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Abstract

We introduce k-Ricci curvature and k-scalar curvature on lightlike hypersurfaces of a
Lorentzian manifold. We establish some inequalities between the extrinsic scalar
curvature and the intrinsic scalar curvature. Using these inequalities, we obtain some
characterizations on lightlike hypersurfaces. We give some results with regard to
curvature invariants and S(ny, ..., nk)-spaces for lightlike hypersurfaces of a Lorentzian
manifold.

1 Introduction

In 1873, Schléfli conjectured that every Riemann manifold could be locally considered as
a submanifold of an Euclidean space with sufficient high codimension. This was proven
by Janet in [1], Cartan in [2]. Friedmann extended the theorem to semi-Riemannian man-
ifolds in [3]. Chen gave a relation between the sectional curvature and the shape operator
for an n-dimensional submanifold M in a Riemannian space form R”(c) in [4] as follows:

n-1

Ay > (c =0y, (L.1)
where Ay is a shape operator of M, ¢ = inf K # ¢ and I,, is an identity map. Also, Chen es-
tablished a sharp inequality between the main intrinsic curvatures (the sectional curvature
and the scalar curvature) and the main extrinsic curvatures (the squared mean curvature)
for a submanifold in a real space form R"”(c) in [5] as follows:

For each unit tangent vector X € T,M",

H*(p) > %{Ric(X) - (n-1)c}, (1.2)

where H? is the squared mean curvature and Ric(X) is Ricci curvature of M” at X.

In [6], Hong and Tripathi presented a general inequality for submanifolds of a Rieman-
nian manifold by using (1.2). In [7], this inequality was named Chen-Ricci inequality by
Tripathi.

In [8] and [9], Chen introduced a Riemannian invariant §(ny, ..., ng) by

8(ny,...,m) = t(p) —inf{ry, (p) + -+ + T, (D)}, (1.3)

where 7(p) is scalar curvature of M, ,(p) is j-scalar curvature, 7y,..., 7, run over all k
mutually orthogonal subspaces of T,M such that dimn; = n;,j = 1,..., k. In [10], the authors
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gave optimal relationships among invariant §(n;, ..., 1), the intrinsic curvatures and the
extrinsic curvatures.

Later, Chen and some authors found inequalities for submanifolds of different spaces.
For example, these inequalities were studied at submanifolds of complex space forms in
[11-13]. Contact versions of Chen inequalities and their applications were introduced in
[7,14-16]. In [17], Tripathi investigated these inequalities in curvature-like tensors. Fur-
thermore, Haesen presented an optimal inequality for an m-dimensional Lorentzian man-
ifold embedded as a hypersurface on an (m + 1)-dimensional Ricci-flat space in [18]. The
authors in [19] proved an inequality using the extrinsic and the intrinsic scalar curva-
ture in a semi-Riemannian manifold. In [20], Chen introduced space-like submanifolds
(Riemannian submanifolds) of a semi-Riemannian manifold.

As far as we know, there is no paper about Chen-like inequalities and curvature invari-
ants in lightlike geometry. So, we introduce k-plane Ricci curvature and k-plane scalar
curvature of a lightlike hypersurface of a Lorentzian manifold. Using these curvatures,
we establish some inequalities and by means of these inequalities, we give some charac-
terizations of a lightlike hypersurface on a Lorentzian manifold. Finally, we introduce the
curvature invariant §(ry, . .., ng) on lightlike hypersurfaces of a Lorentzian manifold.

2 Preliminaries

Let (M,3) be an (# + 2)-dimensional semi-Riemannian manifold and M be a lightlike hy-
persurface of M. The radical space or the null space of T,M, at each point p € M, is a
one-dimensional subspace Rad T, M defined by

Rad T,M = {& € T,M : g,(£§,X) = 0,VX € T,M}. (2.1)

The complementary vector bundle S(TM) of Rad TM in TM is called the screen bundle
of M. We note that any screen bundle is non-degenerate. Thus, we have

TM = Rad TM L S(TM), (2.2)

where | denotes the orthogonal direct sum. The complementary vector bundle S(7TM)*

of S(TM) is called screen transversal bundle and it has rank 2. Since Rad TM is a lightlike
subbundle of S(TM)", there exists a unique local section N of S(TM)* such that

The Gauss and Weingarten formulas are given, respectively, by

VyY = Vi Y + h(X, Y),
- (2.4)
V)(N = —ANX + V)t(N

for any X, Y € ['(TM), where VxY,AxX € T'(TM) and h(X,Y), ViN € [ (Ite(TM)). If we
put B(X,Y) =g(h(X,Y),§) and t(X) = g(V4N, §), then (2.4) become

VyY = VyY + B(X, V)N,

VN = —AxX + T(X)N,
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where B and Ay are called the second fundamental form and the shape operator of the
lightlike hypersurface M. The induced connection V on M is not metric connection but
V is torsion free [21].

If B = 0, then the lightlike hypersurface M is called totally geodesic in M. A point p e M
is said to be umbilical if

B(X,Y), = Hg,(X,Y), VX,Y€T,M,

where H € R. M is called totally umbilical in M if every point of M is umbilical [21].
The mean curvature u of M with respecttoan {ey, ..., e,} orthonormal basis of I (S(TM))
is defined in [22] as follows:

tr(B) 1 —
p=——"==" eBle,e),  glee)=¢ (2.6)
" "

Let P be a projection of S(TM) on M. From (2.2), we have

VxPY = ViPY + h(X,PY)
=ViY +C(X,PY)E, X,Y eT(TM), 2.7)
Vi€ = A X - t(X)§, (2.8)
where ViPY and A7X belong to I'(S(TM)). Here V*, C and Aj are called the induced
connection, the local second fundamental form and the local shape operator on S(TM),

respectively.
From (2.5) and (2.7) one has

B(X,Y) =g(AiX,Y), (2.9)
C(X,PY) = g(ANX, PY). (2.10)
Using (2.9) we have

B(X,§)=0, XeI(TM|y).

A lightlike hypersurface (M, g) of a semi-Riemannian manifold (AN/I,:g') is called screen lo-
cally conformal if the shape operators Ay and A} of M and S(TM), respectively, are related
by

AN = QAL (2.11)

where ¢ is a non-vanishing smooth function on a neighborhood U on M [23]. In particular,
M is called screen homothetic if ¢ is a non-zero constant.

We denote the Riemann curvature tensors of M and M by R and R, respectively. The
Gauss-Codazzi type equations for M are given as follows:

Z(RX,Y)Z,PU) = g(RX, Y)Z,PU) + B(X,Z)C(Y, PU)

~ B(Y,Z)C(X, PU), (2.12)
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Z(RX,Y)Z,€) = (VxB)(Y,Z) - (VyB)(X, Z) + B(Y, Z)t(X) - B(X, Z)t(Y), (2.13)
Z(RX,Y)Z,N) = g(R(X,Y)Z,N), (2.14)
Z(RX, Y)PZ,N) = (VxO)(Y,PZ) - (VyC)(X, PZ)
+1(Y)C(X, PZ) - 1(X)C(Y, PZ) (2.15)
forany X,Y,Z,U € T(TM) [21].

Let p € M and IT = sp{e;, ¢;} be a two-dimensional non-degenerate plane of T,M. The

number

_ g(R(ej,e)ei €)
gle; ei)g(e/, ej) —-gle;, ej)2

U

is called the sectional curvature at p € M. Since the screen second fundamental form C
is not symmetric, the sectional curvature Kj; of a lightlike submanifold is not symmetric,
that is, Kj; # Kj;.

Let p € M and & be a null vector of T,M. A plane IT of T,M is called a null plane if it
contains & and e; such that g(¢,e;) = 0 and g(e;, ¢;) # 0. The null sectional curvature of T
is given in [24] as follows:

ot _ SR 61 )
' oleie)

The Ricci tensor Ric of M and the induced Ricci type tensor R? of M are defined by

Ric(X,Y) = trace[Z — R(Z,X)Y}, VX,Y e [(TM),

(2.16)
RO2(X,Y) = trace{Z — R(Z,X)Y}, VX,Y e [(TM).
Let {ey,...,e,} be an orthonormal frame of I'(S(TM)). In this case,
n
ROD(,Y) = Y eig(Riey X)Y ) +E(RE XY, N), @)

j=1

where &; denotes the causal character (1) of a vector field e;. Ricci curvature of a light-
like hypersurface is not symmetric. Thus, Einstein hypersurfaces are not defined on any
lightlike hypersurface. If M admits that an induced symmetric Ricci tensor Ric and Ricci
tensor satisfy

Ric(X,Y) =kg(X,Y), VX, Y eTD'(TM), (2.18)

where k is a constant, then M is called an Einstein hypersurface [23].
Let M be a lightlike hypersurface of a Lorentzian manifold M, replacing X by £ and using
(2.12), (2.13) and (2.14)

R(O;Z)(ég-,é:) = Zg(R(Ej, £)E, €j) —E(R(S»é)S»N)

j=1

=D K (2.19)
1
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Thus, we have

3 ROV (e, e) = Z[Z g(R(e/,ei)ei,ej)} + > Z(RE, e)eiN). (2.20)
i=1

i=1 | j=1 i=1
Adding (2.19) and (2.20), we obtain a scalar 7 given as follows [25]:

n

T =R, 8)+ Y RO (e, e)

i=1

n n
=Y K+ Y KM+ K, (2.21)
i=1

ij=1
where Kin = g(R(&,e;)e;, N) fori € {1,...,n}.

3 k-Ricci curvature and k-scalar curvature
Let M be an (n + 1)-dimensional lightlike hypersurface of a Lorentzian manifold M and let
{e1,...,e,, &} be a basis of I'(TM) where {ei,...,e,} is an orthonormal basis of I'(S(TM)).
For k < n, we set my¢ = spley,...,ex, &} is a (k + 1)-dimensional degenerate plane section
and i = spfey, ..., ex} is a k-dimensional non-degenerate plane section.

We say that k-degenerate Ricci curvature and k-Ricci curvature at unit vector X €
['(TM) are as follows:

k
Ricy, , (X) = R®P(X, X) = Z 2(R(e, X)X, &) +Z(R(E, X)X, N), (3.1)
j=1
k
Ricx, (X) = RO (X, X) = Y~ g(R(ej, X)X, ), (3.2)
j=1

respectively. Furthermore, we say that k-degenerate scalar curvature and k-scalar curva-

ture at p € M are as follows:

k k
Tre0) =) _Kyj+ Y K™+ Kiy, (3.3)
ij=1 i=1
k
T (p) =Y Ky, (3.4)
ij=1

respectively. For k = 2, IT; ¢ = sp{e;, £}, then we have
RiCl‘ng (el) = I<1N!
and

tm, (p) = K"+ Ky
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For k = n, m, = sp{ey,...,e,} = ['(S(TM)), then

n
RiCs(TM)(el) = RiC;—;,1 (61) = Zl(lj = I<12 S I(ln, (35)
j=1
and
Tseram (p) = ZK’;% (3.6)
ij=1

We say that screen Ricci curvature and screen scalar curvature are Ricgiran(e;) and

Ts(rm) (), respectively. From (2.12) we can write

Ts(rmy (P) = Tsrmy (p) + Z B;;C; — B;iCj;, (3.7)

ij=1

where B = B(e;, ) and Cjj = Cle;, ) for i,j € {1,...,n}.
Also, the components of the second fundamental form B and the screen second funda-

mental form C satisfy

n 1 n n
ZBijCji =3 {Z(Bij +Ci) - Z(Bij)Z +(Cp)? }, (3.8)

ij=1 ij=1 ij=1

and
2 2 2
ZB”C/} = %{ (Z Bii + C”> - (Z B”> - (Z C}/) } (39)
if bj i J

Theorem 3.1 Let M be an (n+1)-dimensional lightlike hypersurface of a Lorentzian man-
ifold M. Then:

(@)

~ 1
zs(rn (p) = Ts(ran (p) + nps(trace Ay) + - > (B - G (3.10)
i

The equality holds for all p € M if and only if either M is a screen homothetic lightlike
hypersurface with ¢ = =1 or M is a totally geodesic lightlike hypersurface.

(b)

~ 1
stown () = Tsirn () + npaltrace An) = = 3 (B + i), (3.11)
i

The equality holds for all p € M if and only if either M is a screen homothetic lightlike
hypersurface with ¢ =1 or M is a totally geodesic lightlike hypersurface.
(c) The equalities case of (3.10) and (3.11) hold at p € M if and only if p is a totally

geodesic point.

Page 6 of 18
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Proof Using (3.7) and (3.8), we get

- n 1 n
Ts(ran) (B) = Ts(rm) (P) + ZBiiij -3 Z B + Cjp)? Z(Bz;)2 (Ci)™. (3.12)

ij=1 ij=1 z/ 1

Since
1 1 1
5 (Bj+ G = 1By + G + L (By - G,

then
n

D B+ Ci)* + Y (By)* +(Ci)

ij=1 ij=1

=—= Z Bj+ Ci) Z(B,, Gi)’. (313)

ij
If we put (3.13) in (3.12), we obtain
- “ 1 1
Ts(rmy (P) = Tsermy (p) + ;Bucjj ) lXj:(Bij +Ci)* + 1 %:(Bij -Ci)% (3.14)

which yields (3.10) and (3.11). From (3.10), (3.11) and (3.14) it is easy to get (a), (b) and (c)
statements. O

Corollary 3.2 Let M be an (n +1)-dimensional lightlike hypersurface of a Lorentzian space
form ]VI(C). Then:

(a)

1
Tsermy (@) < n(n —1)c + nu(trace Ay) + — Z(B,, C,l)2 (3.15)
ij

(b)

1
ws(ran (p) = (n = 1)e + npu(trace Ay) = - > (B + Ci)*. (3.16)

Corollary 3.3 Let M be an (n + 1)-dimensional screen homothetic lightlike hypersurface of
a Lorentzian space form M (¢). Then:

(a)

s (p) < n(n—1)c+ n*p® + (‘”; D Z(Bi;)? (3.17)
19

(b)

wseo (p) = n(n —1)e + pn’p’ - == Z(Bl,)z. (3.18)

Page 7 of 18
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Theorem 3.4 Let M be an (n +1)-dimensional lightlike hypersurface of a Lorentzian man-
ifold M. Then

~ 1 — 1
s (B) < Tseran (p) + E(traceA)2 - E(tfaCGAN)Z

1 1
— 5 2By Gt L ) By = G, (3.19)
ij i
where

Bu+Cy Bp+Cy -+ By +Cy

_ | Bu+Ca Bp+Cy -+ By +Cp
A= . . (3.20)

Bnl + Cln Bn2 + C2n e Bnn + Cnn

The equality of (3.19) holds for all p € M if and only if M is minimal.

Proof From (3.14) and (3.9) we get
1 2 2 2
wscrun) () = Tscran (P) + { (ZBii * C/’/’) - (ZBH) - (Z C//) }
i i j

1 1
=5 Z(Bij +GCi)* + 1 Z(B,; -Gy, (3.21)
ij

ij

which implies (3.19).
The equality of (3.19) satisfies then

ZB”» =0. (3.22)

This shows that M is minimal. O
By Theorem 3.4 we get the following corollaries.

Corollary 3.5 Let M be an (n+1)-dimensional lightlike hypersurface of a Lorentzian space
form M(c). Then

1 — 1
Ts(ran(p) < n(n—1)c + E(traceA)2 - E(traceAN)2

1 1
-3 > B+ Ci)* + 2 > By - Ci), (3.23)
ij ij

where A is equal to (3.20). The equality of (3.23) holds for all p € M if and only if M is
minimal.

Page 8 of 18
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Corollary 3.6 Let M be an (n +1)-dimensional screen homothetic lightlike hypersurface of
a Lorentzian manifold M. Then

- (29 +1) (@* + 69 +1)

st (p) < T (p) + s - L S (B (3.24)
i

The equality of (3.24) holds for all p € M if and only if M is minimal.

Now, we shall need the following lemma.

Lemma 3.7 [26] Ifay,...,a, are n-real numbers (n > 1), then

n 2 n
1 2
- (Z ai> < Zai, (3.25)
i=1 i=1
with equality if and only ifay = - - - = a,,.

Theorem 3.8 Let M be an (n+1)-dimensional (n > 1) lightlike hypersurface of a Lorentzian
manifold M. Then

n-1 — 1
- (trace A)? — 3 {(trace An)® + n*u?}

s (B) < Tseran () +

1 1
L ;(Bti -G -3 %:(sz + G, (3.26)

where A is equal to (3.20).
The equality case of (3.26) holds for all p € M if and only if nju = —trace An.

Proof From (3.21)
~ 1 A)2 2 2,2 1 2
Tscran () = Tsran () + {(trace A) — (trace An)* — n*p*} - 5 D (Bii+ Ci)

1 1
=5 2B+ Gy’ + o 3 (B Gi)’. (3:27)
i ij

Using Lemma 3.7 and equality (3.27), we have
1 — 1 >
sy (P) < Ts(zan (@) + 2 {(trace A)* — (trace Ay)* - n*pu*} - o (ZBii + Cu')

1 1
-3 Z(Bij +Ci)* + 2 Z(Bz’j -Ci)% (3.28)
7 i

which implies (3.26).
The equality case of (3.26) satisfies then

By +Ciu=--- =By + Cun. (329)
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From (3.29) we get

Q1-m)By+By+--+By, +(1-nC1+Cypp+---+Cp, =0,

Bu+(1—l’1)322+"'+Bnn+C11+(1—VI)C22+"'+C,M:0,

Biu+By+--+(1-nBy+Cii+Cop+---+(1-nC,, =0.
By the above equations, we obtain
(n-1)%- (trace Ay + ) = 0. (3.30)
Since n #1, nu = —trace Ay. O
From Theorem 3.8 we get the following corollaries.

Corollary 3.9 Let M be an (n + 1)-dimensional (n > 1) lightlike hypersurface of a
Lorentzian space form M(c). Then

1 — 1
" (trace A)? — 5 {nz,u2 + (traceAN)z}
n

Tserany(p) < n(n—1)c +

1 1
*a Z(Bij -G’ - 3 Z(Bi/ +GCi)?, (3.31)
ij i
where A is equal to (3.20).
The equality case of (3.31) holds for all p € M if and only if nu = —trace Ay.

Corollary 3.10 Let M be an (n + 1)-dimensional (n > 1) screen homothetic lightlike hyper-

surface of a Lorentzian manifold M. Then

~ (p+1)?
Tsran (P) < Tsran (p) + on* pu® — 5 np’

+ @ > (Ba) - W++D > By (3:32)
i i#

The equality case of (3.32) holds for all p € M if and only if either ¢ = -1 or M is minimal.

4 Curvature invariants on lightlike hypersurfaces
Definition 4.1 For an integer k > 0, let S(n, k) be the finite set which consists of k-tuples
(my,...,ng) of integers > 2 satisfying n; < mand n; + - - - + nx < n. Denote by S(n) the set of
all unordered k-tuples with k > 0 for a fixed positive integer 7.

For each k-tuple (ny,...,n;) € S(n), the two sequences of curvature invariants S(n;, ...,
ng)(p) and Stm, ..., ni)(p) are defined by, respectively,

S(my,...,ne)(p) = inf{t(l’[,,l) oot r(l'[nk)},

S(ny, ..., m)(p) = sup{t(l’I,,l) oot r(l'[nk)},

Page 10 of 18
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where I1,,,...,I1,, are k-dimensional mutually orthogonal subspaces of T,M such that
diml'[,,/. =njj=1,...,k

8(my,...,m)p) = 1(p) = S(ny, ..., m)(p),
S\(nl)“'rnk)(p) = T(p) - S(”l’---:”lk)(P)-

~

We call a lightlike hypersurface an S(ny, ..., ng) space if it satisfies S(ny, ..., nx) = S(ny, ...,
nk).

Theorem 4.2 Let M be a lightlike hypersurface of an (n + 2)-dimensional Lorentzian man-
ifold M. Then M is an S(n) space if and only if the scalar curvature of M is constant.

Proof Let {ey,...,e,} be an orthonormal frame of I'(S(TM)). Let us choose n-dimensional
plane sections such that

77:}’11—1,5 = Sp{eZ) ceer €y s} C TPM’

nr};l—l,é‘ = Sp{elr ceer€y-1s %‘} C TPM’

7, = spley,...,e,} C T,M.

Thus, from (3.3) and (3.4), we obtain

n
T, (0)= ) K+ K™+ Ky,
ij=2

n-1

i
T (D)= ) Ky + K™ + Ky,
ij=1

o, () = Y Kij = Tz (p)-

ij=1
If M is an S(n) space, then we can write

T (p) = t(p) - Ric(e) - K = ¢,

Tp-1,€

T, (p) = 7(p) — Ric(e,) - KM = ¢,

n
T, (p) = T(p) - ZK;“’” +Kyn=c
i=1
Therefore, we have

Ric(er) + K = -+ =Ric(e,) + K™ = Y " K™ + Kiy. (4.1)
i=1
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From (4.1) we get
n
Rics(zan (er) + -+ + Ricsran (en) = (1= 1) Y K + K. (4.2)
i=1

Using (4.2) we have

5o (p) = (1 = 1) (1 (p) - Ts2a0) @)

Thus, we obtain
92
(p) = (—”)c (4.3)
1-n

which shows that 7(p) is constant, which completes the proof. d

Remark 4.3 We note that if an #-dimensional non-degenerate manifold is an S(») space,
then it is an Einstein space (see [10]). On the other hand, if a degenerate hypersurface of
a lightlike hypersurface is an S(n) space, then it has constant scalar curvature. Thus, the
curvature invariants on degenerate submanifolds give different characterizations from the
curvature invariants on non-degenerate submanifolds.

Keeping in view (4.2), we get the following corollary immediately.

Corollary 4.4 Let M(c) be an n-dimensional lightlike hypersurface with constant sectional
curvature c. M(c) is an S(n) space if and only if Y Kix = 0.

Now, we prove the following.

Theorem 4.5 Let M be a lightlike hypersurface of an (n + 2)-dimensional Lorentzian man-
ifold M. If M is an S(j) space for 2 < j < n, then M is also S(j + 1) space.

Proof For the proof of the theorem, we use the induction method. Firstly, we show that the
claim of the theorem is true for j = 2. Suppose that M is an S(2) space. Let us choose any
two-dimensional plane sections of T,M as l'lig = sp{e1, &}, [y = {e1, ez}, Hf,é = sp{ex, &}.
In that case,

() = K™ + Ky = ¢,

Tn2 (p) = I<12 + 1(21 =,
Tz, (p) = K" + Koy = c.
Now, let us choose three-dimensional plane sections of T,M as m3 = sp{ey, ez, e3}, 7121’é =

sp{e1, ez, &}. If we show that Tl (p) = Tny (p) = constant, then M is an S(3)-space

2
T.1 (p) = ](12 + ]<21 + Zl(inu” + I(,N

Ty
i=1

=3¢,
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and

'L'ﬂ3 (p) = [(12 + I<21 + 1(13 + 1<31 + 1(23 + K32
= 3c.
Therefore, M is an S(3) space.
Now, we show that the claim of the theorem is true for n = k.

Let us choose any k-dimensional plane sections of T,M as ”11—1,5 = sples, e3,...,ex &},

77/371,5 = sp{el,eg,.,.,ek,é},...,7'[,‘;‘71’S =spfe, ez, ...,ex1,&}, mx = spler, €2, ...,ex}. Then

k k
)
T, )= D K+ Y KM+ K,

ij=2 i=2
k-1 k-1
T )= D K+ Y KM+ K,
ij=1 i=1
k
T (p) = Y K.
ij=1

From the above equations, we have
k
2c
K™y Koy = ——.
21: i N k-1

Let us choose (k + 1)-dimensional plane sections of T,M as mi¢ = splei,...,ex &}, T =

spfet,...,ek exs1}, then

k
T ) =) _Ky+ Y KM+ Kiy
1

ij=1 i=

_ 2c k+1 (4.4)
_c+—k_1_ o1 c. .

Using in a similar way a special case j = 2, we obtain

k+1
Trpa (p) = (m) C. (4.5)
From (4.4) and (4.5) M is an S(k + 1) space. O

Theorem 4.6 Let M be a lightlike hypersurface of an (n + 2)-dimensional Lorentzian man-
ifold M. Let {e1,...,en, &} be an orthonormal basis of p € M. If M is an S(n — 1) space, then
Ric(e;) = - - - = Ric(e,) = constant and K[! = ... = Kl

Proof Let Mbean S(n—1) spaceand n;_z’é =spfes,...,ey1,&} 773_2,5 =spley,es,...,e,1,E},
. n;jzl,s =sp{ey, e,...,e4-2,€}, -1 = spley, €z,...,€,1} be (n—1)-dimensional plane sec-
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tions of T,M. Then

T, (p) = (p) — Ric(e;) — Ric(e,) — Kl"”” - K;’”” =c,

7.2 (p) = 7(p) — Ric(ey) — Ric(e,) — Kf’"” - K:M” =c

-1 (p) = t(p) — Ric(e,_1) — Ric(e,) - K;’f{l - K;’”” =,

n
Tr,, (p) = T(p) — Ric(e,) — ZK[’”” +Kin=c

i=1

If we sum the above equations side to side and take into consideration Theorem 4.5, we

have
n n-1
Ric(e;) + - - - + Ric(e,) + (n — 1) Ric(e,) + ZKZ“‘” + ZK[’”H + Ky = constant.
i=1 i=1
Therefore, we obtain
n n-1
Ricgeran(er) + - - - + Ricgeran (en) + (n — 1) Ric(e,) + Zl(i’”‘” + Kin + ZI([”‘” + Ky
i=1 i=1

= constant.

Taking into account upper equations, we get

tsran) (p) + (n — 1) Ric(e,) + T(p) = Ts(7an) (p) + T,y (P) — T, (p) = constant,

where m,_1: = splei,...,e,1,€} and m,_; = spley,...,e,-1}. Using Theorem 4.2 and The-
orem 4.5, we obtain Ric(e,) = constant. In addition to this, from (4.1), Theorem 4.2 and
Theorem 4.5, we have K" = ... = K" which completes the proof of the theorem. [J

In [25], Duggal restricted a lightlike hypersurface M (labeled by M°) of genus zero with
screen distribution S(7M)°. He denoted this type of a lightlike hypersurface by C[M°] =
[(MO,g°, S(TM))] a class of lightlike hypersurfaces of genus zero such that

(@) MP admits a canonical screen distribution S(TM)° that induces a canonical lightlike

transversal vector bundle N?,
(b) M° admits an induced symmetric Ricci tensor, denoted by Ric®.
From above information, we get the following theorem immediately.

Theorem 4.7 Let M°, a member of CIM°], be an (2n + 1)-dimensional lightlike hypersur-
face of a Lorentzian manifold M. If M is an Einstein hypersurface, then

n 2n
Ty (0) = Ty, () = DK = D KM, (4.6)
i=1 i=n+l

where 7,.¢ is any (n +1)-dimensional null section of T,M° and nig denotes the orthogonal
complement 1,z in T,M°.
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Proof Let us choose an orthonormal basis {ey,...,ey,} at p such that m,¢ is spanned by

{e1,...,eq, &}. If MO is an Einstein hypersurface, then the Ricci curvature of M satisfies
Ric(e;) + - - - + Ric(e,) = Ric(e, 1) + - - - + Ric(eyy,).

From (2.17) we have

n 2n n 2n  2n 2n
YN K+ Y Kiv=) > Kj+ Y Ku,
i=1 j=1 i=1 i=n+1 j=1 i=n+1
so, we get

anl(ij + XW:KZN = Xn: K + Xn: Kin,
i1

ij=1 hj=n+1 i=n+l
which is equivalent to (4.6). g

Now, we introduce these invariants as some special cases, and we get interesting char-

acterizations on lightlike hypersurfaces as follows.

Theorem 4.8 Let M be an S(ny, n1)-space. Then:
(a) Ifm =2, then M is an S(3)-space.
(b) If m #2, then M is not necessary an S(m + 1)-space. If

ny
Z Ki"“” + K;y = constant,
i=1

then M is an S(n; + 1)-space.

Proof (a) m =2, let us choose any two-dimensional plane sections of T,M as H}’s =

splen, &}, T3, = sple, &}, T = sp{er, e2). Then

Ty, () = K™ 4 Koy,
Tz, (p) = K5 + Ko,

711, (p) = I<12 + 1(21.

If M is an S(2,2) space, then

2
i
r“{,g (p) + TH%E (p) = Zl:l(i’"‘ + KN =¢,
-

TH}S(‘U) + T, (p) = Kig + K + K{’”” +Kiny=¢,

T2, (P) + T, (p) = Ko + Ko + K3+ Ky = .
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From the above equations, we have

)= 5 47)

where 7y ¢ = sp{e, e,&} is a three-dimensional null plane section of T,M.
Now, let us choose any two-dimensional plane sections of T,M as IT} = spley, e}, IT3 =

sp{ei,es}, l'[g = sp{ey, e3}. Since M is an S(2,2)-space, we can write

Kip + Ky + Ki3 + K31 + Ko + Ksp + Kip + Ko + Ki3 + K31 + Koz + K3p = 27(73) = 3c.
Therefore,

o) = (@8)

where 3 = sp{e;, ey, e3} is a three-dimensional non-degenerate plane section of T,M.
From (4.7) and (4.8) we see that M is an S(3)-space.

(b) We show that the claim of the theorem is true for n; = 3. Let us choose any
three-dimensional plane section of T,M as 7121,5 = sp{ey, e2,&}, ”225 = sp{ey, e3,€}, ”235 =
sp{er, es, &}. If M is an S(3, 3)-space, then

2,6

3c= 2(77,%)5 v +1,2 (p)+ T3, ®)

3
=270, (p) +2 ) K™+ Kin, (4.9)
i=1

where 3¢ = sple;, ey, e3,&} C T,M. Consider (4.9), we obtain the proof of (b) condition is
true. O

The proof of a general case has been seen using the same way as the special case 7; = 3.

Theorem 4.9 Let M be a (2n +1)-dimensional lightlike hypersurface of a Lorentzian man-
ifold M.

(a) Ifinf{z(m,) + T(mys1)} > O, then T(p) > 0.

(b) Ifsup{t(m,) + t(ys1)} <O, then t(p) < 0.

Proof Let T,M = spfey,...,ex,,&}. We suppose that inf{z(r,) + 7(7,.1)} > 0. By straight-

forward computation, we have

2n
C@n-2,n-2)+C2n-2,mtsam(p) + C@n-1Ln-1) > K" + Ky >0,  (4.10)

i=1
and
2n

C@2n—-2,n-3)+C(2n—2,n - 1)t (p) + C(2n,n) Z[([‘”” + K > 0. (4.11)
i=1
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Summing up (4.10) and (4.11), we get

2n
C@n,n)tsern(p) + C(2mn) Y K™ + Ky > 0, (4.12)

i=1

which shows that C(2#, n)t (p) > 0. Therefore, T (p) > 0 which is a proof of the statement (a).
Now, we suppose that sup{z(w,) + 7(7,;1)} > 0. Following a similar way in the proof of
statement (a), we have

2n
C@n,n)Tsen(p) + C(2mn) Y K™ + Kiy <0, (4.13)
i=1

which shows that C(2n,1n)7(p) < 0. Therefore 7(p) < 0, which is a proof of the state-
ment (b). O
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