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Abstract

Let {X,;, 1 <i<n,n> 1} be an array of random variables with EX,; = 0 and £|X,;|7 < 0o
for some g > 1. For any sequences {a,,n > 1} and {b,,n > 1} of positive real numbers,
sets of sufficient conditions are given for complete gth moment convergence of the
form 302, bya, E(maxi <k<n | Z,vk:1 Xnil —€an)] < 00, Ve > 0, where x, = max{x,0}.
From these results, we can easily obtain some known results on complete gth
moment convergence.

Keywords: complete convergence; complete moment convergence;
L9-convergence; dependent random variables

1 Introduction
The concept of complete convergence was introduced by Hsu and Robbins [1]. A sequence
{X,;, n > 1} of random variables is said to converge completely to the constant 6 if

o]

ZP(an—0| >€)<oo foralle>O0.

n=1

Hsu and Robbins [1] proved that the sequence of arithmetic means of i.i.d. random vari-
ables converges completely to the expected value if the variance of the summands is finite.
Erdos [2] proved the converse.

The result of Hsu, Robbins, and Erdos has been generalized and extended in several
directions. Baum and Katz [3] proved that if {X,,n > 1} is a sequence of i.i.d. random
variables with EX; = 0, E|X1|P* < 00 (1 < p <2, t > 1) is equivalent to

i n”P(

n=1

>x

i=1

> enl/p> <oo foralle>0. 1.1)

Chow [4] generalized the result of Baum and Katz [3] by showing the following complete
moment convergence. If {X,,,n > 1} is a sequence of i.i.d. random variables with EX; =0
and E(|X1|P* + | X1]log(1 + |X1])) < 0o for some 0 < p < 2, t > 1, and pt > 1, then

k

>

i=1

o0
Z 2P E[ max

1<k<n
n=1

- enl/”> <oo foralle >0, 1.2)
+

where x, = max{x, 0}. Note that (1.2) implies (1.1). Li and Spétaru [5] gave a refinement of
the result of Baum and Katz [3] as follows. Let {X,,,n > 1} be a sequence of i.i.d. random
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variables with EX; =0, andlet0<p<2,t>1,¢4>0, and pt > 1. Then

E|Xj|?7< 00 ifg > pt,
E|X1|P log(1 + |X1]) < 00 if g = pt, (1.3)
E|X1JP* < o0 if g < pt,

if and only if

>

n
i=1

/OO i nt_2P<
€ n=1

Recently, Chen and Wang [6] proved that for any g > 0, any sequences {a,,n > 1} and

> xl/qnl/”> dx <oo foralle>0.

{b,, n > 1} of positive real numbers and any sequence {Z,, n > 1} of random variables,

/ Zb,,P(|Z,,|>x1/qan)dx<oo foralle >0

n=1

and

Z bna;qE(lz,,l - ea,,)z <oo foralle >0,

n=1

are equivalent. Therefore, if {X,,, n > 1} is a sequence of i.i.d. random variables with EX; = 0
and 0<p<2,t>1,¢>0,and pt > 1, then the moment condition (1.3) is equivalent to

>x

i=1

00
Z nt2q/pE<

n=1

q
- enl/p> <oo foralle>0. (1.4)

+

When g = 1, the complete gth moment convergence (1.4) is reduced to complete moment
convergence.

The complete gth moment convergence for dependent random variables was estab-
lished by many authors. Chen and Wang [7] showed that (1.3) and (1.4) are equivalent
for ¢-mixing random variables. Zhou and Lin [8] established complete gth moment con-
vergence theorems for moving average processes of ¢-mixing random variables. Wu et al.
[9] obtained complete gth moment convergence results for arrays of rowwise p -mixing
random variables.

The purpose of this paper is to provide sets of sufficient conditions for complete gth
moment convergence of the form

q
- ean) <oo foralle >0, 1.5)

+

00 k

E b,a,’E| max E Xy
1<k<n|%

n=1 i=1

where g > 1, {a,,n > 1} and {b,,n > 1} are sequences of positive real numbers, and
{X,i,1 <i<mn,m>1}is an array of random variables satisfying Marcinkiewicz-Zygmund
and Rosenthal type inequalities. When g = 1, similar results were established by Sung [10].
From our results, we can easily obtain the results of Chen and Wang [7] and Wu et al. [9].
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2 Main results
In this section, we give sets of sufficient conditions for complete gth moment convergence
(1.5). The following theorem gives sufficient conditions under the assumption that the

array {X,;,1 <i < n,n > 1} satisfies a Marcinkiewicz-Zygmund type inequality.

Theorem 2.1 Let1 < g <2 and let {X,;,1 <i < n,n> 1} be an array of random variables
with EX,; = 0 and E|X,;|7 <00 for1 <i<mnandn > 1. Let {a,,n > 1} and {b,,n > 1} be
sequences of positive real numbers. Suppose that the following conditions hold:

(i) forsomes (1 < q<s<2),there exists a positive function o(x) such that

k N

Z(X;u'(x) - EX:’u'(x))

i=1

E max
1<k<n

< ay(n) ZE|X;i(x)|S foralln>1and x>0, (2.1)
i-1

where X),,(x) = Xyl (|1 Xi) < &) + 2V (X5 > xM9) — 2V (X5 < —x17),
(i) 0% buat ors(m) Yo ENXil 11 Xowi] < @) < 00,
(iif) Y071 buan” (1 + 0ts(m)) 3o ENXoil A (1 Xoni| > @) < 00,
(iv) 27y EIXill(1Xil > an)lan — 0.
Then (1.5) holds.

Proof 1t is obvious that

1<k<n

oo
Z bya'E ( max
n=1

k q
E Xl — ea,,)
i=1 +

o) 00 k
= bua,? / P( max
0 1<k<n
n=1

ZXm'

i=1

o0 q
an
< E bya? / P| max
0 1<k=n

> €dy, + xl/q> dx

o0
>eay, | dx+ P| max
al 1<k=<n

k

Z Xm'

i=1

k

Z Xm'

> x”q) dx}

We first show that I; < 00. For 1 <i <wn and n > 1, define

X;,,' = Xnil(|Xm'| = an) + unI(Xm' > 6{,,,) - unI(Xni < —61,,), X, = Xni - X,

ni*

Then we have by EX,,; = 0, Markov’s inequality, and (i) that

k
P(lrgkaﬁxn ;Xm- > ean>
k
= P<1r£]f1§xn ;(X;i —EX); + X);; — EX;)| > eay,)
k k
§P<1réll?§xn ;(X;,i -EX))|> ean/2> +P<1ré1ka§xn ;(Xgi - EX))| > ea,,/2>
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s

k

Z(X;u‘ - EXy)

i=1

k

+2¢7! a, 1E max
1<k<n

<2%"°a,°E max
1<k<n

i=1
<2%7%q _Sots(n)ZE ’i|s +4e gt ZE|X”

n
= 2SE?S“T“S(”) Z(E|Xm|sl(|Xm| =< an) + a;P(|Xm| > an))

i=1

+4ela ‘1ZE|Xm|I Xt > @)
i=1

n n
<2 aay(m) Y ENXul I(1Xuil < an) + 2, 0rs(n) Y | EIXpilI(1Xi| > )

i=1 i=1

+4eat ZE|Xm|‘11(|Xm| > ay).

i=1
>Eﬂn>

2 *SZb @, ag(n) ZE|Xm|31 Xl < @)

It follows that

> X

o0
I = XEth(er]flfn
n=

n=1 i=1
o0 n
+ Z bya? (256_5015(}1) + 46_1) ZE|X,,,»|‘U(|X,,,<| > u,,).
n=1 i=1

Hence I; < oo by (ii) and (iii).
We next show that I, < oo. By the definition of X/, (x), we have that
k
DKo
i=1

P| max > x4
1<k<n|4%

<ZP | X |>x1/q +P<max

>_ X

We also have by EX,,; = 0 and (iv) that

NS E (X — X))

i=1

= Sup max x
x>a q1<k<n

n
< sup x70 Y " ELXlI (1] > %'7)

xZaZ i=1

n
<@,y EIXull(1 Xl > an) — 0.
i=1

Z(X;«/i - EX)
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Hence to prove that I, < 0o, it suffices to show that

00 n 00
I := an“;q Z /q P(1 Xl > %!'7) dx < 00,
n=1 i=1 Y%

k

> (X,x) - EX;(x))

S 00
I ::ana;q/ P( max
q 1<k<n
n=1 an

> xl/q/2> dx < oo.

If x > al, then P(|X,s| > 7) = P(|X,ui | I(|Xis] > @) > %19) and so

o0 %)
/ﬂq P(1 X > 2''7) dx = f , PUXulI (Xl > @) > 2'7) dx

n n

[o.¢]
< / P(1Xil (1Xi] > @) > x"7) dox = E| XTI (| X, | > @),
0

which implies that
o0 n
13 = ana;q ZE|Xm|qI(|Xm| > an)-
n=1 i=1

Hence I3 < 0o by (iii).
Finally, we show that I, < co. We get by Markov’s inequality and (i) that

s

dx

k

Z(X;/u‘(x) - EX;”.(x))

S 00
Iy <2° E b,a,? x~ME max
S ﬂz 1<k<n
n=

oo n 00
<2y batamn / aME|X ) d
n=1 i=1 n

) n 00
=2° Z bua,ag(n) Z /q x4 (E|X,,,»|SI(|XM| < xl/q) + xS/qP(|Xm-| > xl/q)) dx
n=1 i=1 V4

[ee]

[o¢] n
= 2°) " bua,tag(n) Y Xl T(1 X < a) / ,
n=1 i=1 n

] n 00
+2° Z bua,og(n) Z /q x’S/quX,,ilsl(an <Xl < xl/q) dx
n=1 i=1 ¥ %n
oo n 00
+2°) " bua,lag(n) Y /q P(1 Xl > %M9) doc 2= Is + I + 1.
n=1 i=1 *%n
Using a simple integral and Fubini’s theorem, we obtain that

[e e} n
Is = 21%1 > buaors(n) Y ELXuil (Xl < a),

n=1 i=1

o n 00
Is=2°) b, as(n)y f X EX ] (@ < X] < 57) dx
n=1 i=1 Y%n

o0 n
- 25£ 3 buaytag(n) Y ENXil (1 Xl > ).

n=1 i=1
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Similarly to I,

00 n
17 =< 2° Z hnd;qas(n) ZElelql(|Xm| > ﬂn)'

n=1 i=1

Hence I, < oo by (ii) and (iii). O

The next theorem gives sufficient conditions for complete gth moment convergence
(1.5) under the assumption that the array {X,,;,1 <i < n,n > 1} satisfies a Rosenthal type
inequality.

Theorem 2.2 Let g > 1 and let {X,;,1 <i < n,n > 1} be an array of random variables
with EX,; = 0 and E|X,;|1 < 00 for 1 <i <mnand n > 1. Let {a,,n > 1} and {b,,n > 1} be
sequences of positive real numbers. Suppose that the following conditions hold:
(i) for some s> max{2,2q/r} (r is the same as in (v)), there exist positive functions Bs(x)
and ys(x) such that

k N

Z(X;u'(‘x) - EX:’u'(x))

i=1

n n s/2
< B(m) Y E[X, )| + i) (ZE|X,;,-<x)|2)
i=1

i=1

E max

1<k<n

foralln>1and x>0, (2.2)

where X,(x) = Xyl (|1 X,i] < &M) + x4 (X,y; > xM9) — 2V (X, < —x19),
(i) D201 ety Bs(m) o0y ENXiI(1 Xoi] < @) < 00,
(iif) Y071 buan” (1 + () Yoy ENXoil A (1 Xoni| > @) < 00,
(v) > ElXull(1 Xl > an)/a, — 0,
) Yo buys(m) (O, @, E|Xl")*? < 0o for some 0 < r < 2.
Then (1.5) holds.

Proof The proof is similar to that of Theorem 2.1. As in the proof of Theorem 2.1,
00 q
Z b,a,'E ( max - ea,,)
] 1<k<n .

00 al k
=S buad [ max S x,
n=1 0 =h=n 1

k

ZXm’

i=1

k

Z Xm'

i=1

[ee]
>eay, | dx+ P| max
aZ 1<k<n

>« q) dx}
Similarly to /; in the proof of Theorem 2.1, we have by the c,-inequality that

> ean>

P| max
1<k<n
n

= 2S€_S“;Sﬂs(n) Z(E|Xm|sl(|Xm| = un) + afqp(lxml > ﬂn))
i=1

=h+).

k

ZXm'

i=1
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n s/2
+ 2% yy(n) (ZE|Xm|21(|Xm'| <a,) + aP(1X,l > an))
i=1

n
i=1

n
+dea Y " EIXull(1Xoil > @)

n
<2°€7a, Bi(n) Y EIXul 11Xl < )
i=1

n
(267 By(m) + 4e ) ay Y EXul U (1X] > a)

i=1

; s/2
+ 23502715y, () <Z a;’E|Xni|’1(|Xni| < “n)>

i=1

n s/2
+ 25 ey (n) (Z a, EN Xl 1(1 X > an)) :

i=1

Hence J; < oo by (ii), (iii), and (v).

As in the proof of Theorem 2.1, to prove that J; < 0o, it suffices to show that

%) n 00
J3:= Zb"“;q Z /q P(1X,| > x"'7) dax < 00,
n=1 i=1 V4n

k

> (X(x) — EX), ()

oo 00
Js = E ba,? P| max
al 1<k<n

n=1 n

> xl/q/2) dx < oo.

The proof of /3 < 0o is same as that of I3 in the proof of Theorem 2.1.
For J4, we have by Markov’s inequality and (i) that

s

dx

k

Z(X;u'(x) - EX,(x))

i=1

oo
x~*/1E max
q 1<k<n

o)
]4 = 2Sanﬂ;q/

n=1 n

o0 o0 n - S/2
<2 bua,’ /q x’s“’{ﬁs(n) Y EXL@[ +y) (ZE|X;5(9€)’2) } dx
= a, i=1 =1

=J5+ 6.

Similarly to I, in the proof of Theorem 2.1, we get that

q oo ~ n
] =< 25— bna g s(n) E Xni I Xm' =ay
5 S_q; 2 Bs(n) Y EIXGulI(1Xou] < @)

i=1

00 n
e (1) Y bt 3B I(Xo > )
n=1

S — -
i=1

Hence J5 < 0o by (ii) and (iii).
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Finally, we show that Js < co. By the ¢,-inequality,

00 0 n s/2
Jo = 2° ) bua, ys(n) / , x_S/q<ZE|Xm|21(|Xm| <) + &P (1 >x“q)> dx
n=1 n

i=1

0 oo " s/2
<227 " bya, Ty, (n) / ; x_S/q(ZE|Xni|21(|Xm'|le/q)) dx
n=1 4n i=1
00 . n s/2
3s/2— - 1/
+ 220N " b ay Ty (n) /q (ZP(|XW»| >x q)) dx
n=1 A\ =1
0 00 n s/2
< 93s/2-1 Zlbna;qys(n) /ﬂq x5l (ZE|Xm|rx(2—r)/q) dx
n= n

i=1

00 o/ n s/2
+235/271 ana;qys(n) /q (Zx"/qE|X,,,-|’) dx
n=1 An\ =1
) n s/2
= 235/2rs2—q2q Z bnys(”) <Z ﬂ;rE|Xm'|r) .
n=1 i=1

Hence Js < 00 by (v). a

Remark 2.1 Marcinkiewicz-Zygmund and Rosenthal type inequalities hold for depen-
dent random variables as well as independent random variables.

(1) Let {X,;;,1 <i < n,n > 1} be an array of rowwise negatively associated random vari-
ables. Then, for 1 < s < 2, (2.1) holds for a,(n) = 2523 = 8. For s > 2, (2.2) holds for
Bs(n) = 2°2(15s/log s)* and y;(n) = 2(15s/logs)* (see Shao [11]). Note that «(n) and Bs(n)
are multiplied by the factor 2° since E|X (x) — EX) (x)|° < 2°E|X],(x)[.

(2) Let {X,;;,1 <i < mn,n > 1} be an array of rowwise negatively orthant dependent ran-
dom variables. By Corollary 2.2 of Asadian et al. [12] and Theorem 3 of Méricz [13], (2.1)
holds for a,(n) = Ci(logn)*, and (2.2) holds for By(n) = Cy(logn)® and ys(n) = Cy(logn)’,
where C; and C; are constants depending only on s.

(3) Let {X,;,n > 1} be a sequence of identically distributed ¢-mixing random variables.
Set X,;; = X; for1 <i < mand n > 1. By Shao’s [14] result, (2.2) holds for a constant function
Bs(x) and a slowly varying function y;(x). In particular, if ) -, @'2(2") < 00, then (2.2)
holds for some constant functions By(x) and y;(x).

(4) Let {X,,, » > 1} be a sequence of identically distributed p-mixing random variables.
Set X, = X; for 1 <i < n and n > 1. By Shao’s [15] result, (2.2) holds for some slowly
varying functions B;(x) and y,(x). In particular, if Y -, 0%5(2") < 00, then (2.2) holds for
some constant functions Bs(x) and y;(x).

(5) Let {X,,,n > 1} be a sequence of p"-mixing random variables. Set X,;; = X; for1 <i <n
and n > 1. By the result of Utev and Peligrad [16], (2.2) holds for some constant functions
Bs(x) and ys(x).

3 Corollaries
In this section, we establish some complete gth moment convergence results by using the

results obtained in the previous section.
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Corollary 3.1 (Chen and Wang [7]) Let {X,,, n > 1} be a sequence of identically distributed
@-mixing random variables with EX; = 0,and lett > 1,0 <p <2,q > 1,and pt > 1. Assume
that (1.3) holds. Furthermore, suppose that

[e¢]

Z¢1/2 (2n) <00

n=1

ift =1 and max{q, pt} < 2. Then

o0
Znt_z_q/PE max E X;
1<k<n

n=1

a
—en' ) <oo foralle>0.

Proof Leta, = n'? and b, = n*2 for n > 1,and let X,;; = X; for 1 < i < nand n > 1. Then, for
s> 2,(2.2) holds for a constant function Ss(x) and a slowly varying function y;(x) (see Re-
mark 2.1(3)). Under the additional condition that ) .-, @'2(2") < 00, (2.2) holds for some
constant functions Sy(x) and y;(x). In particular, for s = 2, (2.1) holds for a constant func-
tion a(x) under this additional condition.

By a standard method, we have that

oo

> TPEXPI(1X) < 1) < CEXG P ifpt<s,

n=1

o CE|X;|1 ifq > pt,
> PR X (X > 1) < { CEIX P log(1+ 1X0)) i g = pt,
e CE|X, 7" if g < pt,

nl—l/pE|X1|1(|X1| > nl/p) S nl—tE|X1 |Pt1(|X1| > }’[1/19) lfpt 2 1;

where C is a positive constant which is not necessarily the same one in each appear-
ance. Hence, the conditions (i)-(iv) of Theorem 2.2 hold if we take s > max{pt,2,2q/r}.
Under the additional conditions that max{g, pt} < 2 and > o2, ¢*?(2") < 00, all condi-
tions of Theorem 2.1 hold if we take s = 2. Therefore, the result follows from Theo-
rems 2.1 and 2.2 if we only show that the condition (v) of Theorem 2.2 holds when
t > 1 or max{q,pt} > 2. To do this, we take r = 2 if max{q, pt} > 2 and r = max{q, pt} if
max{q, pt} < 2.1ft > 1 or max{q, pt} > 2, then r > p and so we can choose s > 2 large enough
such thatt =1+ (1-r/p)s/2 <0. Then

[e¢]

00 n s/2
anVs(ﬂ) (Zaan|Xni|r> ElX | Z n)nt 2+(1- r/p)S/z < 00.
n=1 i=1

Hence the condition (v) of Theorem 2.2 holds. a

Let {W,(x), n > 1} be a sequence of positive even functions satisfying

‘I'n(lxl)T and W, (|x)
|7 |x]®

Looas 1 (3.1)

forsomel <g«<s.
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Corollary 3.2 Let {V,(x),n > 1} be a sequence of positive even functions satisfying (3.1)
forsomel <q<s<2.Let {X,;,1 <i<n,n>1}bean array of random variables satisfying
EX,; =0 forl <i<nandn=>1,and (2.1) for some constant function as(x). Let {a,,n > 1}
and {b,, n > 1} be sequences of positive real numbers. Suppose that the following conditions
hold:

(i) Y02y bu Yo EWillXi)/ Wilay) < 00,

(i) Yoim EVil1Xul)/ Wia,) — 0.
Then (1.5) holds.

Proof First note by W;(|x|)/|x|? 1 that W;(|x|) is an increasing function. Since W;(|x|)/|x|* |,

[ X P11 X0i] < @) - W (1 X (1 Xi] < @) - Wi (1 X,il)
a, - \I”i(ﬂn) a “Iji(ﬂn)

Since ¢ > 1 and ¥;(|x|)/|x|7 1,

[ X H(1 X > @) - [ Xl (1 X i | > @) - Vi (1 X0 (| X i | > @) - Wi (1X5ui1)
a - al - Vi(a,) T Wia)

It follows that all conditions of Theorem 2.1 are satisfied and so the result follows from
Theorem 2.1. O

Corollary 3.3 Let {V,(x), n > 1} be a sequence of positive even functions satisfying (3.1) for
some q > 1 and s > max{2,q}. Let {X,;,1 <i < n,n > 1} be an array of random variables
satisfying EX,;; = 0 for 1 <i <nand n > 1, and (2.2) for some constant functions B(x) and
vs(x). Let {a,, n > 1} and {b,, n > 1} be sequences of positive real numbers. Suppose that the
following conditions hold:
(i) 202y b 2 EV(1 X))/ Wilan) < 00,
(i) XoFy BV X/ Wilan) — O,
(iti) D00, bY@, 2E| Xl ?)*? < o0

Then (1.5) holds.

Proof The proof is similar to that of Corollary 3.2. By the proof of Corollary 3.2 and the
condition (iii), all conditions of Theorem 2.2 are satisfied and so the result follows from
Theorem 2.2. O

Remark 3.1 When b, =1 for n > 1, the condition (i) of Corollaries 3.2 and 3.3 is reduced
to the condition Y o2, >"7 EW;(|X,:[)/¥;(a,) < 0o, and so the condition (ii) of Corollar-
ies 3.2 and 3.3 follows from this reduced condition. For a sequence of p"-mixing random
variables, (2.1) holds for some constant function o(x) if s = 2, and (2.2) holds for some
constant functions B;(x) and y;(x) if s > 2 (see Remark 2.1(5)). Wu et al. [9] proved Corol-
laries 3.2 and 3.3 when b, = 1 for n > 1, and {X,,} is an array of rowwise p"-mixing random
variables.
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