science. The most impressed fixed point result was
given by Banach [1] in 1922. He concluded that each contraction has a unique fixed point
in the complete metric space. Since then, this pioneer work has been generalized and ex-
tended in different abstract spaces. One of the interesting generalization of Banach fixed
point theorem was given by Matthews [2] in 1994. In this remarkable paper, the author in-
troduced the following notion of partial metric spaces and proved the Banach fixed point
theorem in the context of complete partial metric space.

For the sake of completeness, we recall basic definitions and fundamental results from
the literature.

Throughout this paper, by R*, we denote the set of all nonnegative real numbers, while
N is the set of all natural numbers.

Definition 1 [2] A partial metric on a nonempty set X is a function p: X x X — R* such
that forall x,y,z€ X

(p1) x =y ifand only if p(x, x) = p(x,y) = p(,);
(p2) plx,x) < p(x,y);

(p3) plx,y) =pO,x);

(p4) p(x,9) < p(x,2) + p(z,y) - p(z,2).

A partial metric space is a pair (X, p) such that X is a nonempty set, and p is a partial metric
onX.
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Remark 1 It is clear that if p(x,y) = 0, then from (p;) and (p;), we have x = y. But if x = y,
the expression p(x,y) may not be 0.

Each partial metric p on X generates a 7, topology 7, on X, which has as a base the family
of open p-balls {B,(x,y) :x € X,y > 0}, where B,(x,y) = {y € X : p(x, ) < p(x,x) + y} for all
x € X and y > 0. If p is a partial metric on X, then the function d, : X x X — R* given by

dy(x,y) = 2p(x,y) — p(x, %) — p(y,y)

is a metric on X.

We recall some definitions of a partial metric space, as follows.

Definition 2 [2] Let (X, p) be a partial metric space. Then

(1) asequence {x,} in a partial metric space (X, p) converges to x € X if and only if
px,x) =1im,_, o0 p(x, x,);

(2) asequence {x,} in a partial metric space (X, p) is called a Cauchy sequence if and
only if limy, ;- 00 p(%m, %,) exists (and is finite);

(3) a partial metric space (X, p) is said to be complete if every Cauchy sequence {x,} in X
converges, with respect to 7,, to a point & € X such that p(x,x) = 1im,,, ;. 00 p(Xm, %1);

(4) asubset A of a partial metric space (X, p) is closed if whenever {x,} is a sequence in
A such that {x,} converges to some x € X, then x € A.

Remark 2 The limit in a partial metric space is not unique.

Lemma [2, 3]
(1) {xn} is a Cauchy sequence in a partial metric space (X, p) if and only if it is a Cauchy
sequence in the metric space (X, d,,);
(2) a partial metric space (X, p) is complete if and only if the metric space (X, d,,) is
complete. Furthermore, lim,,_, oo d, (x4, %) = 0 if and only if

P(x,x) = limnaoop(xmx) = limnaoop(xn:xm)'

Recently, fixed point theory has developed rapidly on partial metric spaces, see, e.g., [3—
12] and the reference therein. Very recently, Haghi et al. [13] proved that some fixed point
results in partial metric space results are equivalent to the results in the context of a usual
metric space. On the other hand, this case is not valid for our main results, that is, the
recent result of Haghi ez al. [13] is not applicable to the main theorems.

Let (X, d) be a metric space, and let CB(X) denote the collection of all nonempty, closed
and bounded subsets of X. For A, B € CB(X), we define

H(A,B) := max’supd(a,B),supd(b,A) ,
acA beB

where d(x, B) := inf{d(x, b) : b € B}, and it is well known that # is called the Hausdorff met-

ric induced the metric d. A multi-valued mapping T : X — CB(X) is called a contraction
if

H(Tx, Ty) < kd(x,y),
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for all x,y € X and k € [0,1). The study of fixed points for multi-valued contractions using

the Hausdorff metric was introduced in Nadler [14].

Theorem 1 [14] Let (X, d) be a complete metric space, and let T : X — CB(X) be a multi-
valued contraction. Then there exists x € X such that x € Tx.

Very recently, Aydi et al. [15] established the notion of partial Hausdorff metric H, in-
duced by the partial metric p. Let (X, p) be a partial metric space, and let CB?(X) be the
collection of all nonempty, closed and bounded subset of the partial metric space (X, p).
Note that closedness is taken from (X, 7,), and boundedness is given as follows: A is a
bounded subset in (X, p) if there exist xy € X and M € R such that for all 2 € A, we have
a € B,(x0, M), that is, p(xo,a) < p(a,a) + M. For A,B € CB?(X) and x € X, they define

px,A) = inf{p(x, a):ae€ A},
8,(A,B) := sup{p(a,B) ta € A},
8,(B,A) := sup{p(b,A) :be B},

H,(A, B) = max{8,(A, B),5,(B,A)}.

It is immediate to get that if p(x, A) = 0, then d,(x, A) = 0, where d,(x, A) = inf{d,(x,a) :a €
A}

Remark 3 [15] Let (X, p) be a partial metric space, and let A be a nonempty subset of X.
Then

acA ifand onlyif p(a,A) =pla,a).

Aydi et al. [15] also introduced the following properties of mappings 6, : CB?(X) x
CB’(X) - Rand H, : CB’(X) x CB”(X) — R.

Proposition 1 [15] Let (X,p) be a partial metric space. For A,B € CB?(X), the following
properties hold:

(1) 8,(A,A) =sup{p(a,a):acA};

(2) 8,(A,A) < 8,(4,B);

(3) 6,(A,B) =0 implies that A C B;

(4) 8,(A,B) <8,(A,C) +6,(C,B) —infeec plc, c).

Proposition 2 [15] Let (X,p) be a partial metric space. For A,B € CB?(X), the following
properties hold:

(1) Hy(A,A) < Hy(A,B);

(2) Hp(A,B) =H,(B,A);

(3) Hp(A,B) < Hy(A,C) + H,(C, B) —infeec plc, ¢);

(4) Hp(A,B) =0 implies that A = B.

Aydi et al. [15] proved the following important result.


http://www.journalofinequalitiesandapplications.com/content/2013/1/410

Chen and Karapinar Journal of Inequalities and Applications 2013, 2013:410 Page 4 of 8
http://www.journalofinequalitiesandapplications.com/content/2013/1/410

Lemma 2 Let (X,p) be a partial metric space, A,B € CB?(X) and h > 1. For any a € A,
there exists b = b(a) € B such that

pla,b) < hH,(A,B).

In this study, we also recall the Meir-Keeler-type contraction [16] and «-admissible [17].
In 1969, Meir and Keeler [16] introduced the following notion of Meir-Keeler-type con-
traction in a metric space (X, d).

Definition 3 Let (X, p) be a metric space, f : X — X. Then f is called a Meir-Keeler-type
contraction whenever for each 1 > 0, there exists y > 0 such that

n=<dxy<n+y = dfxfy)<n.
The following definition was introduced in [17].

Definition 4 Let f : X — X be a self-mapping of a set X and o : X x X — R*. Then f is
called an «-admissible if

xyeX, axy)>1 = alxfy)>1

2 Main results
We first introduce the following notions of a strictly @-admissible and and an «-Meir-
Keeler contraction with respect to the partial Hausdorff metric .

Definition 5 Let (X,p) be a partial metric space, 7 : X — CB’(X) and ¢ : X X X —
R*\{0}. We say that T is strictly «-admissible if

a(x,y)>1 impliesthat o(y,2)>1, xe€X,ye Tx,ze Ty.

Definition 6 Let (X,p) be a partial metric space and « : X x X — R*\{0}. We call T":
X — CBP(X) an a-Meir-Keeler contraction with respect to the partial Hausdorff metric
*H, if the following conditions hold:

(c1) T is strictly o-admissible;
(cp) for each n > 0, there exists ¥ > 0 such that

n<px,y)<n+y impliesthat o(x,y)H,(Tx, Ty) < n.

Remark 4 Note thatif 7: X — CB?(X) is a «-Meir-Keeler contraction with respect to the
partial Hausdorff metric #,,, then we have that for all x,y € X

a(x,y)Hy(Tx, Ty) < p(x,).

Further, if p(x,y) = 0, then H,(Tx,Ty) = 0. On the other hand, if p(x,y) = 0, then
a(x,9)Hy(Tx, Ty) < p(x, ).

We now state and prove our main result.
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Theorem 2 Let (X,p) be a complete partial metric space. Suppose that T : X — CB?(X)
is an a-Meir-Keeler contraction with respect to the partial Hausdorff metric H and that
there exists xy € X such that o(xo,y) > 1 forall y € Txy. Then T has a fixed point in X (that
is, there exists x* € X such that x* € Tx").

Proof Let x; € Txo. Since T : X — CBP(X) is an a-Meir-Keeler contraction with respect
to the partial Hausdorff metric H,, by Remark 4, we have that

a(xO)xl)Hp(Txm Txl) Sp(xo:xl)- (1)
Put «(xg,%1) = ko > 1, and let x, € Tx;. From Lemma 2 with / = \/k;, we have that
Pl1,%2) < VkoHyp(To, Tay). (2)

Using (1) and (2), we obtain

px1, ) < (%0, %1). 3)

1
—=P
Vko
So, we can obtain a sequence x, € X recursively as follows:

X, € Tx,_; forallmeN.

Since T is strictly «-admissible, we deduce that a(x1,%3) = k1 > 1. Continuing this process,
we have that

a(xy,%041) =k, >1  forallme NU{0}. (4)

Since T : X — CB?(X) is an a-Meir-Keeler contraction with respect to the partial Haus-
dorff metric H,, by Remark 4, we have that

Xy Xs1) Hp(Tx0s T 1) < Xy %p01)  forallme NU (0} (5)
From Lemma 2 with % = \/k,,, we have that
st %ns2) <V ha (T, Tinnt),  n € NU{0). (©)
Using (5) and (6), we obtain
1
P15 Xni2) < ﬁp(xmxm), neNU{0}. 7)

Now, from (7) and by the mathematical induction, we obtain

1
P(xwrl: Kne2) < Wp(xm Kpe1)
n

1 1

\/E kn—l

=

p(xn—l; xn)
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S...

- 1 1 1 ( )
—_— e s e ———— x’x'

= VoVl VR

Since k, > 1 for all n € NU {0}, we get

<1 foralln e NU{0}.

1
Vi

Put

E:max{ :neNU{O}}.

1
ki,
Using (8) and (9), we obtain
PGna1 %i2) < (K)"*plwo,x1)  forall n e NU {0}.

Letting n — oo in (10). Then
im p(e,,x,,1) = 0.

By the property (p;) of a partial metric and using (11), we have
lim p(x,,x,) = 0.

Using (10) and the property (p4) of a partial metric, for any m € N, we have

m m-1
p(xmxm—m) < Zp(xn+i—17xn+i) - Zp(xn+i¢xn+i)

i=1 i=1
mo m-1

< R po, %) = Y (i Xnai)
i=1 i=1

(0" —

< — p(xnyl) - p(xn+i¢xn+i)'

1-k) lzzl

Using (12) and (13), we get

lim p(xy,, X4m) = 0.
n—00

By the definition of d,,, we get that for any m € N,

lim dp(xmxwrm) < lim 2p(%y, Xyim) = 0.
H—>00 n—>00
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)

(10)

12)

(13)

(14)

This yields that {x,} is a Cauchy sequence in (X,d,). Since (X,p) is complete, from
Lemma 1, (X,d,) is a complete metric space. Therefore, {x,} converges to some x* € X

with respect to the metric d,, and we also have

p(x*,x*) = nli)rgop(x,,,x*) = nlglgop(xmxm) =0.

(15)
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Since T : X — CBP(X) is an a-Meir-Keeler contraction with respect to the partial Haus-

dorff metric H, by Remark 4, we have that
a(xn,x*)Hp(Tx,,, Tx*) < p(xn,x*).
By the definition of the mapping «, we have that «(x,,,x*) > 0. Using (15), we get

lim H,(Tx,, Tx*) = 0. (16)

n—0o0
Now x,41 € Tx, gives that
(%1, T*) < 8p (T, To*) < Hyp( T, Tx™).
Using (16), we get
lim p(x,41, Tx*) = 0. (17)
n— o0

By the property (p4) of a partial metric, we have
p(x", Tx*) < p(x*,%001) + P(¥ne1, T6") = p(Ki1, %)
Taking limit as n — 00, and using (12), (15) and (17), we obtain
p(x*, Tx*) = 0.
Therefore, from (15), p(x*,x*) = 0, we obtain
p(x*,x*) = p(x*, Tx"),
which implies that x* € Tx* by Remark 3. O

The following theorem, the main result of [15], is a consequence of Theorem 2 by taking
alx,y) = % for k € (0,1).

Theorem 3 [15] Let (X,p) be a complete partial metric space. If T : X — CBP(X) is a
multi-valued mapping such that for all x,y € X, we have

Hp(Tx, Ty) < kp(x,y),
where k € (0,1). Then T has a fixed point.
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