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Abstract

Let p be a real density function defined on a compact subset €2 of R”, and let

E(f,p) = fQ pf dw be the expectation of f with respect to the density function p. In this
paper, we define a one-parameter extension Var,, (f, p) of the usual variance

Var(f,p) = E(f?, p) - E*(f, p) of a positive continuous function f defined on £2. By means
of this extension, a two-parameter mean V;(f, p), called the Dresher variance mean, is
then defined. Their properties are then discussed. In particular, we establish a Dresher
variance mean inequality minte{f(H)} < V.s(f,p) < maxeq{f(t)}, that is to say, the
Dresher variance mean V,(f, p) is a true mean of f. We also establish a Dresher-type
inequality V,(f,p) = V= (f, p) under appropriate conditions on r, s, r*, s*; and finally, a
V-E inequality V,4(f, p) > (2)“E(f, p) that shows that V,,(f, p) can be compared with
E(f,p). We are also able to illustrate the uses of these results in space science.
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1 Introduction and main results
As indicated in the monograph [1], the concept of mean is basic in the theory of inequal-
ities and its applications. Indeed, there are many inequalities involving different types of
mean in [1-18], and a great number of them have been used in mathematics and other
natural sciences.

Dresher in [14], by means of moment space techniques, proved the following inequality:

Ifp>1>0>0,f,g>0,and ¢ is a distribution function, then

L

This result is referred to as Dresher’s inequality by Daskin [15], Beckenbach and Bellman
[16] (§24 in Ch. 1) and Hu [18] (p.21). Note that if we define

E(f,¢) = f fae,
and
E r 1/(r-s)
Dr,s(f» @) = (E((}f“ Z;) , nseR, (1)
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then the above inequality can be rewritten as

D,o(f +8¢) <Dys(f,¢) + Dy (g b).

D, ((f, ) is the well-known Dresher mean of the function f (see [10, 11, 14-18]), which
involves two parameters r and s and has applications in the theory of probability.

However, variance is also a crucial quantity in probability and statistics theory. It is,
therefore, of interest to establish inequalities for various variances as well. In this paper,
we introduce generalized ‘variances’ and establish several inequalities involving them. Al-
though we may start out under a more general setting, for the sake of simplicity, we choose
to consider the variance of a continuous function f with respect to a weight function p (in-
cluding probability densities) defined on a closed and bounded domain 2 in R” instead
of a distribution function.

More precisely, unless stated otherwise, in all later discussions, let Q2 be a fixed,
nonempty, closed and bounded domain in R” and let p : 2 — (0, 00) be a fixed function

which satisfies [, pdw = 1. For any continuous function f : @ — R, we write

E(f.p) = / of do,

which may be regarded as the weighted mean of the function f with respect to the weight
function p.
Recall that the standard variance (see [12] and [19]) of a random variable f with respect

to a density function p is

Var(f’p) = E(fz’p) - Ez(f’p)-

We may, however, generalize this to the y -variance of the function f : 2 — (0, 00) defined
by

ﬁ[E(fy)p)_Ey(f)p)]) Y #Orlr
Vary (f,p) =  2[In E(f, p) - E(Inf, p)], y=0,
2[E(fInf,p) - E(f,p) InE(f,p)], v =1
According to this definition, we know that y-variance Var, (f, p) is a functional of the
function f : @ — (0,00) and p : @ — (0, 00), and such a definition is compatible with the

generalized integral means studied elsewhere (see, e.g., [1-6]). Indeed, according to the

power mean inequality (see, e.g., [1-9]), we may see that
Var,(f,p) >0, VyeR.

Letf: Q2 — (0,00) and g: 2 — (0, 00) be two continuous functions. We define

Cov, (f,g) = E{[f” —-E"(f,p)] o [¢" - E" (g.p)], P}
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is the y-covariance of the function f : 2 — (0, c0) and the function g : 2 — (0, 00), where
¥ € R and the function a o b : R? — R is defined as follows:

ab, a#b,ab>0,
aob=1—-/-ab, a#b,ab<0,

a, a=b.

According to this definition, we get

Covy(f,g) =0, Covi(f,f) =0

and

7o Covy (1), y #0,1,
Varl’ (f’p) = limy—>0 ﬁ COV)/ (f;f)r )/ = 0:

limy_>1 ﬁ COV), (f,f), Y = 1.

If we define

Abscov, (f,g) :E{|[fy —E”(f,p)] ° [gy —Ey(g’P)]

p}

is the y-absolute covariance of the function f : Q — (0,00) and the function g : 2 —
(0, 00), then we have that

‘ Cov, (f,g) <1
/Abscov, (f,f),/Abscov, (g,¢) | ~

for y # 0 by the Cauchy inequality

‘ [ ptedo < \/ [ dw\/ [ pea.

Therefore, we can define the y -correlation coefficient of the function f : 2 — (0, c0) and

the function g : 2 — (0, 00) as follows:

Covy (f.g)
JAbscovV (f,f)\/Abscovy (g9 ’ Y 7/ 0,

Covy (f,g) -0
JAbscovy (f.f) JAbscovy o’ Y ’

Py(f’g) =

limy*)()

where p, (f,g) € [-1,1].

By means of Var, (f, p), we may then define another two-parameter mean. This new two-
parameter mean V,(f, p) will be called the Dresher variance mean of the function f. It is
motivated by (1) and [10, 11, 14—18] and is defined as follows. Given (r,s) € R? and the
continuous function f : Q — (0,00). If f is a constant function defined by f(x) = ¢ for any
x € , we define the functional

Vr,s(frp) =c
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and if f is not a constant function, we define the functional

Var, (f, _
[stg;; ]IW S)’ r#s
E(f"Inf,p)-E"(f,p) InE(f,p) 1 1 _
Vofop) = exp| ) - (; +—=)], r=s#0,1,
P = EM?f - Efp) |
exXp{5rEm ) -InE(fp)] b
E(fInf,p)-E(f,p) In2 E(f )
XDt o) EG o Ef ] ~ L)

r=s=0,
r=s=1.

Since the function f : Q — (0, 00) is continuous, we know that the functions pf” and
pf? Inf are integrable for any y € R. Thus Var, (f, p) and V,.;(f, p) are well defined. Since

lim Var,(f,p) = Var,«(f, p),
y—y*

lim Vr,s (f:p) = Vr*,s* (frp)1

(r,s)—(r*,s*)

Var, (f,p) is continuous with respect to y € R and V,(f,p) continuous with respect to
(r,s) e R
We will explain why we are concerned with our one-parameter variance Var, (f, p) and
the two-parameter mean V,(f, p) by illustrating their uses in statistics and space science.
Before doing so, we first state three main theorems of our investigations.

Theorem 1 (Dresher variance mean inequality) For any continuous function f : Q —
(0, 00), we have

min{f(1)} = V,.s(f,p) = max{f(®)}. (2)

Theorem 2 (Dresher-type inequality) Let the function f : Q — (0,00) be continuous. If
(r,s) € R?, (r*,s*) € R?, max{r, s} > max{r*,s*} and min{r,s} > min{r*,s*}, then

Vr,s(frp) = Vr*,s* (f:p) (3)

Theorem 3 (V-E inequality) For any continuous function f : Q@ — (0, 00), we have

)

, a1, .
moreover, the coefficient (7)™ in (4) is the best constant.

]l
-

Vilfop) = ( “Ef.p) @)

Nl @«

From Theorem 1, we know that V,(f,p) is a certain mean value of f. Theorem 2 is
similar to the well-known Dresher inequality stated in Lemma 3 below (see, e.g., [2], p.74
and [10, 11]). By Theorem 2, we see that V,s(f,p) and V=« (f, p) can be compared under
appropriate conditions on 7, s, r*, s*. Theorem 3 states a connection of V,.s(f, p) with the
weighted mean E(f, p).

Let 2 be a fixed, nonempty, closed and bounded domain in R™, and let p = p(X) be
the density function with support in 2 for the random vector X = (x1,%3,...,%,,). For any
function f : 2 — (0, 00), the mean of the random variable f(X) is

E[f(0)] - /Q of do = E(f,p);
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moreover, its variance is

Var[f(X)] = E[f*(X)] - E*[f(X)] = /Q plf —E[f(X)]}’ dow = Vars(f, p).
Therefore,

Var, [f(X)] =Var,(f,p), v eR

may be regarded as a y-variance and

Vr,S[f(X)] = Vr,s(f,P); (V,S) c Rz

may be regarded as a Dresher variance mean of the random variable f(X).
Note that by Theorem 1, we have

min{f(X)} < V. [f0] < max{f(X)},  (r,5) R (5)
and by Theorem 2, we see that for any r, s, r*, s* € R such that

max{r,s} > max{r*,s*} and min{r,s} > min{r*,s*},
then

Vr,sl;f(X)] > Vr*,s* [f(X)]» (6)

and by Theorem 3, if r > s > 1, then

Var, [f(X)] _ s,
Var,[f (X)] = ;E o), 7

where the coefficient s/r is the best constant.

In the above results, 2 is a closed and bounded domain of R”. However, we remark that
our results still hold if 2 is an unbounded domain of R” or some values of f are 0, as long
as the integrals in Theorems 1-3 are convergent. Such extended results can be obtained
by standard techniques in real analysis by applying continuity arguments and Lebesgue’s
dominated convergence theorem, and hence we need not spell out all the details in this

paper.

2 Proof of Theorem 1

For the sake of simplicity, we employ the following notations. Let # be an integer greater
than or equal to 2, and let N,, = {1,2,...,n}. For real n-vectors x = (x1,...,%,) and p =
(P15-..,pn), the dot product of p and x is denoted by A(x,p) = p - x = Y ., pix;, where
peS and §" = {p € [0,00)" | Y1, pi =1}, $" is an (n — 1)-dimensional simplex. If ¢ is
a real function of a real variable, for the sake of convenience, we set the vector function

D) = (P(x1), p(x2), ..., P(x)).
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Suppose that p € S” and y,r,s € R. If x € (0, 00)", then

7o AR, p) - A7 (x,p)], y 70,1,
Var,, (x,p) = | 2[InA(x, p) — A(Inx, p)], y =0,
2[A(xInx, p) —A(x,p) InA(x,p)], y =1

is called the y-variance of the vector x with respect to p. If x € (0,00)" is a constant #-

vector, then we define

Vis(®,p) = %1,

while if x is not a constant vector (i.e,, there exist i,j € N, such that x; #x;), then we define

Vary(x,p)

[Var5 ,p) r s,
Inx,p)-A" InA(x,

exp[ (" nxir)p) ;xrz(ﬂi;) (xp) (% + ﬁ)] r=s#0,1

Vr,s (x:l?) =

(102 x,p)-1n% A(x,p)
exp{m 1},

A(xIn2 x,p)-A(x,p) In2 A(x,p)
ex p{Z[A (xInx,p)-A@xp)InA(xp)] — 1}’

V,.s(x, p) is called the Dresher variance mean of the vector x.
Clearly, Var, (x, p) is nonnegative and is continuous with respect to y € R. V,;(x,p) =

V,.,(x, p) and is also continuous with respect to (r,s) in R2.

Lemmal Let I be a real interval. Suppose the function ¢ : 1 — R is C@, je., twice contin-
uously differentiable. If x € I" and p € S", then

A@BW.p) - d(Ap) = 3 ,p,{ / / o[ w,,(xp,tl,m]dtldtz}(x,—x,) ®)

1<1<1<n
where ® is the triangle {(t1,t,) € [0, 00)? |t +ty <1} and
wij(x, p,t, ) = hix + bax; + (1 — 1 — B)A(x, p).
Proof Note that
/ / ¢7” [w,»,j(x,p, t, tz)] dtl dtz
@
1 1-4
/ dt1/ ¢"[wijx.p tr, 12) ] dty
0 0

1 1 1-f1
= dt " (o, p, 1, t d i, py b, E
x;— A(x,p) /0 1/0 ¢ [W P, b 2)] [W (0 p, 2)]

1 1-n

1
- an o’ [tix; + tox; + 1 -t — £)A(x,
xj—A(x,p)/o 19/ [t1x; + taxy + (L— 11 — 1) (xp)]‘o

1
= m /o {¢'[axi + A - t)a;] - ¢'[tax: + 1 — 01)A(x, p) |} dty
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B 1 { dltixi + (1 - t1)xg] B olhx; + (1 - 1)A(x, p)] } !
% —Ax,p) Xi — X xi — A, p)

0
(L [#)ft)_ge)-gte)]
- X; —A(x,P) Xi — Xj Xi —A(x,P)
1 PAD) Ap) 1
Gl Al ARl BT

Hence,

1<i<j<nm

#(Ax,p) Alxp) 1
o (x:) xi 1
¢(x,) x]‘ 1

Z plp, X — %;

1<i<j<n Ax,p)llxi — Alx, p)]

_1 Z . [ 1 - 1 ] (x;) , 1

_21§i’j§nplpf x]._A(x,p) xi—A(x,P) z(ij) i]l 1
| [|tAwp) Awp) 1
L;f"’” Awp| B
$AMp) Alp) 1
|

#(Ax,p)) Alxp) 1
pid(x:) pi%i  pi
o(x)) X 1

¢(A(x,p)) Alx,p) 1

X 1

;¢>( ) pi%i P

n

- % |:Z A(x,p) Z

j=1

n n

- sz —-A(x,p) 4 Z

|

Ll », o(Alx,p)  Alxp) 1
=3 Z m Yo pip) YL pixi YL pi
=1 ¢(x,) x,» 1
¢(Ax,p))  Alxp) 1
—Z — b (x) Z 1
i ( ,P) " n
1 TP Y apioly) Y Lp 2P

¢(Ax,p) Alx,p) 1
A(px),p) Axp) 1
o(x /) Xj 1

s
_2|:],Z —A(x,p)

Z Pin{/ / ¢”[t1xi +hx+(1-t - tz)A(x,P)] dt dt, } (x; = xj)2
@

P(A(x,p) Alx,p) 1
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n o P(Alx,p) Alxp) 1
_lzzl:x—i—A(x:P) o (x:) x; 1
A(p(x),p) Alx,p) 1
L] », P(Ax,p) —Alpx),p) 0 0
_ - ]
| iiTaw |  AG@P Alp) 1
=1 o(x)) X 1
P(Ax,p)) —Alpx),p) 0 0
Zl (xp) o (x;) %1
A(px),p) Alx,p) 1

{Z A(x, A(x,p)) _A(¢(x)’p)][A(xfp) —x]’]
1

n

_ Z xﬁ%@[d)(ﬂx,p)) - A(px),p)][%i —A(x,p)]}

i=1

{Zp, $(Ap)) Zpl ¢(A(x,p))]}

=A(p(x),p) — ¢(Ax,p)).
Therefore, (8) holds. The proof is complete. d

Remark 1 The well-known Jensen inequality can be described as follows [20—22]: If the
function ¢ : I — R satisfies ¢"(t) > 0 for all ¢ in the interval I, then for any x € I" and
p €S", we have

A(p(),p) = ¢(Alx,p)). 9)
The above proof may be regarded as a constructive proof of (9).

Remark 2 We remark that the Dresher variance mean V, s(x, p) extends the variance mean
Vyo(x, p) (see [2], p.664, and [13, 21]), and Lemma 1 is a generalization of (2.23) of [19].

Lemma 2 Ifx € (0,00)", p € S" and (r,s) € R?, then

min{x} = min{xy,...,%,} < V,s(x,p) <max{xy,...,x,} = max{x}. (10)
Proof If x is a constant vector, our assertion is clearly true. Let x be a non-constant vector,
that is, there exist i,j € N, such that x; # x;. Note that V;s(x, p) = V;,(x,p) and V,.s(x, p) is
continuous with respect to (r,s) in R?, we may then assume that

r(r-1)s(s—1)#0 and r-s>0.

n (8), let ¢ : (0,00) — R be defined by ¢(¢) = t, where y(y —1) # 0. Then we obtain

Var, (6,p) =2 Y lp,{ / / [wij(e,pt1,12)]" dtldtz}( —x)2. 11)

1<i<j<nm
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Since
min{x} = min{xy,...,%,} < w;;(x,p, t, ) < max{xy,...,x,} = max{x},
by (11), (12), r — s > 0 and the fact that

Vi (%, p)

~ 'Var,(x,p)]%
“ | Vary(x)

[ Zizig=nbiti®i= %)’ [ Jo Wi ep, b ) dty dtZ} =
LY icicjentil i = %) [ [ Wi (o p, 1y, 80) dty dit

L Dicigenlilii = x)? [ [ Wi p, ti, ) dty dty
we obtain (10). This concludes the proof.
We may now turn to the proof of Theorem 1.

Proof First, we may assume that f is a nonconstant function and that
r(r—1s(s—1)#0, r-s>0.

Let
T ={AQ1, AQy, ..., AQ,)

be a partition of €2, and let

IT] = max _max {|X - Y]}
1<i<n X,YeAQ;

be the ‘norm’ of the partition 7, where

[X-Y[=vX-Y) (X-Y)

is the length of the vector X — Y. Pick any &; € AQ; foreach i=1,2,...,n, set

& =(162,...,64) f(é:) = (f(él)’f($2)’xf(én))’

and

BE) = (31E),Bo(E)r . Py (&)) = (PED)IAQ],p(§2)| AL ],..., p(En)| ALR4])

S pENAQ

then

I NAQi = [ pdo=1,
Jim > p(E)I AL fp 2

i=1 Q2

where |AQ;| is the m-dimensional volume of AQ; fori=1,2,...,n.

(12)

[ Y i<icjenbii%i = %) [ [o Wi (e, p, 11, 102) X Wi (x,p, 11, 1) dty dit } = (13)

O
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Furthermore, when y(y —1) # 0, we have

Var, (f,p) =

Y
y(y -1 {T OZp 57 (6) |AQ|_<hm ZP ENf(E)IAL; |> }

2
= m[('ﬂ Ozp(fz)lAQ |)< hm Zpl(g)f & )
n " y
- (n}lurg();p(éi)mQH) <||}1|r20i21:pi(€)j((gi)> :|

2

- Y
=T { }i‘go;@@)ﬂ(a)— (m OZp,(s V(&) ) }
n Y
=i y(y [Zpl (&) - (;E(S)f(&)) ]

= 11”m Vary(f ) (14)

By (14), we obtain

C[Van ()1 [Var(f(€),5@) ]
Vrsllp) = [Vau(f,p)] i I}IIIEO[Vars(f(é),P(é))]
= Jim Vo (£(€).p)- (15)

By Lemma 2, we have

min{f(§)} < V,,s(f(6),(§)) < max{f(&)}. (16)

From (15) and (16), we obtain

It‘rélsrzl{f(t } = ll}lurgomm{f“g‘ } < lim Vrs(f(é )

IT1—0
=Vs(fop) < A hHmOmaX{f(é }= I}le%X{f(t)}.
This completes the proof of Theorem 1. g

Remark 3 By [21], if the function ¢ : I — R has the property that ¢” : I — R is a contin-

uous and convex function, then for any x € I” and p € S, we obtain

2[A(p(x), p) — p(Alx, p))]
Var, (x, p)

¢" (Vsalx,p)) <

l{max{ ")} + A (x),p) + ¢ (Al, p))}. (17)

— 3 l=<i<

Thus, according to the proof of Theorem 1, we may see that: If the function f : 2 — (0, 00)
is continuous and the function ¢ : f(2) — R has the property that ¢” : f(2) > R is a
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continuous convex function, then

2[E(¢ of,p) — d(E(f,p))]
Var,(f, p)

< L maxlo"(10)) + (@ of.0) + 8" (E11.0). 18)

¢"(Vaa(fop)) <

where ¢ o f is the composite of ¢ and f. Therefore, the Dresher variance mean V,4(f, p)
has a wide mathematical background.

3 Proof of Theorem 2

In this section, we use the same notations as in the previous section. In addition, for fixed
y,r,s €R, if x € (0,00)" and p € §”, then the y-order power mean of x with respect to p
(see, e.g., [1-9]) is defined by

1
[A”,p)7, vy #0,
expA(lnx,p), y =0,

MY (x,p) =

and the two-parameter Dresher mean of x (see [10, 11]) with respect to p is defined by

A(x’,p) %
D) = | A ik r#s,
rs xslnxp) _
exp[ YY) ], r=s.

We have the following well-known power mean inequality [1-9]: If « < B, then
Ml (x,p) < MP (%, p).
We also have the following result (see [2], p.74, and [10, 11]).

Lemma 3 (Dresher inequality) If x € (0,00)", p € S" and (r,s), (r*,s*) € R?, then the in-

equality

Dy 5(x,p) = Dy ¢+ (%, p) 19)
holds if and only if

max{r,s} > max{r*,s*} and min{r,s} > min{r*,s*}. (20)

Proof Indeed, if (20) hold, since D, s(x, p) = D, (x, p), we may assume that 7 > * and s > s*.
By the power mean inequality, we have

$ * x5
Dy(x,p) = M <x add > > M) (x P )
Axs,p) A(x5,p)

_ M[sir*] (x, xr *p ) Z M[S*fr*] (x’ xr*p )
A", p) A", p)

= Dr*,s* (x»P)

If (19) holds, by [2], p.74 and [10, 11], (20) hold. O
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Lemma 4 Let x € (0,00)", p € §" and (r,s), (r*,s*) € R2. If (20) holds, then
Vr,s(x:p) Z Vr*,s* (x,P)

Proof If x is a constant n-vector, our assertion clearly holds. We may, therefore, assume
that there exist i,j € N, such that x; # x;. We may further assume that

r(r—1)s(s —1)(r —s) #0.

Let G = {A®;, AD,,..., Ad;} be a partition of ® = {(;,£,) € [0,00)*|t; + £, <1}. Let the
area of each A®; be denoted by |A®;|, and let

G| = max max {|x—
161 = max, max {lx~y1}

be the ‘norm’ of the partition, then for any (§x1,&x2) € APk, we have

!
// [wi(x,p, tl,tz)]r_z dt, dt, = ||éi||mo Z[Wi,j(x,l?, Ek,l,ék,z)]"zlAfbkl-
@ et
By (11), when y(y —1) # 0, we have

Var,, (x,p) = 2 Z Pip/(xi_xj)sz[Wi,j(x,P:tl»tZ)]y_zdtl dt;
®

1<i<j<nm
I

. -2
=2 Z pipj(x; — %)) \|é1\\r£1>0 [wij (%, p, s E2) ] 1AL
1<i<j<n k=1

!
= lim {2 Z pipj(xi—xj)zZ[wi,j(x,p,Sk,l,fk,z)]l’-2|Ad>k|}

1Gll—0 —
1<i<j<n k=1

= (l;irgo{ Z 20| ADk|(x; — x7) [ Wi (%, p, Ex1r Ex2) | v } (21)

1<i<j<ml<k<l

By (21) and Lemma 3, we then see that

Var,(x, p) } s

Vr,s(x’p) = [Vars(xrp)

i { O i<igeni<k<Pii| APk (@ — ) [wij (%, p, €k, r2)] } R
mm
1GI=0 | X2 <icjem1<k<iPibj| APkl (6 = %)) [Wi (%, p, Ex1 Ex2) 12

* 1
> i { D1 <igjeni<k=Pibj| APl (i = ) Wi, p, i1, Ek2)] } T
> lim .

1GI=>0 | 31 <icjem<k<iilil API(6: = %) [wij (%, Py Exrs E1c2) 1T 72

Vr* 5% (x; P)

This ends the proof. g

We may now easily obtain the proof of Theorem 2.
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Proof Indeed, by (20), (15) and Lemma 4, we get that

Vr,s(frp) = H?l"iHIEO Vr,s(f(g)rﬁ(é)) > lim Vr*,s* (f(?)»l_?(é)) = Vr*,s* (f’p)

T ITI—0

This completes the proof of Theorem 2. d

4 Proof of Theorem 3
In this section, we use the same notations as in the previous two sections. In addition, let
I,=(,1,...,1) be an n-vector and

o.-|

let S,, be the (n — 1)-dimensional simplex that

Nl

’re 1,2,3,..},s¢ {0,1,2,...}},

S, = Ix € (0,00)"

i=1

and let
n y 1 n y
F,,(x):in Inx; — —— in -n
i=1 y-1 i=1
be defined on S,,.

Lemma5 Lety € (1,00). If x is a relative extremum point of the function F,, : S, — R, then
there exist k € N,, and u,v € (0, n) such that

ku+n-kv=mn, (22)
and

1
Fo(x) = k¥ Inu + (n - k)v* Inv - — [kuk +(n— kW - n] (23)
y —

Proof Consider the Lagrange function
L(x) = Fy(x) + u(in - n>
i=1
with

oL
396]'

- v - . ,
:x}/ 1(ylnxl+1)—ﬁx]y 1+/,L:x]},/ 1°C(xj):0, ]:1,2,..,,}’1,

where the function £ : (0,n) — R is defined by

L) =yInt+put"™V — ——.
y -1
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Then

x€(0,n), L)=0, j=12,...,n (24)
Note that

, y y-1 VY{,1 v-1

L) == - =ty

() , oM ﬁ< , u)

Hence, the function £ : (0,#) — R has at most one extreme point, and £(£) has at most
two roots in (0, n). By (24), we have

’{x17x2¢---;xn}| < 2;

where |{x1,%,,...,%,}| denotes the count of elements in the set {x1,%,,...,%,}. Since F, :
S, — R is a symmetric function, we may assume that there exists k € N,, such that

X1 =Ky ==X = U,
Kkl = K42 = =Xp =V
That is, (23) and (22) hold. The proof is complete. a

Lemma 6 Lety € (1,00). Ifx is a relative extremum point of the function F,, : S, — R, then
F,(x) > 0. (25)

Proof By Lemma 5, there exist k € N, and u,v € (0,n) such that (23) and (22) hold. If
u = v = 1, then (25) holds. We may, therefore, assume without loss of generality that 0 <
u <1<v.From (22), we see that

1-v

= . (26)
u-—v

XA

Putting (26) into (23), we obtain that

k k 1 [k k
F,x)=ny—u"lnu+ (1——)vylnv——[—uy + (1——)1/"—1:”
n n y—-1|n n
1- -1 1 1- -1
=n Vu”lnu+u vWinv— |: Y+ 2 VV—I:“
u-—v u-—v y—-1lu-v u-—v
1-v u-1 1 1-v u-1
=n u’ Inu + Vyll’lV——|: (' -1) + (VV—I)]}
Uu-—v u-v y—-1lu-v Uu-v
1

_n(l—v)(u—l){uylnu+vylnv_ |:uy—1+vy—1i|}
u-—v u-1 1-v y-1[ u-1 1-v
~ n(l—u)(v—l){v”lnv u’ Inu 1 |:
v—u v—1 u-1 y-1
n(l-u)(v-1)

= m[l/f(%)’)—w%)/)]» (27)
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Figure 1 The graph of the function ¥ : (0,2) x {%} — R. -n_as

-0.35

-1.05

Figure 2 The graph of the function ¥ : (0,2) x (1,2] - R.

where the auxiliary function ¢ : (0, 00) x (1,00) — R is defined by

(y =Dt Int - (¢ -1)

w(t¢y) = -1

(A-u)

Since ’(’VT(E/V__MI)) > 0, by (27), inequality (25) is equivalent to the following inequality:

v,y)>vu,y), Yue(0,1),Vve(,00),Vy €(l,00). (28)

By the software Mathematica, we can depict the image of the function ¥ : (0,2) x {%} —- R
in Figure 1, and the image of the function v : (0,2) x (1,2] — R in Figure 2.

Now, let us prove the following inequalities:

Y(u,y)<-1, Vue(0,1),Vy € (1,00); (29)

v(,y)>-1, VYve(l,00),Vy €(1,00). (30)

By Cauchy’s mean value theorem, there exists £ € (i,1) such that

B (y -Du¥ Inu—- " -1) _ (y-Dlnu-1+u?
N u-1 - u-y —uyv
Ay -DInu-1+u7)/ou;  (y-1E"—ys7!

Ay —u)du  lue (L—y)E +yEr1

:(y—l)éy—y< (y-DE-y _
—(y-DE+y —(y-Dé+vy

V(u,y)

Therefore, inequality (29) holds.
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Next, note that

(y =Dv'Inv- (v -1) N

vvy)>-1 & -1
v—-1
&S (y=-1wWhv-v"+v>0
& Ymy)=( -Dhhv-1+v7>0. (31)

By Lagrange’s mean value theorem, there exists &, € (1,v) such that

Ve(v,v) = ¥, V) - ¥.(L,y)
_ (V_l)a'ﬂl/*(vr V)
av

v=Ex
=w-D[(y -DET + - p)ET]

= (y - D -DE (E7 - 1) >0.

Hence, (31) holds. It then follows that inequality (30) holds.
By inequalities (29) and (30), we may easily obtain inequality (28). This ends the proof
of Lemma 6. d

Lemma 7 Ify € (1,00), then for any x € S, inequality (25) holds.

Proof We proceed by induction.
(A) Suppose n = 2. By the well-known non-linear programming (maximum) principle

and Lemma 6, we only need to prove that

lim Fy(x1,%0) >0 and lim Fy(x1,%) > 0.
x1—0,(x1,%2)€S2 x2—>0,(x1,42) €S

We show the first inequality, the second being similar.
Indeed, it follows from Lagrange’s mean value theorem that there exists y, € (1,y) such

that
27 -2
lim Fy(x1,%0) =2V In2 — ——
x1—0,(x1,%2)€S2 Y — 1
1-
:2y(y—1)ln2—1+2 14

y -1

o dl(y -1)In2 -1 +2177] ‘

dV Y=Vx

=2"In2(1-2"7)

> 0.

(B) Assume by induction that the function F,; : S,,.; — R satisfies F,,_1(y) > 0 for all
y € S,-1. We prove inequality (25) as follows. By Lemma 6, we only need to prove that

lim F,(x)>0, ..., lim s F,(x) > 0.

x1—>0,x€Sy, xp—0,x€Sy,

Page 16 of 29
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We will only show the last inequality. If we set

n-1
y= (Vlyyz;---;yn—l) = T(xl,x%---:xn—l):

then y € §,,_;. By Lagrange’s mean value theorem, there exists y, € (1, y) such that

1 N ) n \'7
o) ()]
0 n

o Gl
n n \'7

= ln 1- .
()l (G) ]

Thus, by the power mean inequality

and induction hypothesis, we see that

lim  F,()

xp—0,x€S8y,

n-1 1 n
=Y & Inx;— —— x —n

S (o) () - B )

e
(2 sz (5
()l sz ()
i) () o

This ends the proof of Lemma 7. O
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Lemma 8 Letx € (0,00)" and p € S". Ifr >s > 1, then

1

»@wmz<g“lwm, (32)

1
and the coefficient ()7 in (32) is the best constant.

Proof 'We may assume that there exist i,j € N, such that x; # x;. By continuity considera-
tions, we may also assume that r > s > 1.
(A) Suppose p = n'I,,. Then (32) can be rewritten as

|-
4

Vis(xn'L,) > (§> : A(x,n'L,),

r

or
Var, (x, n71,) 17 =
SRR T o (2) AL,
Varg(x, n711,)) r
or
1 1
—1) AW, n'L,) - A"(x,n7'L,) |7 s
(6= AG ) AT )T (VE
r(r—1) A@xs,n11,) — As(x,n711,) r
That is,
Fr (i, n’lln) > ﬁ(x, n’lln), (33)

where we have introduced the auxiliary function

A(?Cy»l?) —Ay(x:P)
(y = DAY (x,p)

Fy(x,p)=1In , y>1

Since, for any ¢ € (0,00), we have ¥, (tx, n,) = F, (x, n~'I,), we may assume that x € S,
By Lemma 7, we have

0F,(x,n'L,) 0 1<
— - —|Inl = Y1) -1 -1
5 vl n;xl n(y -1)

_ ' Y« Ing; _ 1
n Y -1 y-l
Xl Inx— (- D0« )
PIREEY
Fy(x)

=" S
n__y — Y.
D% —n

Hence, for a fixed x € (0,00)", F, (x,n'1,) is increasing with respect to y in (1, 00). Thus,
by r > s > 1, we obtain (33) and (32).
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(B) Suppose p # n'I,, but p € Q". Then there exists N € {1,2,3,...} such that Np; €
{0,1,2,...} fori=1,...,n. Setting

Ko = (K1s e XX, 3 X253 Kty e e vy K)s Npy+Npy + -+ Np, =m,
————— — —_——
Np1 Npa Npn
and
_ —1[
Px=m Ly,

then x, € (0,00)", p. € §™. Inequality (32) can then be rewritten as

Va0, ) z( )”A(x*,p*). (34)

Nl

According to the result in (A), inequality (34) holds.
(C) Suppose p # n"'I,, and p € S"\Q". Then it is easy to see that there exists a sequence
{p(k)},i‘il C Q7 such that lim_, oo p® = p. According to the result in (B), we get

1
) A(x,p®), Vke{1,2,3,...).

Vs (2, p©) > (

Nl @«

Therefore

1
=

a1
lim A(x,p(k)) = (E) Alx,p).
r

S
k—o00

Visap) = lim Vi(x, pM) > (f)
— 00 r

1
Next, we show that the coefficient (3)7= is the best constant in (32). Assume that the
inequality

Vis(x,p) = C,Alx, p) (35)

holds. Setting

and p = n'I, in (35), we obtain
[s(s—1)"71—(”71)r]r% n-1

>C,
rr-1) L (el | =

S

1
i

s(s—1) 1- (22177 n-1
[r(r—l)l—(%l)s-l] '

In (36), by letting » — 00, we obtain

1
S r=s
- = Cr,s'
r

Hence, the coefficient (f)ﬁ is the best constant in (32). The proof is complete. O
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Remark 4 If x € (0,00)", p € 8" and r > s > 1, then there cannot be any 8, C, s : 8 € (0, 00)
and C,; € (0, 00) such that

Vis(@,p) < M (x, p). (37)
Indeed, if there exist 6 € (0,00) and C,; € (0, 00) such that (37) holds, then by setting

x=(1,0,0,...,0),
E/_J

n-1

and p = n'I, in (37), we see that

1

s(s=1)1-n"" VTS<C !
r(r-1)1-nl-s = St
which implies
(s-1)1™ (s=1)1-n'"]™
s(s=1)77 s(s=1)1—nl""77s
= lim < lim C, 1% =0, (38)
r(r-1) n—oo| r(r—1)1-n'-s n—oo

which is a contradiction.

Remark 5 The method of the proof of Lemma 8 is referred to as the descending method
in [6, 7,13, 23-27], but the details in this paper are different.

We now return to the proof of Theorem 3.

Proof By (15) and Lemma 8, we obtain

1

Vislfop) = lim v,,s(ﬂs),ﬁ(s))z(;)” lim A(f(f),ﬁ(f)):(f)r_sE(f,p).

ITI—0 IT|—0 r
Thus, inequality (4) holds. Furthermore, by Lemma 8, the coefficient (f)r%s is the best
constant. This completes the proof of Theorem 3. g

5 Applications in space science

It is well known that there are nine planets in the solar system, i.e., Mercury, Venus, Earth,
Mars, Jupiter, Saturn, Uranus, Neptune and Pluto. In this paper, we also believe that Pluto
is a planet in the solar system. In space science, we always consider the gravity to the Earth
from other planets in the solar system (see Figure 3).

We can build the mathematical model of the problem. Let the masses of these planets
be myg, my,...,m,, where mg denotes the mass of the Earth and 1 < n < 8. At moment T,
in R3, let the coordinate of the center of the Earth be o = (0,0, 0) and the center of the ith
planet be p; = (pa, pi, pi3), and the distance between p; and o be ||p;l| = \/pZ + p} + p5,
where i =1,2,...,n. By the famous law of gravitation, the gravity to the Earth o from the

planets p1,ps,...,py is

n
L mipi
Fi=Gomo ) T2
i=1 !
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Figure 3 The graph of the planet system PS{P, m, B(g, r)}%.

where Gy is the gravitational constant in the solar system. Assume the coordinate of the
center of the sun is g = (g1,£2,¢3), then there exists a ball B(g,r) such that the planets
P1,P2,-..,pn move in this ball. In other words, at any moment, we have

pieBgr), i=12,...,n

where r is the radius of the ball B(g, r).

We denote by 0;; := Z(p;, p;) the angle between the vectors op; and (79;, where 1 <i #
j < n. This angle is also considered as the observation angle between two planets p;, p;
from the Earth o, which can be measured from the Earth by telescope.

Without loss of generality, we suppose that > 2, Gy =1, mg =1and ) ., m; =1 in this
paper.

We can generalize the above problem to an Euclidean space. Let [E be an Euclidean space.
For two vectors @ € E and 8 € E, the inner product of ¢, 8 and the norm of @ are denoted
by (a, B) and |a| = /{@, @), respectively. The angle between « and B is denoted by

(a, B)

/(a, B) := arccos ————— € [0, ],

lleell - 1B

where @ and B are nonzero vectors.
Let g € E, we say the set

B(g,r):={x€E||x—gll <r}
is a closed sphere and the set

S(g,7) := {x eEllx—gl = r}

is a spherical, where r e R, = (0, +00).

Now let us define the planet system and the A-gravity function.

Let E be an Euclidean space, the dimension of E dimE > 3, P = (py, p2,...,p,) and m =
(m1, my, ..., m,) be the sequences of E and R, ,, respectively, and B(g, r) be a closed sphere
in E. The set

PS{P,m,B(g, 1)}y, := {P,m,B(g,r)}
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is called the planet system if the following three conditions hold:
(HY) |lpill >0,i=1,2,...,n;
(H2) p;eBlgr),i=12,...,n
(H3) Y7 m;=1.
Let PS{P, m, B(g,r)}j; be a planet system. The function

mpi

F)LIEVI—)E,F)L(P)ZZW
pill*

i=1

is called a A-gravity function of the planet system PS{P, m, B(g, 1)}, and Fj is the gravity
kernel of Fy, where A € [0, +00).
Write

pi = pilles 0,j:= ZL(pi,pj) € [0, 7]; 0;:= L(pig) € [0, ].

The matrix A = [{(e;, €;)]1xn = [c0s8;j],1xx is called an observation matrix of the planet sys-
tem PS{P,m,B(g,n)}g, 0ij ( #i, 1 <i,j <n) and 6; (1 <i < n) are called the observation
angle and the center observation angle of the planet system, respectively. For the planet
system, we always consider that the observation matrix A is a constant matrix in this paper.

It is worth noting that the norm || Fy|| of the gravity kernel Fy = Fy(P) is independent of
llpLlls llp21ls - ., l|pall; furthermore,

0 <|lFoll =vVmAm® <1, (39)
where m? is the transpose of the row vector 1, and

mAm? = E m;m; cos 0

1<ij<n

is a quadratic.
In fact, from Fjy = ZL mie; and (e;, ej) = cos 6, we have that

0 < ||Foll = v/{Fo,Fo) = Z mim;{e;, e) =V mAmT;

1<ij<n

n
<> llmeill =1.
i=1

Foll =

n
E m;e;
i=1

Let PS{P, m, B(g, 1)} be a planet system. By the above definitions, the gravity to the Earth
o from n planets py, py, . .., p, in the solar system is F»(P), and ||F»(P)| is the norm of F,(P).
If we take a point g; in the ray op; such that ||E]>i | =1, and place a planet at g; with mass
m; for i =1,2,...,n, then the gravity of these # planets q1,¢5, . .., g, to the Earth o is Fo(P).

Let PS{P,m,B(g,1)}; be a planet system. If we believe that g is a molecule and
P1,P2 -, Py are atoms of g, then the gravity to another atom o from n atoms p1, pa, ..., pu
of g is F5(P).

In the solar system, the gravity of # planets py,p,,...,p, to the planet o is F>(P), while
for other galaxy in the universe, the gravity may be F, (P), where A € (0,2) U (2, +00).
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Let PS{P, m,B(g, r)}j; be a planet system. Then the function

n

fiE' >R A(P) =) i
= lpil

m;

is called an absolute A-gravity function of the planet system PS{P, m,B(g,r)}j, where A €
[0, +00).

Let P be a planetary sequence in the solar system. Then }kfz(P) is the average value of
the gravities of the planets py,pa, ..., p, to the Earth o.

Let P be a planetary sequence in the solar system. If we think that m; is the radiation
energy of the planet p;, then, according to optical laws, the radiant energy received by the
Earth o is cﬁ, i=1,2,...,n and the total radiation energy received by the Earth o is
¢f2(P), where ¢ > 0 is a constant.

By Minkowski’s inequality (see [28])
lx+yll < llxll + lIyll, Vx,y€E,

we know that if F; (P) and f; (P) are a A-gravity function and an absolute A-gravity function

of the planet system PS{P, m, B(g, r)}j, respectively, then we have
|E.(P)| </u(P), VA€ [0, +00). (40)

Now, we will define absolute A-gravity variance and A-gravity variance. To this end, we
need the following preliminaries.

Two vectors x and y in E are said to be in the same (opposite) direction if (i) x = 0 or
y =0, or (ii) x # 0 and y # 0 and x is a positive (respectively negative) constant multiple of y.
Two vectors x and y in the same (opposite) direction are indicated by x 1y (respectively

x|y
We say that the set S := S(0,1) is a unit sphere in E.
For each @ € S, we say that the set

M, :={y €El(y,a)=1}
is the tangent plane to the unit sphere S at the vector «. It is obvious that
yelly, & (y-o,a)=0 & aly-«a.
Assume that &, B € S, and that & + 8 # 0. We then say that the set
ap = {F op(0)|t € (—00,00)},

where

1-t)a+tp

For O e T
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are straight lines on the unit sphere S, and that the sets

[@B]:={F ap®)lr € [0,1]}, (@B]:={F op(0)It € (0,11},
[@B):={Fop@®lte(0, 1)},  (af):={Fas®)lt (0,1}

are the straight line segments on the sphere S, and that |af|| := Z(«, B) = arccos(w, B) is
the length of these line segments.

It is easy to see that o + 8 # 0 implies (1 —f)a + £ # 0. Thus, we may easily get the
existence and uniqueness of these line segments. Similarly, &« + 8 # 0 implies that ||« 8] €
(0, 7).

Assuming that y € I1, NIlg, and that &, B, y are linearly dependent vectors, we say that
y — a is the tangent vector to the line segment [ef) at «. By definition, we see that there
exist u, v € R such that

Yy =ua +vp.
Therefore

1=(y,a) =ula,a)+via,B)=u+vix,f),

1= (yrﬂ> = u(“!ﬁ) +V<ﬂ,ﬂ> = u(‘x’ﬂ) +v.
We infer from (e, 8) € (-1,1) that

1 o+f y-—«o B—{a, B

“1v@p) T Tiv@p) dy-al 1B wBlel

u=v

We define also the tangent vector of [ef8) at a by B — (a, B)a. The tangent vector § —
(e, B)ee enjoys the following properties: If y € (af), then

(y = (. y)e) 1 (B - (o, B)ex). (41)
In fact, there exists ¢ € (0,1) such that

1-ta+tp

PO e gl

Since (o, &) = 1, we see that

1-ta+tp 1-ta+tp
(y — (e, y)a) = 10=ta+ 8] <°" m>a
_ (- +tf—(a,(1-D)a + B
(1= 2)e + B
A -t + 8 - (e, A - e + 8]
=t(B - (o, B)ax)

T (ﬂ - (a,ﬁ)d).
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The angle between two line segments [af), [y ) on the unit sphere S is defined as

4([(¥ﬁ), [05)’)) = l(ﬁ - (“:ﬂ)“r}’ - (a’}’)a)'

If [@B), [By), [ya) are three straight line segments on the unit sphere S,and o ¢ By, B ¢
yo,y ¢ aff, then we say that the set Aafy := [aff) U [By) U [ya) is a spherical triangle.

Write A = Z([eB), [ay)), B = Z([By), [Be)), C = Z([ya),[yB)), a = By, b = llyel, c =
lleB]l. Then we obtain that

cosA = cos Z(B - (e, Bat, y — (o, y)ex)
__(B-laBloy —(a y)e)
1B — (e, B)ell - |y — (e, p)ex]]
_ (ﬁ:}’)‘(“:ﬂ)(%}’)
V1-(@,B)* 1- ()

cosa —cosbcosc

sinbsinc

Thus, we may get the law of cosine for spherical triangle

cosa =cosbcosc + sinbsinccos A. (42)
By (42) we may get the law of cosine for spherical triangle

cosA = —cosBcos C + sinBsin C cos a. (43)

By (42) we may get the law of sine for spherical triangle

sina sinb sinc

—=—=—. (44)

sinA sinB sinC
By cosA > -1, cosa <1 and (42)-(43), we get

a,b,ce(0,7), b+c>a,
or

Z(B,y) < L(y,a) + L(a, B), (45)
and

A,B,Ce(0,71), A+B+C>m. (46)

Lemma 9 Let E be an Euclidean space, let the dimension of E satisfy dimE > 3, and let
B(g,1) be a closed sphere in E. If || g|| > 1, then

1
max {/(e, = 2arcsin —. 47
a,ﬂeBcg,n{ () Il 47)
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Proof From o € B(g,1) we get

(¢ —g,a—g) <1,
leel> - 2(g, ) + llglI* <1,

@a) _ lel?+lgl? -1 _ gl -1

leellllgh = 2llelllighh = gl

cos Z(e,g) =
Thus,

1
/(ot,g) < arcsin —. (48)
¢ Il

Similarly, from B € B(g,1) we have

Z/(B,g) < arcsin IIgLII (49)

If we set

o B g
a* =TT ﬂ* = Ta0 * = TR
| B el

then a*,a*, g* € S. According to inequalities (48), (49) and (45), we get

Lo, B) = A(a*,ﬂ*) < Z(a*,g*) n é(g*,ﬂ*) _ é(ot,g) + Z(g,ﬂ) < 2arcsin @,

hence

1
Z(et, B) < 2arcsin el (50)

Now we discuss the conditions such that the equality in inequality (50) holds. From the
above analysis, we know that these conditions are:
() @ €B(g,1)and el = /[IgI? - 1;
(b) B eB(g1)and 8] =/llgl> -1
(c) g* € [a*B*] and Z(a*,g*) = Z(g*, B*) = arcsin H;_II'
From (a) and (b) we know that the condition (c) can be rewritten as

(c*) ”fg—” = ”Z:g” orgta+p.

Based on the above analysis, we know that the equality in inequality (50) can hold.

Therefore, equality (47) holds. The lemma is proved. d

It is worth noting that if PS{P, m, B(g,1)}}; is a planet system and ||g| > V2, according to
Lemma 9 and p;, p; € B(g, 1), then we have that

1 b4
0<6;=2Lpip) < Z(ee, B)} =2arcsin — < — 51
== 2un) = ugy | £} =2aresin gy = 5 )
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foranyi,j=1,2,...,n, and

A
2

|F.(P) mm,cos@,,( ) , (52)

1<12,;1 (AR

5

||F2(P |: Z mm,cos9,1< 2 2)j| , (53)

1<ij<1 llp: 111l p5]]

ji<
where

mm;cosb;; >0, ij=1,2,...,n (54)

Now, we will define absolute A-gravity variance and A-gravity variance.

Let PS{P,m, B(g,7)}j; be a planet system, and let the functions f; (P), F;.(P) be an absolute
A-gravity function and a A-gravity function of the planet system, respectively. We say the
functions

Var, (P) = Var; (p2m) = ——[£(P) f2 (P)], 0<r#2,

x(,\ 2)

and
. 8 IE@IN> [ IE®@)] *}
V P = - ) »
ar(P) x(x—%[(n&w)n) <||F0(P)||) 0<r72

are absolute A-gravity variance and A-gravity variance of the planet system, respectively,

where

p=(pil 2l lpall), 272 = (Il o2l 72 2l 7).

Let PS{P,m,B(g,1)}; be a planet system, and 0 < , i #2, A # (. By Lemma 2, we have

2
1 Var, (P) |*» 1
. 5[ an, )] < — . (55)
maxi<;<,{[|p:lI*} Var,, (P) min <;<p{[|p:l1*}
If gl = /2, according to (51)-(54) and Lemma 2, we have
2
1 Var (P) |*# 1
- 5[ arﬁ( )] < — o (56)
maxi<;<,{[lp:ll*} ~ | Var,(P) min<;<, {[|pill*}

Let P be a planetary sequence in the solar system, and the gravity of the planet p; to the
Earth o is F(p;), i =1,2,...,n. Then inequalities (55) and (56) can be rewritten as

mm{||F(pi)||}§[Vam<P)}W - max {HF(pi)n} )
1<i<n m; Var, (P) 1<i<n m;
and
- {nF( »n}i[Var:(P)}W - {|F<p } 55
I<isn|  my Var, (P) I<isn|  my

respectively.
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Let PS{P, m,B(g,1)}j; be a planet system. By Lemma 8, if A > u > 2, then

Var,(P) _ 1 s
— 22> 65 (P)] 2 59
Var,, (P) — )»[fZ( )] (59
IfA>p>2and|g| > V2, according to (51)-(54) and Lemma 8, we have
* A=t
Vari(P) . E[IIFZ(P)II] ’ (60)
Var',(P) ~ % L 1E @)

where the coefficient 1t/ is the best constant in (59) and (60).

Remark 6 For some new literature related to space science, please see [4] and [25].
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