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Abstract

In this article, we try to obtain a more general form than (g, € Vv @)-intuitionistic fuzzy
bi-ideals in ordered semigroups. The notion of an (€, € Vv qx)-intuitionistic fuzzy
bi-ideal is introduced, and several properties are investigated. Characterizations of an
(€, € Vv qy)-intuitionistic fuzzy bi-ideal are established. A condition for an

(€, € Vv qu)-intuitionistic fuzzy bi-ideal to be an intuitionistic fuzzy bi-ideal is provided.
It is shown that every (€, €)-intuitionistic fuzzy bi-ideal is an (g, € Vv q)-intuitionistic
fuzzy bi-ideal, and every (€, € Vv q)-intuitionistic fuzzy bi-ideal is an

(€, € V qgy)-intuitionistic fuzzy bi-ideal but the converse is not true. The important
achievement of the study with an (€, € v qy)-intuitionistic fuzzy bi-ideal is that the
notion of an (€, € v g)-intuitionistic fuzzy bi-ideal is a special case of an

(€, € V qy)-intuitionistic fuzzy bi-ideal, and, thus, several results in the paper (Jun et al.
in Bi-ideals of ordered semigroups based on the intuitionistic fuzzy points
(submitted)) are the corollaries of our results obtained in this paper.

Keywords: intuitionistic fuzzy bi-ideal; (€, € v @)-intuitionistic fuzzy bi-ideal;
(€, € V qgy)-intuitionistic fuzzy bi-ideal

1 Introduction

In mathematics, an ordered semigroup is a semigroup together with a partial order that is
compatible with the semigroup operation. Ordered semigroups have many applications in
the theory of sequential machines, formal languages, computer arithmetics, design of fast
adders and error-correcting codes. The concept of a fuzzy filter in ordered semigroups
was first introduced by Kehayopulu and Tsingelis in [1], where some basic properties of
fuzzy filters and prime fuzzy ideals were discussed. A theory of fuzzy generalized sets on
ordered semigroups can be developed. Mordeson et al. in [2] presented an up-to-date ac-
count of fuzzy sub-semigroups and fuzzy ideals of a semigroup. Murali [3] proposed the
definition of a fuzzy point belonging to a fuzzy subset under a natural equivalence on fuzzy
subset. The idea of quasi-coincidence of a fuzzy point with a fuzzy set played a vital role
in generating different types of fuzzy subgroups. Bhakat and Das [4, 5] gave the concepts
of («, B)-fuzzy subgroups by using the ‘belong to’ (€) relation and ‘quasi-coincident with’
(q) relation between a fuzzy point and a fuzzy subgroup, and introduced the concept of
(€, € v q)-fuzzy subgroup. In [6], Davvaz started the generalized fuzzification in algebra.
In [7], Jun et al. initiated the study of («, 8)-fuzzy bi-ideals of an ordered semigroup. In [8],
Davvaz and Khan studied (€, € Vv q)-fuzzy generalized bi-ideals of an ordered semigroup.
Shabir et al. [9] studied characterization of regular semigroups by (¢, 8)-fuzzy ideals. Jun
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et al. [10] discussed a generalization of (€, € v q)-fuzzy ideals of a BCK/BCI-algebra. Us-
ing the idea of a quasi-coincidence of a fuzzy point with a fuzzy set, Jun et al. [11] intro-
duced the concept of («, 8)-intuitionistic fuzzy bi-ideals in an ordered semigroup. They
introduced a new sort of intuitionistic fuzzy bi-ideals, called (¢, 8)-intuitionistic fuzzy bi-
ideals, and studied (e, € Vv q)-intuitionistic fuzzy bi-ideals.

In this paper, we try to have more general form of an (€, € Vv q)-intuitionistic bi-ideal of
an ordered semigroup. We introduce the notion of an (€, € V qx)-intuitionistic bi-ideal
of an ordered semigroup, and give examples which are (€, € V qx)-intuitionistic fuzzy
bi-ideals but not (€, € Vv q)-intuitionistic fuzzy bi-ideals. We discuss characterizations of
(€, € Vv qx)-intuitionistic fuzzy bi-ideals in ordered semigroups. We provide a condition
for an (€, € V qx)-intuitionistic fuzzy bi-ideal to be an intuitionistic fuzzy bi-ideal. The
important achievement of the study with an (g, € Vv qx)-intuitionistic fuzzy bi-ideal is that
the notion of an (&, € Vv q)-intuitionistic fuzzy bi-ideal is a special case of an (€, € V qx)-
intuitionistic fuzzy bi-ideal, and, thus, several results in the paper [11] are the corollaries
of our results obtained in this paper.

2 Basic definitions and preliminary results
By an ordered semigroup (or po-semigroup) we mean a structure (S, -, <), in which the
following are satisfied:

(OS1) (S,-) is a semigroup,

(0S2) (S,<)isa poset,

(0OS3) (Vx,a,beS)(a<b=a-x<b-x,x-a<x-b).

In what follows, x - y is simply denoted by xy for all x,y € S.

A nonempty subset A of an ordered semigroup S is called a subsemigroup of S if A*> C A.
A non-empty subset A of an ordered semigroup S is called a bi-ideal of S if it satisfies

(bl) (VbeS)(VbeA)(a<b=becA),

(b2) (Va,beS)(a,bc A= abecA),

(b3) ASACA.

An intuitionistic fuzzy set (briefly IFS) A in a non-empty set X is an object having the
form A = {{x, wa(x), ya(x))|x € X}, where the function @4 : X —> [0,1] and y4 : X — [0,1]
denote the degree of membership (namely, t4(x)) and the degree of non-membership
(namely, y4(x)) for each element x € X to the set A, respectively, and 0 < p4(x) + ya(x) <1
for all x € X. For the sake of simplicity, we shall use the symbol A = (x, w4, y4) for the
intuitionistic fuzzy set A = {{x, a(x), ya(x))|x € X}.

Let (S,-, <) be an ordered semigroup and A = (x, u4,Y4) be an IFS of S. Then A =
(%, L, Ya) is called an intuitionistic fuzzy subsemigroup of S [11] if

(Vx,y€S)  (maley) = min{pua(x), na(y)} and ya(xy) < max{ya(x),y4()}).

Let (S, -, <) be an ordered semigroup and A = (x, 4, y4) be an intuitionistic fuzzy sub-
semigroup of S. Then A = (x, 4, y4) is called an intuitionistic fuzzy bi-ideal of S [11] if

(b4) (Vx,y €S) (x <y => pa(x) > pua(y) and ya(x) < ya(»)),

(b5) (Vx,y € S) (nalxy) > minfua(x), na(y)} and ya(xy) < max{ya(x), ya@®},

(b6) (Vx,,z €S) (ra(xyz) = min{ua(x), na(z)} and ya(xyz) < max{ya(x), ya(2)}).

Let A = (x, ua,va) be an IFS of S and « € (0,1] and B € [0,1). Then the sets

Upase) = {x € Slualx) >} and L(ya B) = {x € Slyalx) < B}
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are called p -level and y4-level cuts of the intuitionistic fuzzy set A = (x, jt4, Ya), respec-
tively. For an IFS A = (x, 4, ¥4) and « € (0,1], B8 € [0,1), we define the (w4, ya)-level cut
as follows

Clap)(A) = {x € Sliua(x) > o and y4(x) < B}.

Clearly, Cio,5)(A) = U(pas ) N L(ya; B).
Let x be a point of a non-empty set X. If « € (0,1] and 8 € [0,1) are two real numbers
such that 0 <« + 8 <1, then the IFS of the form

(3 (0, B)) = (X320, 1 — 1)

is called an intuitionistic fuzzy point (IFP for short) in X, where « (resp. B) is the degree of
membership (resp. non-membership) of (x; (¢, 8)) and x € X is the support of {x;(c, B)).
Consider an IFP (x;(«, 8)) in S, an IFS A = (x, ua, ¥4) and « € {€,q, € V q}, we define
(x; (o, B))A as follows
(b7) (x;(a, B)) € A (resp. {x;(ct, B))qA) means that pa(x) > @ and y4(x) < B (resp.
na(x) + o >1and ya(x) + B < 1), and in this case, we say that (x; (&, 8)) belongs to
(resp. quasi-coincident with) an IFS A = (x, (L4, ya).
(b8) (x5 (c, B))€ Vv qA (resp. (x; (, B)) € AgA) means that (x;(«, B)) € A or {x;(, B))qA
(resp. (x;(ct, B)) € A and (x; (cr, B))qA).
By (x; (o, B))aA, we mean that (x; (¢, 8))aA does not hold.

3 (&, € V qk)-Intuitionistic fuzzy bi-ideals
Let k denote an arbitrary element of [0, 1) unless specified otherwise. For an IFP (x; («, B))
and an IFS A = (x, u4, y4) of X, we say that

(cl) (w5 (a, B quA if pa(x) +k+a>1and ya(x) +k+ B <1.

(c2) (x5 (a, B)) € VqiA if (x; (e, B)) € A or (x; (@, B)) qxA.

(c3) (w; (o, B))A if (x; (a, B))xA does not hold for o € {qi, € V qx}-

Theorem 3.1 Let A = (x, ta,ya) be an IFS of an ordered semigroup S. Then the following
are equivalent

(1) (Vo e (55,1]) (VB €[0,55)) (Clap)(A) # 0 = Cia,p)(A) is a bi-ideal of S).

(2) A = (x, a,ya) satisfies the following assertions

x <y => pa(y) < max{us(x), 5}
(2.1) X 1k )
and ya(y) = min{ya(x), 5~}

(2 2) min{/’LA(x)’ MA()/)} = maX{,uA(xy), %}
’ and max{y4(x), ya(y)} > min{ya(xy), %} ’

03 (Minta®)ra@) < max(natey2), 15} and
. maX{yA(x), VA(Z)} > min{yA(xyz), ﬂ} ’

forallx,y,z€S.

Proof Assume that C(, g)(A) is a bi-ideal of S for all @ € (%,1] and B € [0, %) with
Cla,p)(A) # 1. If there exist a,b € S such that condition (2.1) is not valid, that is, there ex-
ista,b € S with a < b and pa(b) > max{pa(a), 55}, ya(b) < min{ya(a), 55}. Then pa(b) €
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(%, 1], ya(b) € [0, %) and b € C., (5),y, () (A). But p4(a) < na(b) and y4(a) > ya(b) imply
thata ¢ C.,(),y. () (A). This is not possible. Hence (2.1) is valid. Suppose that (2.2) is false,
that is,

§:= min{MA(zz),//,A(c)} > max{;/,A(ac), %}

and

. 1-k
t:=max{ya(a), ya(c)} < mm{yA(ac), - }
for some a,c € S. Then s € (%,1], t e |0, %) and a,c € C(A). But ac ¢ Cp)(A), since
malac) < s and y4(ac) > t. This is not possible, and so (2.2) is valid. If there exist a,b,c € S
such that (2.3) is not valid, that is,

—k
so :=min{ e (a), na(b)} > max{uA(acb), % }
and
) 1-k
to := max{ya(a), ya(b)} < mln{)/A (acb), > }

Then sy € (%,1], t € [0, %) and a,b € C, 1)(A). But ach ¢ Cs, 1) (A), since p(ach) <
so and ya(ach) > ty. This is a contradiction, and hence (2.3) is valid.

Conversely, assume that A = (x, w4, ya) satisfies the three conditions (2.1), (2.2) and (2.3).
Suppose that Cy,)(A) # P foralla € (%, 1],and 8 € [0, %). Letx,y € Sbesuchthatx <y
and y € Cig,p)(A). Then pu(y) > o and y4(y) < B. Using (2.1), we have max{u,(x), %} >
naly) > a > % and min{yA(x),%} <yaly) <B< %" Hence pa(x) > @ and ya(x) < B,
i.e, x € CqplA). If x,y € Cl,p)(A), then pa(x) > o, yalx) < B and ua(y) > o, yaly) < B.
By using (2.2), we have

-k -k
maX{uA(xy), 17} > min{pa®), ua(®)} = o > 17

and

min{VA(xy), %} < max{ya(x), 74} < B < %7

so that pa(xy) > o and ya(xy) < B, i.e., xy € Cla,p)(A). Finally, if x,z € C(o,5)(A) and y € S,
then 4(x) > o, ya(x) < B and pa(2) > «, ya(2) < B. By using (2.3), we have

maX{MA(xyZ), %} > min{pax), na(z)} > a > 1=k

N

and

—k -k
min{yA(xyz), %} < max{yA(x),)/A(Z)} <B< 17'
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Table 1 s-multiplication table for S

D|IQAIN|T|Q| %
QIQ|Q|Q|9Q(Q
QIQ|Q|T|Q|T
R RN IR ESTE~ R AR
QQ(Q|QaQala
olalo|lalaln

so that 4 (xyz) > o and ya(xyz) < B, i.e., xyz € Ciy,p)(A). Therefore, C, p)(A) is a bi-ideal
of S. O

If we take k = 0 in Theorem 3.1, then we have the following corollary.

Corollary 3.2 [11, Theorem 3.1] Let A = (x, 4, Ya) be an IFS of S. Then the following
assertions are equivalent

(1) (Yo €(0.5,1]) (VB €[0,0.5)) (Cia,p)(A) # D => Cio,p)(A) is a bi-ideal of S).

(2) A = (x, 1a,ya) satisfies the following conditions

(2.1) x <y = pa(y) < max{p,(x),0.5}
' and ya(y) > min{y,(x), 0.5} ’

(22) min{ua(x), wa(y)} < max{pa(xy), 0.5}
' and max{ya(x), ya(y)} > min{ya(xy),0.5} ]’

(2.3) min{uq (%), pa(2)} < max{pa(xyz),0.5}
' and max{ya(x), ya(z)} > min{ya(xyz),0.5} )’

forallx,y,z€S.

Definition 3.3 An IFS A = (x, 4, y4) in S is called an (€, € Vv qx)-intuitionistic fuzzy bi-
ideal of S if for all x,y,z € S, t,11,t, € (0,1] and s,s1,8, € [0,1) it satisfies the following
conditions

(@) (x=y (55) € A= (x(t,9)) € VqiA),

(q2) ({x;(f1,51)) € A and (y; (2, 52)) € A = (xy; min{ty, Lo}, max{sy, s2}) € VqeA),

(q3) ((x;(t1,51)) € A and (z; (£2,52)) € A = (xyz; min{ty, 1, }, max{sy, sp}) € VqiA).

An (€, € V qi)-intuitionistic fuzzy bi-ideal of S with k = 0 is an (€, € V q)-intuitionistic
fuzzy bi-ideal of S.

Example 3.4 Consider the set S = {a, b, ¢, d, e} with the order relationa <c <e,a <d <e,
b <d and b < e and *-multiplication table (see Table 1 above).
(1) Define an IFS A = (x, 4, ya) by

0.40 ifx=a,
0.35 ifx=0,
pa:S—[0,1] | palx) = 1030 ifx=c,
0.50 ifx=d,
0.20 ifx=e
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and
0.40 ifx=a,
0.30 ifx=5,
va:S—[0,1] | ya(¥) = {050 ifx=c,
0.40 ifx=d,
080 ifx=e.

Then A = (x, ;ta, ya) is an (&, € V qo.4)-intuitionistic fuzzy bi-ideal of S.
(2) Let A = (x, 44, va) be an intuitionistic fuzzy set given by

0.80 ifx=a,

0.60 ifx=b,e,
pa:S—[0,1]| pa(x) =

030 ifx=c,

050 ifx=d
and

0.20 ifx=a,
0.30 ifx=b,e
060 ifx=c,
0.50 ifx=d.

Ya:S—[0,1] | yalx) =

Then A = (x, L4, y4) is an (€, € V qo.04)-intuitionistic fuzzy bi-ideal of S.

Theorem 3.5 An IFS A = (x, {44, Ya) of S is an (€, € V qk)-intuitionistic fuzzy bi-ideal of S
if and only if it satisfies the following conditions

x <y => pa(x) > min{ua(y), 55}
and ya(x) < max{ya(y), 55) ’

pa(xy) = min{ia (x), way), 55
and ya(xy) < max{ya(x), ya(y), 55}

(MA (xy2) = min{ s (%), wa(2), 55 )
"

and yu(xyz) < max{ya(x), ya(2), 5*

Proof Suppose that A = (x, (s, y4) is an (€,€ V qk) intuitionistic fuzzy bi-ideal of S. Let
x,7 € S be such that x < y. Assume that uu(y) < 5= k and ya(y) > M If pa(x) < na(y)
and yA(x > ya(y), then pa(x) <t < pa(y) and yA(x) > s > ya(y) for some ¢ € (0, 55 ) and
s € ( k1), It follows (y;(t,s)) € A, but (x;(t,s)) € A. Since pua(x) + £ <2t <1 — k and
valx) +s>2s>1-k, we get (x;(¢£,5))qxA. Therefore, (x;(¢,5)) €V qx qk A, which is a contra—
diction. Hence w4 (x) > pa(y) and ya(x) < ya(y). Now, if pa(y) > 5= kand y(x) < X, then
O’;(lzk, 12k)) € A, and so, (x,(lzk, lzk)) € V4, Wthh implies that (x,(1 k 1k k ) €A or
x,(1 k1 k) YqkA, that is, ,uA(x)> andyA(x)< or,uA(x)+ k'>1and yA(x)+— <1

Page 6 of 25
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and y4(x) < ££ k . Otherwise, ua(x) + =X Tk + Tk =1land yu(x)+ 5K

lk
>
2

Hence MA (%) >

1= k T contradlctlon Consequently,

MA(x)>mm{MA(y) u}

and

yalx) < maX{VA(y), % }

for all w,y € S with x < y. Let x,y € S be such that min{u4(x), ua(y)} < —k and

max{ya(x), ya(y)} > M. We claim that pa(xy) > min{ua(x), ua(y)} and yA(xy)

max{y4(®), ya()}. If not, then 1 (xy) < £ < min{ua(x), 114(3)} and ya(xy) > s > max{ya(x),
va(9)} for some t € (0, 15 )ands € (1 ,1). It follows that (x; (¢,5)) € A and (y; (¢,5)) € A, but
(xy; (¢,5)) € A and ;,LA(xy) +t<2t<1-kand ys(xy) +s>2s>1-k,ie., (xy; (¢, 5))qcA. This is
a contradiction. Thus, 4 (xy) > min{uA(x) 1a(y)} and yA(xy) < max{yA(x) ya(y)} for all
iy €5 with min{ya(2)sea0)) < B and maxtya(),a0)) > S 1 minga(2, 4 0)) =

Lk and max{y(x), ya(y)} < 5% then (x; lzk, lzk)) €A and (y,(lzk, lzk ) € A. Using (q2),
we have

1-k 1-k 1-k cVad
,max y T )
) ) Jk

and 50, pa(xy) > 1K k and yalxy) < 5K K or walxy) + 5K k 5 1and yaley) + £ k<1, If pa(xy) <
2 k and yalxy) > 1 5 k then

) 1-k 1-k l—k_1
nalxy) + 5 < 5 + 5=

and

1-k 1-k 1-k

=1,
va(xy) + 5 > 5 + 5

which is 1mp0551ble Consequently, 14(xy) > min{u(x), ua(y), 55} and VA(xy) <
max{ya(x), ya(y), } for all x,y € S. Let a,b,c € S be such that min{u(a), nalc)} < 5=
and max{y4(a), y, ( )} > =K. We claim that

palabe) = min{pa(a), ua(c)} and  ya(abe) < max{ya(a), ya(o)}.

If not, then wa(abc) < ty < min{ua(a), wa(c)} and ya(abc) > so > max{ya(a), ya(c)} for

some fy € (O,%) and sy € (&£ k ,1). It follows that (a;(f,s0)) € A and {c; (£,80)) €

A, but (abc; (to,s9)) € A and uA(abc) + tg < 2ty <1 — k and ya(abc) + s > 259 > 1 —

k, ie., (abc;(ty,s0))qxA. This is a contradiction. Thus, w4(abc) > min{ua(a), na(c)}
1-k

and yu(abc) < max{ya(a),va(c)} for all a,b,c € S with min{us(a), nualc)} < == and


http://www.journalofinequalitiesandapplications.com/content/2013/1/397

Khan et al. Journal of Inequalities and Applications 2013, 2013:397
http://www.journalofinequalitiesandapplications.com/content/2013/1/397

max{ya(a), ya(c)} > 5. If min{uea(a), pa(e)} = 5* and max{ya(a),ya(c)} < 45, then
(ﬂ,(lzk, u)) € A and (¢ (%k, %)) € A. Using (q3), we have
(s (55550))
2
1- 1-k 1-k
<abc,mm{ k,—k} max{ k,—(}>€VqA,
2 2 2
and so wy(abc) > % and yA(abc) < % or ua(abc) + == > 1 and ya(abc) + =5 < 1. If
walabe) < X k and ya(abc) > =X, then
1-k 1-k 1-k
nalabc) + 5 < 5 + 5 =1
and
1- 1- 1-
yalabc) + k > k + k =1,

2 2 2

which is impossible. Therefore, wa(xyz) > min{ua(x), na(2), %} and ypa(xyz) <
max{y4(x), ya(z), %} forallx,y,z € S.

Conversely, let A = (x, 14, y4) be an IFS of S that satisfies the three conditions (1), (2) and
(3). Letx,y € S, t € (0,1] and s € [0,1) be such that x <y and [y; (¢,5)] € A. Then pus(y) > ¢

and y4(y) <s, and so,

1-k

pa(x) > min{uA(y), %} > min{t, T}

It follows that 4 (x) > tand y4(x) <sor pua(x)+¢ > % +t>1-kand yq(x)+s < % +5<
1-k, ie., (x(t,5) € A or (x;(£,s))qxA. Hence, (x;(£,s)) € VqrA. Let x,y € S, t1,t, € (0,1]
and 51,5 € [0,1) be such that (x; (¢1,51)) € A and (y; (£2,52)) € A. Then p4(x) > 1, ya(x) < s

and ps(y) > by, ya(y) < 5. It follows from (2) that

. 1-k . 1-k
walxy) > mln{uA(x), na(), T} > mln{t1, by, —— }

min{tl,tz} if min{tl, ty

1k
2

w~-v--
IA
i m|

if min{#,

Page 8 of 25
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and

1-k 1-k
Yalxy) < maX{yA(x), Ya®) T} < maX{sl,SZ, T}

max{sy, sz} if max{s;, s} > 5F,
% if max{s;,s,} < %
It follows that (xy; min{t;, f,}, max{sy,sp}) € A or j4(xy) + min{t, £,} > =K + min{t, ) >
I u =1 - kand ya(y) + maxisy, s} = M + max{s;, sy} < M + % =1-k, ie,

2
(xy; mm{tl,tg},max{sl,sz}) qxA. Therefore, (xy; mm{tl,tz},max{sl,sQ}) e VqiA. Let x,y,z €

S, t,t5 € (0,1] and s1,55 € [0,1) be such that (x;(f1,s1)) € A and (z; (£3,52)) € A. Then
na(x) > 1, ya(x) < sy and wua(z) > to, ya(z) < s;. It follows from (3) that

. 1-k . 1-k
MA(xyz) = min /LA(?C), MA(Z)r T > miny 4, £y, T

min{ty, £} if min{t, 5} < 2 ,

% if min{#, 6} < %k

and

1-k 1-k
yA(xyZ) E max yA (x)’ VA(Z); T E maxy 81,82, 2_
max{si,sp} if max{s;,s2} > %1

1-k . 1-k
- if max{sy, s} < 5.

+
mm{tl,tg} >k 1k~ 1 kand ya(xyz) + max{sy, sy} < Lk 4 max{s;, s} < M + T =1-k,

e., (xyz; mm{tl, tg},max{sl,sz})qkA. Therefore, (xyz; min{t;, t,}, max{s;,s;}) € VqiA. Thus,
A = (x, 144, Ya4) is an (€, € V qx)-intuitionistic fuzzy bi-ideal of S. O

Thus, we have (xyz;min{tl,tg},max{sl,sz}) € A or palxyz) + mm{tl,tz} > Tk
1-

If we take k = 0 in Theorem 3.5, then we have the following corollary.

Corollary 3.6 [11, Theorem 3.5] AnIFS A = (x, ia, ya) of S is an (€, € V qk)-intuitionistic
fuzzy bi-ideal of S if and only if it satisfies the conditions

x <y=> pa(x) > min{p4(y), 0.5}
and y4(x) < max{y(y),0.5} ’

) palxy) > minfus (x MA()’) 0.5}
and ys(xy) < max{ya(x), ya(y),0.5}

3) ma(xyz) = min{un (%), na(z), 0.5}
and y4(xyz) < max{ya(x), ya(z), 0.5}

Obviously, every intuitionistic fuzzy bi-ideal is an (€, €)-intuitionistic fuzzy bi-ideal, and
we know that every (€, €)-intuitionistic fuzzy bi-ideal of S is an (g, € v q)-intuitionistic
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fuzzy bi-ideal of S, and every (€, € Vv q)-intuitionistic fuzzy bi-ideal is an (€, € V qx)-
intuitionistic fuzzy bi-ideal of S. But the converse may not be true. The following example
shows that every (€, € V qi)-intuitionistic fuzzy bi-ideal of S may not be an (€,€ Vv q)-

intuitionistic fuzzy bi-ideal nor an intuitionistic fuzzy bi-ideal of S.

Example 3.7 Consider the ordered semigroup of Example 3.4 and define an IFS A =
(%, L4, ya) by

080 ifx=a,

0.60 ifx=5b,
ma:S—[0,1] | palx) =

040 ifx=c

030 ifx=d,e
and

020 ifx=a,

030 ifx=5b,
Ya:8—[0,1]| yalx) =

0.40 ifx=c,

070 ifx=d,e.

Then A = (x, 4, y4) is an (€, € V qo.4)-intuitionistic fuzzy bi-ideal of S. But

(1) A ={x,1ta,va) is notan (€, € vq)-intuitionistic fuzzy bi-ideal of S. Since
(a;(0.8,0.2)) € A and (b;(0.6,0.3)) € A but (ab;(0.6,0.3)) € V q A.

(2) A ={x,14,ya) is not an intuitionistic fuzzy bi-ideal of S. Since

pa(ab) = pa(d) = 0.30 < m{pa(a) = 0.80, ua(b) = 0.60}
and
ya(ab) = ya(d) = 0.70 > M{ya(a) = 0.20, 14(b) = 0.30}.

In the following, we give a condition for an (€, € V q)-intuitionistic fuzzy bi-ideal of S

to be an ordinary intuitionistic fuzzy bi-ideal of S.

Theorem 3.8 Let A = (x,1t4,y4) be an (€, € V qi)-intuitionistic fuzzy bi-ideal of S. If
walx) > Lk k and ya(x) < 1Tfor all x € S, then A = (x,ua,Ya) is an (€, €)-intuitionistic
fuzzy bi- mleal of S.

Proof The proof is straightforward by Theorem 3.5. O

Corollary 3.9 [11, Theorem 3.8] Let A = (x, L4, ya) be an (€, € V q)-intuitionistic fuzzy
bi-ideal of S. If pa(x) > 0.5 and y4(x) < 0.5 forall x € S, then A = (x, L4, Ya) is an (€, €)-
intuitionistic fuzzy bi-ideal of S.

Proof The proof follows from Theorem 3.8, by taking k = 0. d
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Theorem 3.10 For an IFS A = (x, 4, ya) of S, the following are equivalent:
(1) A={x,1a,va) isan (€, € V qk)-intuitionistic fuzzy bi-ideal of S.
(2) (VEe (0,55) (¥s € [55,1)) (Clap)(A) # 0 = Cap)(A) is a bi-ideal of S) .

Proof Assume that A = (x, 114, y4) is an (€, € V qi)-intuitionistic fuzzy bi-ideal of S, let
te(0, %] and s € [%, 1) be such that Cy g)(A) # @. Using Theorem 3.5(1), we have

_ —k
pa(x) > min{/m(y), %} and ya(x) < maX{yA(y), %}

for any x,y € S with x < y and x € C)(A). It follows that 4(x) > min{t,0.5} = ¢ and
va(x) < max{s, 0.5} = 5, so that y € C.(A). Let %,y € Co,5)(A). Then pa(x) > ¢, ya(x) <s
and pa(y) > ¢, ya(y) <s. Theorem 3.5(2) implies that

. 1-k . 1-k
ta(xy) = ming pa(x), a(y), T} > mm{t, T} =t

and

1-k 1-k
ya(xy) < max1{ ya(x), va(®), T} < max{s, T} =s.

Thus, xy € Cig,8)(A). Now let x,z € Cy,p)(A). Then pua(x) > t, ya(x) < sand pa(z) > ¢,
ya(z) <s. Theorem 3.5(3) induces that

. 1-k . 1-k
paleyz) z ming pa ), pa(@), —— zmingt, — = =t

and

1-k 1-k
ya(xyz) < maxy ya(x), ya(2), [ Smaxys,——=s

Thus, xyz € C(4,p)(A), therefore, Cy g)(A) is a bi-ideal of S.

Conversely, let A = (x, 4, y4) be an IFS of S such that Ci,g)(A) is non-empty and
is a bi-ideal of S for all ¢ € (0, %] and s € [%,1). If there exist a,b € S with a < b
and b € Cp)(A) such that pu(a) < min{;LA(b),%} and ya(a) > max{yAb),%}, then
nala) < t, < min{uy(b), %} and ya(a) > s, > max{ya(b), %} for some ¢, € (0, %] and
S4 € [%, 1). Then a ¢ Cy,,)(A), a contradiction. Therefore, p14(x) > min{ua(y), %} and
ya(x) > max{ya(y), %} for all x,y € S with x < y. Assume that there exist a, b € S such that

—
pa(ab) < min{uA (@), 1a (D), % }

and y4(ab) > max{ya(a), ya(b), %}. Then

palab) <to < min{pLA(a),uA(b), %}

and

— Kk
yalab) > so = max{yA @740+ }
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for some ¢, € (0, 1%"] and sg € [%, 1). It follows that a € Cy, 5,)(A) and b € Cy, 5,)(4), but

20,50 10,50

ab ¢ Cy,,s)(A). This is a contradiction. Hence

-k
malxy) > min{/m (), ea(y), 17 }

and

1-k

va(xy) < max { Ya(x), ya (), 5 }

for all x,y € S. Suppose that

1alabe) < min{uA(a), palo), %}

and

yalabe) > max{ ya(@), 74 (c), % }

for some a, b, c € S. Then there exist t; € (0, %] and s; € [%, 1) such that

nalabe) <t < min{/LA(a),;LA(c), %}

and

1-k
ptabe) > 1> maxlva(@), va(0, 75 |
Then a € Cy,5)(A) and ¢ € Cy, 5)(A), but abc ¢ C, 5,)(A). This is impossible, and hence
1a(xyz) < min{ea(x), wa(2), 5} and

valxyz) > maX{ va(x), va(2), 1=k }

2

for all x,y,z € S. Therefore, A = (x, 14, y4) is an (€, € V qi)-intuitionistic fuzzy bi-ideal
of S. O

By taking k = 0 in Theorem 3.10, we get the following corollary.

Corollary 3.11 [11, Theorem 3.10] For an IFS A = (x, ua,Ya) of an ordered semigroup
(S,-, <), the following are equivalent

(1) A ={x,1a,va) is an (€, € V q)-intuitionistic fuzzy bi-ideal of S.

(2) (Vt€(0,0.5]) (Vs €[0.5,1)) (Cio,p)(A) # D = Cio,p)(A) is a bi-ideal of S) .
For an IFP {x; (o, B)) of S and an IFS A = (x, ua, ya) of S, we say that

(c4) (x5 (a, B))qA if pa(x) +a = Land ya(x) + B <1,

(c5) (x; (a,ﬂ))%A ifuax)+a+k>1and ya(x)+ B+ k <1.
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We denote by Ql(‘aﬁ)(A) (resp. Q_k(a ﬂ)(A)) the set {x € S|{x;(«, B))qxA} (resp. {x €
S|(x; (@, B))qrA}), and [A]]((m) = {x € S|[x;(¢,s)] € VqrA}. It is obvious that [A]ﬁ)s) =
Cles)(A) U Qfy 4 (A).

Proposition 3.12 IfA = (x, 4, va) is an (€, € V qk)-intuitionistic fuzzy bi-ideal of S, then

(Vt = (%1]) <Vs € [0, %)) (Qy(A) #0 => Q,(A) is a bi-ideal of S).

Proof Assume that A = (x, 4, y4) is an (€, € V qx)-intuitionistic fuzzy bi-ideal of S. Let
te [%, 1] and s € [0, %] be such that Qé(t,s) (A) #0.Lety e Qf‘m) (A) and x € S be such that
x<y.Then pus(y) + t + k >1 and y4(y) + s + k < 1. By means of Theorem 3.5(1), we have

mmzmﬂmm§;}

BE i pa(y) = 55,
na(y) if pa®y) < 5
>1-t-k

and

m@§m4m%¥;}

% if yaly) < %,
ya) ifyaly) = 5
<l-s—k.

It follows that x € Q5 (A). Let %,y € Q5 (A). Then pa(x) +£>1-kand ya(x) +s<1-k,
na(y) +t>1-kand ya(y) + s <1- k. Using (2) of Theorem 3.5, we have that

1-k
Halxy) > min{MA(x), wa(y), T}
if min{pa (), wa ()} = 55,
min{pea(x), ()} if minfpa(x), pa()} < 5
>1-t-k,

1-k
2

and

va(xy) < max { Ya(x), va (), # }

Lk if max{ya(x),y4()} < 155,

max{ya(x), ya()}  if max{ya(x), ya()} = 5
<l-s-k.
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Thus, xy € Q)(A). Let x,z € Q5)(A) and y € S. Then pa(x) +£>1—k and y4(x) +s<
1-k, pa(z) +t>1-kand ys(z) +s<1-k. Using (3) of Theorem 3.5, we have that

y
palxyz) > min{m (), a(2), % }

Lk if min{ea(®), 14 @) = 5,
1-k
2

min{ps(x), na(z)}  if min{ua(x), na(z)} <

>1-t-k
and

yalxy2) < max{ YA 7a(a), }

Lk if max{y4(x), ya(2)} < 55,

max{y(x), ya(2)} if max{y(x), ya(2)} = 5

<1l-s.

Hence xyz € Q(“ (A). Therefore, Qé‘m) (A) is a bi-ideal of S. O

Theorem 3.13 For any IFS A = (x, L4, Ya) of S, the following are equivalent
(1) A=(x,1a,va) isan (€, € V qk)-intuitionistic fuzzy bi-ideal of S.
(2) (Vt €(0,1]) (Vs e [0,1)) ([A](m) )= [A](t,s) is a bi-ideal of S).
We call [A](ts an (€ Vv q)-level bi-ideal of A = (x, L4, Va)-

Proof Assume that A = (x, 4, v4) is an (€, € V gx)-intuitionistic fuzzy bi-ideal of S, and
let ¢ € (0,1] and s € [0,1) be such that [A] 0 7V Letye [A]]((t,s) and x € S be such that
x<y.Thenye Cyz(A)orye Qm (A), i.e., na(y) > tand ya(y) <sor ua(y)+t>1-kand
va(y) + s <1 - k. Using Theorem 3.5(1), we get

palx) = min{uA(y), %} and ya(x) < maX{yA(y), % } (3.1

We consider two cases 14(y) < 5K, ya(y) > £ k and naly) > 2 , valy) < B k. The first
case implies from (3.1) that 4 (x) > ,uA (y) and y4 (x < ya®). Thus, if ua(y) > tand yaly) <
s, then w4 (x) >t and y4(x) <s,and so, x € Ci(A) < [A]](‘m). If ua(y)+t>1-kand ys(y) +
s<l—k,then pua(x) +t>ps(y) +t>1-kand y4(x) +s < ya(y) + s <1 -k, which implies
that [x; (t s)]qkA ie,x € Qk \(A) © [A]k . Combining the second case and (3.1), we have
alx) > £ k and yalx) < £ k Ift <L k ands > L k ,then py(x) > tand ya(x) <s,and hence
xeCts)(A)C [A] Ift> ands< then ;LA(x)+t> % =1-kand ya(x) +
s< M k-1 k which 1mp11es that X € Q(ts)(A) - [A](t,s). Therefore, [A]’(‘m) satisfies
the condltlon (bl). Letx,y € [A](m). Then x € Ci5(A) or (x;(¢,5))qxA and y € Ci5(A) or
(y; (£, 5))qrA, that is, ua(x) > ¢, ya(x) <sorpuas(®)+t+k>1, yax)+s+k<land us(y) > ¢,
ya(y) <sor pua(y) +t+k>1, ya(y) + s+ k < 1. We consider the following four cases

(1) max) >t, ya(x) <sand pua(y) > t, ya(y) <s,
(i) pax) >t yalx) <sand us(y)+t+k>1, yaly) +s+k<1,
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(iil) pax)+t+k>1, pa(x)+s+k<land pa(y) = t, yaly) <s,
(iv) pa@e)+t+k>1, ya@)+s+k<land pa(y) +t+k>1, ya(y) +s+ k<1
For the case (i), Theorem 3.5(2) implies that

—k —k
alxy) = min{MA(x),pcA(y), 17} > min{t, IT}

1-k 1-
_ 5 e

t ife<iE
and
1- 1-k
ya(xy) < max VA(x)vVA()’)»T < max 55—
1k 1-
_l3 if s < =5,
s ifs > %

Thenxy € Ci5(A) or palxy) +t+k > % + % +k=1and ys(xy) +s+k < % + % +k=1,
that is, xy € Qé‘m) (A). Hence xy € Ci1(A) U Qé‘m) A) = [A]é‘m). For the second case, assume
that ¢ > % and s < %,thenl—t—kfl—t< % andl-s—k>1-s> %.Henee

—k
palxy) > min{lm(x), ma®), 17}

min{ua(y), 54 >1-¢—k if min{ua(), 55) < pa),
[ax) > t if min{ua(y), 55} > pa)

and
va(xy) < max { Ya(x), ya (), # }

max{y(y), 5} <1-s—k if max{ya(y), 55} > ya(®),
yalx) <s if max{y4(y), 55} < ya ).

Thus xy € Ci5(A) U Q{‘m) (A) = [A]é‘m. Suppose that ¢ < % and s > % Then

Jalxy) > min{MA(x), 1A, %}

min{ua(x), 55} > ¢ if min{pa(x), 55 < na@),

naly) >1—t-k if min{ea(x), 55} > na(®),

and

-k
VA(xy) =< maX{VA(x)’ VAO/)’ IT}

max{ys(x), 55} <s  if max{ya(x), 55} = ya(9),
1-k

2
yay) <l-s-k if max{yA(x),%}<yA(y).
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Thus xy € Ci5(A) U Ql((t,s) (A) = [A]’(‘m). We have a similar result for the case (iii). For the

final case, if > % and s < %,thenl—t—k< % and1-s—k> %.Henee

. 1-k
palxy) = mm{MA(x), wa(), T}
1- 1-—
= Tk >1-t-k whenever min{uA(x),pLA(y)} > Tk

and

k

IU“A(xy) = min MA(x)’ MA(.)/)’ %}

R

= min{pa(®), 1ta ()}

1-k
>1-s—k whenever min{ua(x), ua(y)} > 5
and

va(xy) < max { Ya(x), va (), # }
k

1-

1-k
7 <1-s-k whenever max{yA(x), yA(y)} < 5

and

valxy) < max{yA(x), Ya®), %}

= max{ya(®), 74}

1-k
<1-s—-k, whenever max{yA(x),yA(y)} < —

Thus, xy € Ql((t,s) (A) C [A]é‘m. Ift < % and s > %, then

-k
IU“A(xy) = min{“A(x)’ MA(.)/)’ 17}

>

1k Sy if min{ua(x), wa(®)} >

~l

1k
T¢
min{pa(x), pa(®)} > 11—t~k if min{pa(x), wa(y)} < 55,

and

-k
Yalxy) < maX{ va(x), va(y), IT }

ss if max{ya(x), ya()} < 155,
max{y(x), ya()} <1-s—k if max{ya(x),y4a(y)} > 55,

which implies that xy € Ql{t's)(A) C [A](km). Let x,z € [A]/(‘t,s). Then x € Ci5(A) or (x;

(¢,5))qkA and z € Ci5)(A) or (z; (¢, 5))qiA, that is, ua(x) > ¢, ya(x) <sor palx) +t+k>1,
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yax) +s+k<land pua(z) > ¢t, yalz) <sorua(z) +t+k>1, ya(z) + s + k <1. We consider

the following four cases
(1) pa(x) =t yalx) <sand ua(z) > ¢, yalz) <s,
(i) pmalx) >t yalx) <sand pus(z) +t>1-k, yalz) +s<1-k,
(iil) pa(x) +£>1—k, yalx) +s<1—kand pua(z) > t, ya(z) <s,
(iv) pax)+t>1—k, yax)+s<l—kand ua(z) +t>1-k, yalz) +s<1-k.
For the case (i), Theorem 3.5(3) implies that

ift > 1%",
tifr<Bk

—_
|
>~
—_——
v
E.
=
e e,
*
‘ |
>~
s
I
—
m||
~

malxyz) > min{/m (), a(2), -

and

1k -
1—k}= 5 ifs< 55,

1-k
yalxyz) < maX{VA(x), va(2), —} < max{s, i
2 2 N if s > - -

Then xyz € C(5)(A) or palxyz) +t + k > % + 1%" +k=1and ya(xyz) +s+k < % + %
k =1, thatis, xyz € Q’(‘m)(A). Hence xyz € C(;5(A) U Qé‘m)(A) = [A]é‘m). For the second case,
Lkandl-s—k>1-s> % Hence

assume that ¢ > %ands< %,thenl—t—kfl—t< 5

+

Jialiyz) = min{m () a2, 5 }

min{pa(x), 5 > 1=t -k if min{ua(2), 5°) < pa),

pa(x) >t if min{ea(2), 55} > pa(x)

and
yaleyz) < max{m ) 74(2), ¥}

max{ya(z), %} <l-s-k if max{ya(z), %} > ya(x),

yalx) <s if max{ya(2), 55} < ya).

Thus, xyz € Cy5(A) U Qfm) (A) = [A]ft,s)‘ Suppose that t < % and s > % Then

malxyz) > min{uA(x), wa(2), % }

min{pa(x), 55} = ¢ if minfua (), 55 < pa(2),
k

pnalz)>1—t— if min{uq(x), 55 > pnalz),

and
valxyz) < max{ ya(®), ya(2), % }

max{ys(x), 55} <s if max{ya(x), 5%} > ya(2),

ya@)<l-s—k  if max{ya(x), 5} < ya(2).

Page 17 of 25
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Thus, xyz € C15(A) U Ql((t,s) (A) = [A]fm). We have a similar result for the case (iii). For the

ﬁnalcase,ift>%ands< %,thenl—t—k<%andl—s—k> %.Henee

. 1-k
palxyz) > mm{/m (), pa(2), — }
1-k 1-k
= >1-t—k whenever min{uA(x),uA(z)} > >

and

malxyz) < min{uA(x), wa(z), % }

= min{,uA(x),/LA(Z)}
1-k

>1-s—k whenever min{uA(x),/LA(z)} > 5

and

yalxy2) < max{ 1A 7ata), 1 }

1-k 1-k
- <1-s—k whenever max{yA(x), VA(Z)} < T(

and

Yalxyz) < maX{ va(x), va(2), 1=k }

1 —
2
= maX{J/A(x): VA(Z)}

1-k
<1-s—k whenever max{yA(x),yA(z)} < =N

Thus, xyz € Ql&,s)(A) C [A]/((t,s)‘ Ift < % and s > %, then

Jialy2) > min{m () a2, 75 }

1-

]
b

>t if minpa (%), na(z)} = 155,
1-k

min{is(x), na(z)} >1 -t -k if min{ua(x), na(2)} < 57,
and

valxyz) < max{ va(x), ya(z), # }

’

Lk <s if max{ya(x), ya(2)} <

1-k
2
max{ys(x), ya(2)} <1-s—k if max{ys(x), ya(2)} > 55,

which implies that xyz € th,s) (A) [A]/(},S). Therefore, [A]f‘t,s) is a bi-ideal of S.
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Conversely, suppose that (2) is valid. If there exist a,b € S such that a < b and

—k —k
1aa) < min{MA(b), 17} and  y4(@)> max{mb), 17}

Then p4(a) < t, < min{ua (), %} and y4(a) > s, > max{y4(b), %} for some ¢, € (0,1]
and s, € [0,1). It follows that b € Cy,,)(A) < [A]’((tﬂ,Sa) but a ¢ C,s,)(A). Also we have
nala) +t, <2t, <1 -k and ya(a) + s, > 2s, > 1 -k and so (a;(t,,5,))qxA, i.e, b ¢
Q/((:a,sa)(A)' Therefore, a ¢ [A](,s,), @ contradiction. Hence p4(x) > min{ua(y), %} and
ya(®) < max{ya(y), 5X} for all x,y € S with x < y. Suppose that there exist a,b € S such
that

iy
jua(ab) < min{MA(a), pad) = }

and
ya(ab) > max{ va(@), ya(b), % }
Then
palab) <t < mm{ 1@, (D), % }
and
valab)>s2 max{m (@), va(B), %}

for t € (0,1] and s € [0,1). It follows that a € C4(A) < [A]fm) and b € Cyq(A) <
[A]’(‘m, so from (b2) ab € [A]ft,s)‘ Thus, wa(ab) > t, yslab) < s or ua(ab) +t + k > 1,
va(ab) +s+k <1, a contradiction. Therefore, 14 (xy) > min{us (%), a (), %"} and y4(xy) <

max{ya(x), y4a(¥), %} for all x,y € S. Assume that there exist a, b, ¢ € S such that

Ha ((le) < min{/'LA(('l): MA (C)’ %}

and

yalabe) > max{ na(@, a0, 15 }

Then pa(abc) < to < min{ua(a), walc), 55} and y4(abe) > so > max{ya(a), ya(c), 5t} for
tp € (0,1] and sp € [0,1). It follows that a € C,,)(A) € [A]¥ ) and ¢ € Cy,)(A4) €

(t0,s0
[A]]((to,so) so from (b2) abc € [Alyy,so)- Thus, pa(ab) > to, yalab) < s or palab) + to + k >
1, yalab) + so + k < 1, a contradiction. Therefore, p4(xyz) > min{u4(x), 4 (2), %} and
ya(xyz) < max{ya(x), ya(2), 55} for all x,7,z € S. Thus, A = (%, 14, y4) is an (€, € V qi)-

intuitionistic fuzzy bi-ideal of S. d
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Theorem 3.14 Let {A;|i € A} be a family of (€, € V qi)-intuitionistic fuzzy bi-ideals of S.
Then A = (\;cpAi is an (€,€ V qu)-intuitionistic fuzzy bi-ideal of S, where ()., A
€2 /\ieA % \/ieA Yai) and

/\MA (x) = 1nf /LA @)|ie A omdxeS}
ieA

\/yA —sup YA (x)|leAzzndxeS}

ieA

Proof Letx,y € Swithx <y, t e (0,1] and s € [0,1) be such that (y; (¢,s)) € A. Assume that
(x; (£,5)) €V qr A. Then pa(x) < ¢, ya(x) >sand pa(x) + ¢t + k <1, ya(x) + s+ k > 1, which
imply that

1-k
and  y4(x) > T<

haw) < =

Let @ := {i € Alua,(x) > t,ya,(x) < s} and Qy := {i € Al(x;(£,5))qrA; and g, (x) <
t, ya,(x) > s}
Then A = QUQ) and Q1N Q2 = . If Q5 = P, then puy;(x) > ¢, ya,(x) <sforallie A, and

80, 4 (x) > t, ya(x) <s, which is a contradiction. Hence 2, # ¥, and so, MA (x) +t+k>1,
1-

5
so that pu,(x) > pua(x) >t > K and VA (x) <yalx) <s< Lk forallie A. Now, suppose
that £, := g, (%) < l’k and s, := VA (x) > Lk for some i€ A. Lett € (0 = k) and s, € (151(,1)

be such that ¢, < £, ands < Sy Then/LA(y > Lk >t and y4,(») <—<sx,le (; (£, 8,)) €

va, () +s+k <1land pgy,(x) < t )/A (x) >sforeveryie A. It follows that¢ > =X and s <

A;. But pg,(x) =t < t, ya,(x) = 5, > 5, and /LAL.( x)+t,+ k<1, ya,x) + 5, + k>1, that is,
(x;(t,,8.)) €V qi A;. This is a contradiction, and so, g, (x) > Lk and va, (%) < ﬂ for all
i€ A.Thus, ua(x) > =K and yu(x) < =%, which is impossible. Therefore, (y; (¢,s)) € VqiA.

Letx,ye€ S, ti,tr € (O, 1] and s, € [0,1) be such that (x; (t1,51)) € A and (y; (t2,52)) € A.

Assume that (xy; min{t;, t,}, max{s1,s2}) € V qx A. Then
alxy) < min{ty, £}, va(xy) > max{s, s}
and
alxy) + min{ty, 6} <1 -k, ya(xy) + max{s;, sy} >1 - k.

It follows that s (xy) < 55 and y4(xy) > 5. Let Q5 :={i € Alpa,(xy) > minf{t;, t,} and
Ya;(xy) < max{sy,ss}} and Qq:={i € Al(xy, min{t;, £}, max{sy, s2}) qeA; and g, (xy) <
min{t;, £} and y4,(xy) > max{s;,s2}}. Then Q3 U Q4 = A and Q3 N Q4 = 0. If Q4 =P, then
ta;(xy) > min{ty, t,} and y4,(xy) < max{s;, s} foralli € A, and so, pa(xy) > min{#;, £,} and
ya(xy) < max{s;, sy}, which is a contradiction. Hence Q4 # ¢ and (xy; min{z, £,}, max{s;,
oD QA Le., pa,(xy) + min{t;, 6} > 1 — &, ya,(xy) + max{s;,so} <1 - k. It follows that

1k 1/(

min{t, t} > and max({s;, sy} < 55, so that pg,(¥) > pa(x) > 4 > min{ty, &} > 5= k and

va, (%) < yalx ) < 51 < max{sy, 3} for all i € A. By a similar way, we have 4, (y) > MA()’ >
t, > min{f, tz} > ﬁ and yy4,(y) < yA(y) < s < max{sy, sy} for all i € A. Now, suppose that
L= g, xy) < 55 and 8= ya,(xy) > k for some i € A. Let ¢’ € (0, 1‘k) and s’ € (l‘k 1)

k

besuchthatt<t ands>s'. ThenMA(x)> ks ¢, va; (%) < <s and,uA(y)>—>t
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va, () < Lk og,ie., (%(t,s)) € Aand (y;(¢,s)) € A. But ma,xy) =t <t', ya,(xy) =s>5

2
and g, (xy) + £ + k <1, ya,(xy) + s + k > 1, that is, (xy; (¢',s")) € V qx A;. This is a con-
tradiction. Thus, 4, (xy) > % and yy,(xy) < % for all i € A. Therefore, p4(xy) > %

and y4(xy) < %, which is invalid. Consequently, (xy; min{t;, £>}, max{s;,s2}) € VqiA. Fi-
nally, suppose that x,y,z € S, f1,t, € (0,1] and s1,s; € [0,1) be such that (x;(¢;,s1)) € A and
(z;(£2,82)) € A. Assume that (xyz; min{t;, £,}, max{s;,sp}) € V qx A. Then

nalxyz) <minfty, t},  yalryz) > max{s,sy}
and

nalxyz) + min{ty, 6} <1 -k, ya(xyz) + max{sy,s2} >1 - k.
It follows that 4 (xyz) < % and y4(xyz) > % Let

Qs 1= {i € Alpa,(xy2) = min{ty, &} and y4, (xyz) < max{s;,s2}}

and

Qg := {i € A|(xyz; min{tht2}¢max{51:52}>qkAi
and w4, (xyz) < min{ty, &} and yu, (vyz) > max{s;, s2}}.
Then Q5 U Q¢ = A and 5 N Qg = 0. If Q6 = 0, then uy, (xyz) > minft;, &} and yg, (xyz) <
max{sy,s;} for all i € A, and so wa(xyz) > min{t, t,} and y4(xyz) < max{s;,s,} which is a

contradiction. Hence Q4 # ¥ and

(xyz; min{s1, 1}, max{s1, s2})qk A,

wa,(xyz) + min{t;, ) > 1 -k, va,(xyz) + max{sy, sy} <1-k.

It follows that min{¢;, t,} > % and max{sy, sy} < %, so that

pa, (%) > palx) > 6 > min{ty, 6} >
and
Ya; (%) < yalx) < s1 < max{sy, s;)}

for all i € A. Similarly, we have

. 1-
a4, (2) = pa(2) =t = min{ty, 6} > N

and

¥4;(2) < ya(2) <51 < max{sy, sy}
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for all i € A. Now, suppose that ¢ := 4, (xy2) <Lk ands:= = ya,(xy2) > 1K for some i € A.
Let# € (0, k)ands e(1 1)besuchthatt<t ands>s Then py, (x)> Lk g, ya,(x) <
L k < s and pq,(y) >k y, va; () <k g ie, (x(t,s)) € Aand (y,(t/,s/) ) € A. But

pa(xyz) =t <t,  yaxyz)=s>s
and

wa;(xyz) +t' <1, Ya,(xyz) +5 > 1,
that is, (xyz; (t',s')) € V qx A;. This is a contradiction. Thus, p4,(xyz) > % and yyu;(xyz) <
% for all i € A. Therefore, pa(xyz) > % and y4(xyz) < %, which is invalid. Thus,

(xyz; min{zy, £, }, max{s;, s;}) € VqrA. Therefore, (), Ai is an (€, € V qi)-intuitionistic
fuzzy bi-ideal of S. 0

The following example shows that the union of two (&, € V qx)-intuitionistic fuzzy bi-
ideals of S may not be an (&, € V qx)-intuitionistic fuzzy bi-ideal of S.

Example 3.15 Consider the ordered semigroup of Example 3.4 with the x-multiplication
Table 1 and the IFS of Examples 3.4 and 3.7, then (a;(0.7,0.3)) € AU B and (b;(0.5,0.4)) €
AU B, but (abmin{0.7,0.5}, max{0.3,0.4}) = (d;(0.5,0.4)) € Vqr AUB.

Definition 3.16 AnIFS A = (x, 4, y4) of S is called an (€, € Vv qi)-intuitionistic fuzzy bi-
ideal of S if for all x,y,z € S, t, 11,1, € (0,1] and s,51,5; € [0,1), it satisfies the following
conditions

(q4) ({(x;(L,5) EA = (y;(t,s)) €V qx A with x < y),

(q5) ({xy;minf{ty, o}, max{sy,s2}) € A => (x; (t1,51)) €V qx A or (y;(t2,52)) €V @ A),

(q6) ({(xyz;min{t, &}, max{si, s2}) € A= (x;(f1,51)) € V Qi A or (z;(f2,52)) € V qx A).

Let A = (x, 14, Ya) be an (€, € Vv qi)-intuitionistic fuzzy bi-ideal of an ordered semi-
group S. Suppose that there exist a,b € S with a < b such that

1a(b) > maX{MA(a), %} and  y4(b) < mm{m(a) %}

Then ,uA(b) > t > max{ua(a), 5£} and y4(b) < s < min{ya(a), =X} for some t € ( ,1]
ands € [0, & ) It follows that (a; (¢,s)) € A, (b;(t,s)) € A and us(b) +t > 2t >1-k, yA(b) +
s§<2s<1- k, i.e., (b;(¢,5))qrA. This is a contradiction, and so the following inequalities
hold.

(el) (x =y=> na) = maX{MA(ﬂ); %} and ya(b) > min{)/A(a), %})

Suppose that max{u4(ab), %} < min{ua(a), ua(b)} and min{y,(ab), %} > max{ya(a),
ya(b)} for some a,b € S. Then max{u4(ab), %} < t <min{uy(a), ua(b)} and min{y,(ab),
%} > s > max{ya(a), ya(b)}. Thus, (a;(t,s)) € A, (b;(t,s)) € A, uala) +t >2t>1-k,
yala) +s <2s<1-k,ie, (a;(ts))quA and pua(b) + t > 2t >1 -k, ya(b) +s <2s<1-k,
i.e., (b;(t,s))qrA. This is impossible, and hence A = (x, w4, ya) satisfies the following asser-
tion
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(e2) max{ea(®y), 55} < min{ea ), 114 ()} and min{y (ey), 155} > max{y(x), 74 ()} for
allx,yeS.
Now, assume that

maX{uA (@be), 1 5* } <min{a(@), 14(0)}

and

min{ ya(abc), — } > max{yA(a), yA(c)}
for some a,b,c € S. Then
1-k .
max ua(abc), — <t< m1n{/LA(a), ,uA(c)}

and

min{yA (abc), T( } >85> max{yA(a), yA(c)}.

Thus, (a;(t,s)) € A, {(c;(t,5)) €A, uala) +t > 2t >1 -k, yala) + s < 2s <1 -k, ie,
(a; (t,8))quA and pa(c) + > 2t >1 -k, ya(c) +s <2s<1-k, ie, (c(ts))qrA. This is a
contradiction, and hence we have the following assertion

(€3) max{sa(xyz), 555} < min{pa (), na(2)} and min{ya(xyz), 55} > max{ya(x), ya(2)}

forall x,y,z € S.

Let A = (x, 14, ya) be an IFS of S satisfying the three conditions (el), (e2) and (e3). Let
te (%,1] and s € [0, %) be such that Ci;5(A) # @. Then there exist b € C(;5(A) and S 5
a < b, by using (el), we get

x~

1_ —
<t=pab) < maX{uA(a), —

. } (@

M ‘

and

% >s>ya(b) > min{yA(a), %} =ya(a).

Hencea € C;5(A). Leta,b € Sbesuchthata € C5(A) and b € Ci5(A). Then pq(a) > ¢,
val(a) <sand p4(b) > t, ya(b) <s. Using (e2), we get

max{,U-A(ﬂb)’ %} > minf{ua(a), pa(b)} >t > l%k

and
1- 1-
min{yA(ab), _2/(} < max{yA(a),yA(b)} <s< —2k,

which implies that w4 (ab) = max{u4(ab), %} > tand y4(ab) = min{y,(ab), 1%"} <s.Thus,
ab € C4(A). Now, suppose that a,c € C;(A) and b € S. Then u4(a) > t, yala) <s and
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na(c) > t, yalc) <s. Using (e3), we get

maX{MA(abC), %} > min{pa(a), palc)} >t > %

and

1-k 1-A
min{yA(abC), T(} < max{ya(a), yale)} <s< T(

which implies that w(abc) = max{ua(abc), %} > t and y4(abc) = min{y(abc), %} <s.
Thus, abc € Ci;5(A). Consequently, C.5(A) is a bi-ideal of S. Therefore, we conclude that
ifan IFS A = (x, 4, y4) of S satisfies the three conditions (el), (e2) and (e3), then the fol-
lowing assertion is valid

(e4) (Vt€(0.5,1]) (Vs €0, %)) (Cu)(A) #9 = C5)(A) is a bi-ideal of S).

Now, let A = (x, 4, y4) be an IFS of S satisfying (e4). Let a,b € S with a < b and
t € (0,1] and s € [0,1) be such that (b; (t,s)) € v qx A. Then (b; (t,s)) € A and (b; (¢, 5))qA.
Hence b € C)(A) and C;5(A) # @. Thus, by (e4), a € Ci15(A) and so u4(a) > ¢, ya(a) <s,
i.e., {a;(t,s)) € A. This shows that (q4) is valid. Leta, b € S, t1, t; € (0,1] and s, s, € [0,1) be
such that (a; (¢1,51)) E\/—@A and (b; (£, 7)) €\/—@A. Then (a; (t1,51)) € A, {a;(t1,51))qkA
and (b; (t2,52)) € A, (b;(£2,52))qkA, which implies that a € Ci(A) € Chminizy,t3),maxisyso}) (A)
and b € Ci(A) € Cmingty ), maxfsyso}) (A)- Since Cimingsy 1,),maxfsy 50}) (A) is bi-ideal of S by (e4),
it follows by (b2) that ab € Cimings, ty),maxisy,so)) (A), that is, 4 (ab) > min{¢;, £}, and y4(ab) <
max{sy, s2}, so that (ab; min{t;, £,}, max{s;, s2}) € A. Hence (q5) is valid. Finally, leta, b,c € S,
ti,t, € (0,1] and s;,55 € [0,1) be such that (a;(¢1,s1)) €V qx A and (¢; (f2,52)) € V qx A.
Then (a;(t1,51)) € A, (a;(t1,51))qxA and (c;(£2,82)) € A, (c;(£2,52))qxA, which implies
that @ € Cu9(A) S Clminfnrp)maxisio)(A) and ¢ € Cg(A) S Comingey iy} maxtsy s2) (A)-
Since Cimin{y,tohmaxis;so})(A) is bi-ideal of S by (e4), it follows by (b3) that abc €
Clmin{ty t2),max(si,so)) (A), that is, pa(abc) > min{t;, t;}, and ya(abc) < max{sy,s,}, so that
(abc; min{ty, £}, max{sy, s, }) € A. Hence (g6) is valid.

Therefore, as a concluding remark, we have the following theorem.

Theorem 3.17 For an IFS A = (x, 4, ya) of S, the following are equivalent
(1) A ={x,1a,va) is an (€,€ V qx)-intuitionistic fuzzy bi-ideal of S.
(2) A = (x, 1a,ya) satisfies the condition (e4).
(3) A = (x, 1a,ya) satisfies the three conditions (el), (€2) and (e3).

For an IFS A = (x; 4, Ya) of S, we consider the following sets

I:= {t € (0,1]|1U(a3t) #V => U(4;t) is a bi-ideal ofS},

Iy:= {s € [0,1)|L(pa;t) # 9 => L(ju4;t) is a bi-ideal ofS}.

Then
(1) IfI'1 =(0,1] and I', = [0, 1), then A = (x; t4, Y4) is an intuitionistic fuzzy bi-ideal
of S.
(2) IfT'; =(0,0.5] and 'y = [0.5,1), then A = (x; w4, va) is an (€, € V q)-intuitionistic
fuzzy bi-ideal of S.
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(3) IfI'y = (0, 58] and T = [5£,1), then A = (x; 114, y4) is an (€, € V qi)-intuitionistic
fuzzy bi-ideal of S.

(4) IfI'y = (55,11 and Ty = [0, 555), then A = (x; 4, y4) is an (€, € v @)-intuitionistic
fuzzy bi-ideal of S.
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