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1 Introduction

The concept of complete convergence was introduced by Hsu and Robbins [1], i.e., a se-
quence of random variables {X,,,n > 1} is said to converge completely to a constant C if
Y 2 P(IX, - C| > &) < oo for all & > 0. In view of Borel-Cantelli lemma, this implies that
X, — C almost surely (a.s.). The converse is true if {X,,,n > 1} is independent. Hsu and
Robbins [1] obtained that the sequence of arithmetic means of independent and identi-
cally distributed (i.i.d.) random variables converges completely to the expected value if
the variance of the summands is finite. Erdos [2] proved the converse. The result of Hsu-
Robbins-Erdos is a fundamental theorem in probability theory, and it has been generalized
and extended in several directions by many authors. Baum and Katz [3] gave the following
generalization to establish a rate of convergence in the sense of Marcinkiewicz-Zygmund-
type strong law of large numbers.

Theorem 1.1 Let o >1/2, ap > 1 and {X,,,n > 1} be a sequence of i.i.d. random variables.
Assume that EX; =0 if o <1. Then the following statements are equivalent

(i) EIXqi|P < oo;

(ii) Y o2, n°P~2P(max;<k<y | ZLXA >en) < oo forall e > 0.

Many authors have extended Theorem 1.1 for the i.i.d. case to some dependent cases. For
example, Shao [4] investigated the moment inequalities for the ¢-mixing random variables
and gave its application to the complete convergence for this stochastic process; Yu [5] ob-
tained the complete convergence for weighted sums of martingale differences; Ghosal and
Chandra [6] gave the complete convergence of martingale arrays; Stoica [7, 8] investigated
the Baum-Katz-Nagaev-type results for martingale differences and the rate of convergence
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in the strong law of large numbers for martingale differences; Wang et al. [9] also studied
the complete convergence and complete moment convergence for martingale differences,
which generalized some results of Stoica [7, 8]; Yang et al. [10] obtained the complete con-
vergence for the moving average process of martingale differences and so forth. For other
works about convergence analysis, one can refer to Gut [11], Chen ez al. [12], Sung [13-16],
Sung and Volodin [17], Hu et al. [18] and the references therein.

Recently, Thanh and Yin [19] studied the complete convergence for randomly weighted
sums of independent random elements in Banach spaces. On the other hand, Cabrera et
al. [20] investigated some theorems on conditional mean convergence and conditional
almost sure convergence for randomly weighted sums of dependent random variables.
Inspired by the papers above, we will investigate the complete moment convergence for
randomly weighted sums of martingale differences in this paper, which implies the com-
plete convergence and Marcinkiewicz-Zygmund-type strong law of large numbers for this
stochastic process. We generalize the results of Stoica [7, 8] and Wang et al. [9] for the
nonweighted sums of martingale differences to the case of randomly weighted sums of
martingale differences. For the details, one can refer to the main results presented in Sec-
tion 2. The proofs of the main results are presented in Section 3.

Recall that the sequence {X,,,n > 1} is stochastically dominated by a nonnegative ran-

dom variable X if

supP(|X,| >t) < CP(X >t) for some positive constant C and for all ¢ > 0.

n>1
Throughout the paper, let o = {#, Q}, x* = x[ (x > 0), I(B) be the indicator function of
set Band C, Cy, Gy, ... denote some positive constants not depending on 7, which may be

different in various places.

To prove the main results of the paper, we need the following lemmas.

Lemma 1.1 (¢f Hall and Heyde [21], Theorem 2.11) If {X;, ¥;,1 < i < n} is a martingale
difference and p > 0, then there exists a constant C depending only on p such that

n pl2
2
e ) iE(Z}E(Xf'ﬁ'—l)) +E(£;t>;'xf'”)}' nzl
i=

Lemma 1.2 (¢f Sung [13], Lemma 2.4) Let {X,,,n > 1} and {Y,,, n > 1} be sequences of ran-

)

ZX

dom variables. Then foranyn>1,q>1,e>0and a>0,

1 1)1
—eal <|—+— )|—E| max
g1 q-1)ail \isj=n
Y;
e

Lemma 1.3 (¢f Wang et al. [9], Lemma 2.2) Let {X,,, n > 1} be a sequence of random vari-

J

>

i=1

J

Z(Xi +Y)

E{ max
1<j<n
i=1

ables stochastically dominated by a nonnegative random variable X. Then for any n > 1,
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a>0 and b > 0, the following two statements hold
E[1X,°I(1X,| < b)] < G{E[X“I(X < )] + b"P(X > b)}
and
E[1X,°I(1Xa| > b) ] < GE[X“I(X > b)),
where C; and C, are positive constants.

2 Main results
Theorem 2.1 Let o >1/2, 1 < p <2, 1 <ap <2 and {X,,F,,n > 1} be a martin-
gale difference sequence stochastically dominated by a nonnegative random variable X

with EX? < co. Assume that {A,,n > 1} is a random sequence, and it is independent of
{Xn: n= 1} ]f

Y EA} = 0(n), (21)

then for every ¢ > 0,

o0
wp-2-op AX;| - 2.2
En (llzlka}n Z en ) <0 (2.2)
and for ap > 1,
Zn"’p 2]5(sup Z‘ L 5) < 00. (2.3)
k>n ka

Theorem 2.2 Let o >1/2, p > 2 and {X,,, F,,n > 1} be a martingale difference sequence
stochastically dominated by a nonnegative random variable X with EX? < co. Let {A,;,n >

1} be a random sequence, which is independent of {X,,n > 1}. Denote G = {¥), 2} and G, =

2(ap-1)
20-1

o(Xi,...,X,), n>1. For some q > , we assume that E[sup,_; E(X2|$,1)17? < co and

> E|Ai|1 = O(n). (2.4)
i=1
Then for every € > 0, (2.2) and (2.3) hold.

Meanwhile, for the case p = 1, we have the following theorem.

Theorem 2.3 Let « > 0 and {X,,, F,,,n > 1} be a martingale difference sequence stochas-
tically dominated by a nonnegative random variable X with E[X1In(1 + X)] < co. Assume
that (2.1) holds and {A,, n > 1} is a random sequence, which is independent of {X,,,n > 1}.
Then for every ¢ > 0,

; —en"‘> <0 (2.5)
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and for o > 1,

oo
Z n*~*E (sup
n=1

k>n

i A
ka

- £)+ < o0. (2.6)

In particular, for o > 0, it has

| > 811"‘) < 00, (2.7)

and for a > 1, it has

oo
Z n*=2p <sup

=1 k>n

k
E : AiXi
%’ > 8) < 00. (2.8)

On the other hand, for « > 1 and EX < 0o, we have the following theorem.

Theorem 2.4 Let a > 1 and {X,,, F,,,n > 1} be a martingale difference sequence stochasti-
cally dominated by a nonnegative random variable X with EX < co. Denote G, = {0, 2} and
Gn=0(X1,...,X,), n>1. Let (2.1) hold, and let {A,,,n > 1} be a random sequence, which is
independent of {X,;,n > 1}. We assume (i) under the case of a =1, there exists a § > 0 such
that

maxy <j< E[|Xi|"*|§-1]

lim == 3 =0, a.s.
n—00 n

and (ii) under the case of o > 1, it has for any X > 0 that

. maxXy<j<p E[|Xi||Gi-1]
lim =0, a.s.

n—00 n*

Then for a > 1 and every € > 0, it has (2.7). In addition, for o > 1, it has (2.8).

Remark 2.1 If the conditions of Theorem 2.1 or Theorem 2.2 hold, then for every ¢ > 0,

k
“p=2p AiX; o , 2.9
Zn (Eiixn; >81’l><00 (2.9)
and for ap > 1,
AX;
Zn"‘” 2P(sup Z i > e) < 00. (2.10)
k>n

In fact, it can be checked that for every ¢ > 0,

N
- 871“)

ZAX

k

21: X;

i=

o0
= E pep=2 max
0 1<k<n

n=1

E n?2E| max
1<k<n

—en® >t>dt
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—en® >t>d

> 2en” ) (2.11)

ZAX

o0 &n D‘
> E ner-2- max
0 1<k<n
n=1
o0
ZSE n“?72p| max E A X;
! 1<k<n
P

So (2.2) implies (2.9).
On the other hand, by the proof of Theorem 12.1 of Gut [11] and the proof of (3.2) in
Yang et al. [10], for ap > 1, it is easy to see that
> en )

AiX; >
Z nozp 2P<Sup Z i 220{ > < Cl Z nDlP—ZP (IIEI(a}n
Remark 2.2 In Theorem 2.1, if « = 1/p, then for every ¢ > 0, we get by (2.9) that

> AX;

kzn n=1

Thus (2.10) follows from (2.9).

ZAX

> snl/p> < 00. (2.12)

o0

E n~tP| max
1<k<n

n=1

By using (2.12), one can easily get the Marcinkiewicz-Zygmund-type strong law of large
numbers of randomly weighted sums of martingale difference as following

I
nlggo s ZAiXi =0, a.s.
i=1

If A, = a, is non-random (the case of constant weighted), #n > 1, then one can get the
results of Theorems 2.1-2.4 for the non-random weighted sums of martingale differences.

42 ¢ 50 in Theo-

Meanwhile, it can be seen that our condition E[supnZl E(X,%|9,,,_1)]
rem 2.2 is weaker than the condition sup,., E(X2|F,-1) < C, as. in Theorem 1.4, The-

orem 1.5 and Theorem 1.7 of Wang et al. [9]. In fact, it follows from §,_; C F,_; that
E(X3180cr) = E[E(IF22) 0] = E[supEQCIFo) 10

If sup,., E(X2|F,-1) < C, as., then it has E[sup,.; E(X2|§,-1)]%? < co. For & > 1 and
E[XIn(1 + X)] < 0o, Wang et al. [9] obtained the result of (2.7) (see Theorem 1.6 of Wang
et al. [9]). Therefore, by Theorems 2.1-2.4 in this paper, we generalize Theorems 1.4-1.7 of
Wang et al. [9] for the nonweighted sums of martingale differences to the case of randomly
weighted sums of martingale differences.

On the other hand, let the hypothesis that {A,,n > 1} is independent of {X,,,n > 1} be
replaced by that A, is ¥,_;-measurable and A, is independent of X,, for each n > 1 in
Theorem 2.1, and the other conditions of Theorem 2.1 hold, one can get (2.2) and (2.3) (the
proof'is similar to the one of Theorem 2.1). Let A, be #,,_;-measurable, A, be independent
of X, for each n > 1, E[supnzlE(Xﬁ|3‘3',,,1)]‘7/2 < 0o and other conditions of Theorem 2.2
hold, one can also obtain (2.2) and (2.3). We can obtain some similar results if we only
require A, is ¥,_1-measurable for all # > 1 (without any independence hypothesis). This
case would have many interesting applications (see Huang and Guo [22], Thanh et al. [23]
and the references therein).
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3 The proofs of main results

Proof of Theorem 2.1 Let §o ={0,Q},forn>1,4,=0(X;,...,X,) and
Xui=Xd(IX;l <n%), 1<i<n.
It can be seen that
AiXi = AXd(1X] > n®) + [AiXui — E(AiXil§i1) | + EAiXpil§ic1), 1<i<n.
So, by Lemma 1.2 with a = n®, for g > 1, one has that

N
—871"‘)

k

Z[Aani — E(AiXyil§i1) ]

o0 k

E n*P 2 *E| max E AX;
1<k<n|%“

n=1 i=1

o0
§C1§ 1P 2 E[ max
1<k<n

n=1

o0
+ E n2*F| max
1<k<n

n=1

)
k
Z[AiXiI(|Xi| >n®) + E(AiXuil$ic)]

' )

i=1

)

k

Z[A,-Xm — E(AiXil$ia1) ]

o)

o0
§C1§ 1P 2 E[ max
1<k<n

n=1 i=

k

ZA,-XiI(|Xi| >n®)

i=1

o0
+E n2*F| max
1<k<n

n=1

00 k
ap—2-a . G.
+ 21 n E(f;‘f‘; ;E(Alxmml) )
= H1 +H2 +H3. (31)

Obviously, it follows from Hoélder’s inequality and (2.1) that

» n 12/, 1/2
Y ElA < (ZEA?) (Z 1) = 0(n). (3.2)
i=1 i=1 i=1

By the fact that {4,,n > 1} is independent of {X,,,n > 1}, we can check by Markov’s in-
equality, Lemma 1.3, (3.2) and EX? < 0o (p > 1) that

o0 n
Hy <) n Y E|AE[IXII(1X:] > n%)]

n=1 i=1

< i nPE[XI(X > n*)]

n=1

=Y n PN E[XI(m* <X < (m+1)%)]

n=1 m=n
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= Y E[XI(m* <X <(m+1)*)] Y nr7

m=1 n=1

<Gy mPE[XI(m* <X < (m+1)")]
m=1

< C3EX? < o0. (3.3)

On the other hand, one can see that {X,,, §,, n > 1} is also a martingale difference, since
{X,1, 1, n > 1} is a martingale difference. Combining with the fact that {A,, n > 1} is inde-
pendent of {X,,, n > 1}, we have that

E(Aan|gn—l) = E[E(Aan|9’n)|9>n—l] = E[XnE(An|9>n)|9’n—l]
= EA,E[Xy|$n1]1=0, as,n>1
Consequently, by the proof of (3.3), it follows that
k

ZE[AiXiI(IXiI < )G ]

i=1

)
)

o0
H; = E n? 2 *E| max
1<k<n

n=1

k

ZE[AiXi1(|Xi| >n)Gia]

i=1

o0
= E n? 2 *E| max
1<k<n

n=1

oo n
< > n Y EIALE[IXI1(1X] > n®)]

n=1 i=1

[e¢]
< Cy Y P UE[XI(X > n*)] < GEX? < 00, (3.4)

n=1

Next, we turn to prove Hj < co. It can be found that for fixed real numbers ay,...,a,,
{aiXyi = E(@iX,il§i1), §ir1 < i < n}

is also a martingale difference. Note that {A;,As,...,A,} is independent of {X,1, X2,
..o, Xun}. So, by Markov’s inequality, (2.1), (3.1) with g = 2, Lemma 1.1 with p = 2 and
Lemma 1.3, we get that

1<k<n —

00 k
H =G Znap_z_zaE[E max Z[ﬂiXm' —E(ﬂtXni|9i—1)]2’A1 =day,..., Ay = ﬂn}
n=1

< GE (Z E(a;Xu)*

i=1

A1=d1,...,An:an)

=G i ner22 XH:E(A,»X,”-)2 =G i nope iEA?EXﬁi
n=1 i=1 n=1 i=1

oo oo
<Gy nPREXM(X <n”)]+ Co Y nP'P(X > n”)

n=1 n=1

=: C3H11 + C4H12. (35)
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By the condition EX? < oo with p < 2, it follows
oo n
Hy =Y n®? 2 E[XCI((i-1)" <X <))
n=1 i=1

= Y EXU((i-1) <X < )]y neri e
=1 n=i

oo
<Cs ZE[X”XZ"’I((i —1)% <X < )] < CeEX? < 0o. (3.6)
i=1

From (3.3), it has
oo
Hyp <) n™ " E[XI(X > n*)] < CEX” < 00, (3.7)
n=1

Consequently, by (3.1) and (3.3)-(3.7), we obtain (2.2) immediately.
For ap > 1, we turn to prove (2.3). Denote S = ZleAiXi, k > 1. It can be seen that
ap <2 <2+a.So, similar to the proof of (3.4) in Yang et al. [10], we can check that

o0
Z n*?2E (sup
n=1 k=n

Sk * > o
k_“‘ - 822“) < 221(“1’_1_“)/ P( max |Si| > e2¢¢D 4 s) ds
I=1 0

1<k<2!
> +
<2y :no‘p’z’“‘E(max ISk] en"‘) .
1<k<n

n=1

Combining with (2.2), we get (2.3) finally. O

Proof of Theorem 2.2 To prove Theorem 2.2, we use the same notation as that in the proof
of Theorem 2.1. For p > 2, it is easy to see that g > 2(ap — 1)/(2a — 1) > 2. Consequently,
for any 1 < s <2, by Holder’s inequality and (2.4), we get

1-s/q

n n slg 1 n
E|Al < E|A;1 1 = O(n). (3.8)
Speurs(Saur) (55)
i=1 i=1 i=1

By (3.1), (3.3) and (3.4), one can find that H, < oo and H3 < 0o. So we need to prove that
H; < oo under the conditions of Theorem 2.2. For p > 2, noting that {A;,A,,...,A,} is
independent of {X,1,X,2,...,Xuu}, similar to the proof of (3.5), one has by Lemma 1.1 that

)

0 n ql2
<Gy n“P““E<Z E{[AXyi ~ E(AiX,il§i1)]” |s«u})

n=1 i=1

k

Z[A,Xm- — E(AiXil §i1)]

i=1

[
H1 = C1 Z nap—Z—an< max

1<k<n

n=1

o0 n
+Cs Z nP2-ae ZE’A,-XM - E(AiXuili0)|"

n=1 i=1

=: C2H11 + C3H12. (39)
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Obviously, for 1 <i < n, it has

E{[AiXyi — E(AiXul 9»i—1)]2 91}
= E[ATX1(1X] < )i ] = [E(AXI (1) < )1§11) ]

<E[A}XZI(IXi| <n%)|Gi1] < EATE(X?1§im), as.
Combining (3.8) with E[sup;; E(X7|§-1)]%?* < oo, we obtain that

/2

00 n ql2 .
Hy < ) o (ZEA?) E(sup E(X15.0))
n=1 i=1 =

o0
< Cy Yy nraenal < oo, (3.10)

n=1

following from the fact that ¢ > 2(ep —1)/(2« — 1). Meanwhile, by C, inequality, Lemma 1.3
and (2.4),

o0 n
Hip < G5y n™27 Y " E|ANE[1Xi11(1Xi] < )]
n=1 i=1

o0 o0
< Cg Zn“”’l_q"‘E[qu(X < n"‘)] +Cy Zn"‘p_lP(X > n"‘)

n=1 n=1

< Cg Z n“”’l_q"‘E[XqI(X < n"‘)] +Cy Z n"‘p_l_"‘E[XI(X > n“)]

n=1 n=1

=: C6H1*1 + C7H1*2. (311)

By the condition p > 2 and « > 1/2, we have that 2(ap — 1)/(2« — 1) — p > 0, which implies
that g > p. So, one gets by EX? < oo that

oo n
Hﬂ = Znapflfqa ZE[Xq[((i— <X < ia)]
n=1 i=1
= Y EXU((-1)* <X <i*)] Y nere
i=1 n=i
o0
< Cg ZE[XPX’H”I((I‘ —1)% <X <i*)]i* < GEXP < 0. (3.12)
i=1
By the proof of (3.3), it follows
Hyy = > " nPE[XI(X > n*)] < CoEX? < o0. (3.13)

n=1

Therefore, by (3.9)-(3.13), it has H; < co. Consequently, it completes the proof of (2.2).
Finally, by the fact that ap > 1, similar to the proof of (3.4) in Yang et al. [10], it is easy to
see that (2.3) holds for the case ap <2 + o and the case ap > 2 + «. d
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Proofof Theorem 2.3 Similar to the proof of Theorem 2.1, by Lemma 1.2, it can be checked
that

)

k

ZA,-X,-I(|X,-| > n®)

i=1

)

o0
+ E n2E| max
1<k<n

n=1

> k
2 4 o
Tz E(l?fsxn 2 EAXulgi) )
=h+h+]s (3.14)

Similarly to the proof of (3.3), we have

f<C Y E[XI(X > n*)]

n=1

=C Zn_l ZE[XI(m“ <X<(m+ 1)"‘)]
n=1 m=n

m

=C ZE[XI(M“ <X<(m+ 1)“)] Zn_l

m=1 n=1

<G Zln(l +m)E[XI(m* <X < (m+1)")]

m=1

< GE[XIn(1 +X)] < o0. (3.15)

Meanwhile, by the proofs of (3.4) and (3.15), we get
oo
Js <G Y _nE[XI(X > n*)] < GE[XIn(1 + X)] < oc. (3.16)
n=1
On the other hand, by the proof of (3.5), it can be checked that for « > 0,
h<CY n™ Y EAX)=C Y n>* Y EAJEX),
n=1 i=1 n=1 i=1

e¢} (0]
<G Y n ' E[XI(X <n%)]+ C Y n*P(X > n%)

n=1 n=1
[e¢} n (o]

<G Y m 'Y E[X((-1)" <X <i*)]+ Co Y E[XI(X > n*)]
n=1 i=1 n=1

<G Y E[XI((i-1)" <X <i*)] Y n ™+ GE[XIn(1 + X)]

i=1 n=i
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< Cy Y E[X’I((i-1D)* <X <i*)]i + GE[XIn(1 + X)]
i=1

< GeEX + C5E[XIn(1 + X)] < oc. (317)

Therefore, by (3.14)-(3.17), one gets (2.5) immediately. Similar to the proof of (2.3), it is
easy to have (2.6). Obviously, by the proof of (2.11) in Remark 2.2, (2.7) also holds under
the conditions of Theorem 2.3. Finally, by the proof of Theorem 12.1 of Gut [11] and the
proof of (3.2) in Yang et al. [10], for « > 1, it is easy to get (2.8). O

Proof of Theorem 2.4 For n > 1, we also denote X,,; = X;I(|X;| <n),1 <i<n.ltiseasyto

see that
n
max >en® | < (|X| > n max
1<k<n - 1<k<n
i=

ZAX ZAX,

>en ) (3.18)

maxy <j<n ENXi 7 1§i1]

For the case of « = 1, there exists a § > 0 such that lim,,_, o, 5 =0, a.s. So
by E(A,X,|$u-1) =0, a.s., n > 1, we can check that
1 J 1 £
s s ) = ] S stacaas <oy )
i=
= E A Xl (|X;
: (m Z (1%l > )1 )
1 n
< — D EAIE[IXI(1X] > n)1G:i-1]
i=1
1 n
< 5 D EIAME[IX1 1G]
i=1
K 148
< ;1{1?(7;5[|X| G- ] 0, as.,
as n — oo.
Otherwise, for the case of « > 1, it is assumed that lim,,_, o, %}‘X’HM =0, a.s., for
any A > 0. Consequently, for any « > 1, it follows that
L ZE(A XuilGi)| | = 1 max ZE AXA(IXi) < 1)1Gi1]
na 1<k<n g n® \ 1<k<n "
1 n
< — D EIAE[IXGU(1X:] < 7)Igia]
i=1
S o max i-1] — 0, as.,
as n — 00. Meanwhile,
o0 n o0
D oY P(1Xil > n*) <Ky Y nT'P(X > n%) < KpEX < 0o. (3.19)

n=1 i=1 n=1
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By (3.18) and (3.19), to prove (2.7), it suffices to show that

00 k o
&n
13:2 n*=p max § [AiXui — E(AiXyil§io1) ]| > - | <o
n=1 - T =l

Obviously, by Markov’s inequality and the proofs of (3.5), (3.6), (3.19), one can check that

4 & k 2
L= > E| max | [AiXy — E(AiXuil§i1)]
n=1

1<k<n|%
i=1

<K ) TUEXCI(X <n®)]+ Ky ) n T P(X > n%)
n=1 n=1

< K3EX < o00.

On the other hand, by proof of Theorem 12.1 of Gut [11] and the proof of (3.2) in Yang
et al. [10], we can easily obtain (2.8) for « > 1. O
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