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1 Introduction

Throughout this paper, leta < bin R, c<din R, f : [a,b] — R be convex, the weight func-
tion p : [a,b] — [0,00) be integrable and symmetric about the line s = %, the weight
function p; : [¢,d] — [0,00) be integrable and symmetric about the line s = %i and
let the weight function g : [c,d] — [a,b] be continuous and symmetric about the point
(%,g(%{)), that is, % [g(s) +glc+d—s)] = g(%i) (s € [¢,d]). Define the following functions

on [0,1]:

b
H(t):bl /f(ts+(1—t)a;b>ds;

—-a

d d
Hg(t)zdl_c/f(tg(s)+(1—t)g(C; ))ds;

b
WH(t):/ f(ts+(1—t)aT+b>p(s)ds;

d d
w0 = [ (1) 1-0g( 5% ) )0 ds
1 b pb
F(t) = m /a L‘ f(ts +(1- t)u) dsdu;
1 d pd
Fo(t) = m /C /C f(tg(s) +(1- t)g(u)) dsdu;
b pb
WFE(t) = / / f(ts +(1- t)u)p(s)p(u) ds du;
d pd
WF,(t) = / / f(tg(s) +(1- t)g(u))p1 (s)p1(u) ds du;
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PO 35 /b@c((%)‘” (%>S>
A (s
g (5 )
+f<(1 - t)g(¥’) + tg(d))} ds;
o3 UCER ()

() ()57 J s

and

d
WP,(t) = %/ [f((l - t)g(%) + tg(c))m(%)

+f((1 . t)g(s%l) + tg(d))pl(%i)] ds.
Remark 1

(1) Let c=a, d = b and the function g(s) = s on [a, b]. Then the functions H(t) = H(¢),
Fy(t) = F(t) and P,(t) = P(t) on [0,1].

(2) Letc=a, d=>band let the functions g(s) = s and p1(s) = p(s) on [a, b]. Then the
functions WH,(¢) = WH(t), WFy(t) = WF(t) and WP,(t) = WP(¢) on [0,1].

In 1893, Hadamard [1] established the following inequality.
If the function f is defined as above, then

b
1(%57) = s [ 10185 TS0 )
b-al,

2 2

is known as Hermite-Hadamard inequality.

See [2-8] and [9-16] for some results in which this famous integral inequality (1.1) is

generalized, improved and extended.

Dragomir [2] established the following Hermite-Hadamard type inequalities related to

the functions H, F, which refine the first inequality of (1.1).

Theorem A Let the functions f, H be defined as in the first page. Then the function H is

convex, increasing on [0,1], and for all t € [0,1], we have

b
f(“ : b) - HO) <HO < 1) = . [ fods. (12)
b-al),

2

Theorem B Let the functions f, F be defined as in the first page. Then:

(1) The function F is convex on [0,1], symmetric about %, F is decreasing on [0, 3] and
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increasing on [%, 1], and we have

b
sup F(t) =F(0)=F() = ﬁ/‘ f(s)ds

te(0,1]
and
, 1 1 borb (s+u
af FO =F(5) el [V (T)M”‘
(2) We have
f(#)fl-"(%); H(t) <F(), tel0,1]. (1.3)

Yang and Hong [12] established the following Hermite-Hadamard type inequality re-
lated to the function P, which refines the second inequality of (1.1).

Theorem C Let the functions f, P be defined as in the first and second pages. Then the
function P is convex, increasing on [0,1], and for all t € [0,1], we have

1
b-a

b
[ r0ds=po) <t < P) SLAL (14)

In 1906, Fejér [8] established the following weighted generalization of Hermite-Hada-
mard inequality (1.1).

Theorem D Let the functions f, p be defined as in the first page. Then

b b b
f(#) [ p0ds < [ ropoas <UL [Tpoa (15)

is known as the Fejér inequality.

Yang and Tseng [13, 16] established the following Fejér type inequalities related to the
functions WH, WP, WF and which generalize Theorems A-C and refine Fejér inequality
(1.5).

Theorem E [13] Let the functions f, p, WH, WP be defined as in the first and second pages.
Then the functions Hg, Pg are convex and increasing on [0,1], and for all t € [0,1], we have

b
f (“ . b) / g(s)ds = WH(0) < WH(t) < WH(1)
b
- / FO)p(s) ds

= WP(0) < WP(t) < WP()

b b
:% / p(s)ds. (1.6)
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Theorem F [16] Let the functions f, p, WH, WF be defined as in the first and second pages.
Then we have the following results:

(1) The function WF is convex on [0,1] and symmetric about %

(2) The function WF is decreasing on |0, %] and increasing on [%,1],

b
sup WF(t) = WF(0) = WF(1) = / fs)p(s)ds 1.7)
te[0,1] a
and
1 b b
nf WE() = WF(E) - f f f(HTM)p(S)p(u)dsdu. (1.8)
(3) We have:
b b 2 1
f(d; )(/ﬂ p(s)ds> < WF<§) (1.9)
and

b
WH(t) f p(s)ds < WE(®) (1.10)

forall t €10,1].

In this paper, we establish some weighted versions of the Hermite-Hadamard type and
Fejér type inequalities related to the functions H,, F,, Py, WHy, WF,, WP, which gener-
alize the inequality (1.1) and Theorems A-F.

2 Hermite-Hadamard type inequalities for general weights
In this section, we establish some Hermite-Hadamard type inequalities for general
weights, which generalize the Hermite-Hadamard inequality (1.1) and Theorems A-C.

In order to prove the results in this paper, we need the following lemmas.

Lemma 1 (see [9]) Let the function f be defined as in the first page and let a <A < C <
D<B<bwithA+B=C+D. Then

S(C)+f(D) =f(A)+f(B).
The assumptions in Lemma 1 can be weakened as in the following lemma.

Lemma 2 Let the function f be defined as in the first page and let A,B, C,D € [a, b] with
A+B=C+Dand|C-D|<|A-B|. Then

SO +f(D) =f(A)+f(B).

Proof Without loss of generalization, we can assume that a <A <B<banda <C <
D <b.For |C-D|<|A-B|,wehave A—B < C-Dand D - C <B-A. Hence, by the
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above inequalities and A + B=C + D, we get a < A < C < D < B < b. Thus, the proof is
completed by Lemma 1. O

Now, we are ready to state and prove our new results.

Theorem 1 Let the functions f, g be defined as in the first page. Then:
(1) We have

(e(5%)) = 5 [ s as e

(2) As the function g is monotonic on [c, d], we obtain

a d
L[ letyae LEQ D) 0

Proof
(1) Using simple techniques of integration, we have the identity

d

i) flg(s)ds= —f f(g(s)) +glc+d—s)]ds. (2.3)

Next, using g(s) + glc+d —s) = 2g(%1) and

d d
65955 -
in Lemma 2, we obtain
d
Zf( (” )) <f(g(s)) +£(glc+d -s)), (2.4)

where s € [c,d]. Integrating the above inequality over s on [c, 5* 41, dividing both sides by
d — ¢ and using the above identity, we obtain the inequality (2.1).

(2) For the monotonicity of g, we have |g(s) — g(c + d — s)| < |g(c) — g(d)| for all s € [c, d].
Using the above inequality and g(s) + g(c + d — s) = g(c¢) + g(d) in Lemma 2, we obtain

f(g(s)) +f(glc+d -9)) <f(g(c)) +f(g(), (2.5)

where s € [c,d]. Integrating the above inequality over s on [c, %] dividing both sides by
d — ¢ and using the inequality (2.3), we obtain the inequality (2.2). This completes the
proof. g

Remark 2 In Theorem 1, let ¢ = 4, d = b and the function g(s) = s on [a, b]. Then Theo-

rem 1 reduces to the Hermite-Hadamard inequality (1.1).

Theorem 2 Let the functions f, g, Hy be defined as in the first page. Then:
(1) The function Hy is convex on [0,1].

Page 50of 13
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(2) The function Hy is increasing on [0,1] and for all t € [0,1], we have

d I
f(g(%)) = Hy(0) = Hy(6) = Hy(D) = / £(e) ds. (2.6)

Proof
(1) It is easily observed from the convexity of f that the function H, is convex on [0, 1].

(2) Using simple techniques of integration, we have the following identity:

ctd

) d
0= [ (e ra-ng(57))
+f(tg(c +d-s)+(1- t)g(%i))} ds

forall £ € [0,1]. Let 4 < £, in [0,1]. Since g(s) + g(c + d —s) = 2g(%’) (s € [¢,d]), we obtain

et s 0005

- [tZg(S) + (1—t2)g<¥>:| + [tzg(c+d—s) + (l—tz)g<czd)}

and

H:tlg(s) F(1- tl)g(%i)} - |:t1g(C vd-s)+(1- tl)g(c : d)} ‘

=t1]g(s) - g(c+d —s)|
<t|g(s) -glc+d~-s)|

_ H:tzg(s) (- tz)g<¥)} - [tzg(c+ d—s)+(1- tz)g<C;d):|’

foralls € [c, %]. Therefore, by Lemma 2, the following inequality holds for all s € [c, %]:

f<t1g(s) +(1- tﬂg(#)) +f<t1g(c vd-s)+(1- tl)g(c ;d>>
5f<t2g(5) (1= tz)g(%i» +f<t2g(c rd—s)+(1- tﬁg(%i))’ 27)

where A = tg(s) + (1 - £2)g(%2), B = toglc +d —s) + (1 - 12)g(52), C = t1g(s) + (1 - t1)g (%)

and fig(c+d—s)+ (1 —t1)g( #). Integrating the above inequality over s on [c, %], dividing

both sides by d — ¢ and using the above identity, we have
Hg(tl) = Hg(t2)~

Thus, the function H, is increasing on [0,1] and from which the inequality (2.6) holds.
This completes the proof. d
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Remark 3
(1) In Theorem 2, the inequality (2.6) refines the inequality (2.1).
(2) In Theorem 2, let ¢ = a, d = band the function g(s) = s on [a, b]. Then the functions
H,(t) = H(t) (t € [0,1]) and Theorem 1 reduces to Theorem A.

Theorem 3 Let the functions f, g, Py be defined as in the first and second pages. Then:
(1) The function Py is convex on [0,1].
(2) The function Py is increasing on [0,1] and, for all t € [0,1], we have

1

B 16(©) + el@)
d—c

5 (2.8)

d
/ f(g(s)) ds = Pg(0) < Py() < Py(1) =

as the function g is monotonic on [c, d].

Proof
(1) It is easily observed from the convexity of f that the function P, is convex on [0, 1].
(2) Using simple techniques of integration, we have the following identity:

crd

L[ (e + 1 - g(s)

Td-c.

+f(tg(d)+Q-t)glc+d —s))] ds

Py(t)

for all £ € [0,1]. Let #; < £, in [0,1]. Since g(s) + glc +d —s) = 2g(%) (s € [¢,d]) and the
monotonicity of g on [c, d], we obtain

|g(s) —glc+d - 9)| < |g(c) - g(d)
[tig(c) + (1 - 6)g(s)] + [t1g(d) + (1 - t1)g(c + d - 9)]
= [tzg(c) +(1- tz)g(s)] + [tzg(d) +(1-t)glc+d- s)]

)

and

[tig() + (1 - 1)g()] ~ [1g(d) + (1 - )glc + d - 5)]|
= |a[g(e) - g(@)] + (1 - )[gls) - glc + d - 5)]|
= t1]g(c) - gd)| + (1 - 1) |g(s) —glc + d —9)|
<tglc) - g(d)| + 1~ 11)|g(s) ~glc +d —s)|
= [t28(0) + (L= 12)g(9)] - [12(d) + (1 - t)g(c + d —9)]|

foralls € [c, %]. Therefore, by Lemma 2, the following inequality holds for all s € [c, %]:

f(tgle) + (1-t)g(s)) +f(tig(d) + A — t)glc + d - 5))
§f(t2g(c) +(1- tz)g(s)) +f(t2g(d) +(1-t)glc+d- s)) (2.9)

where A = t,g(c) + (1 — £2)g(s), B=trg(d) + 1 - ta)g(c +d —5), C = t1g(c) + (1 — t1)g(s) and
tig(d) + 1—t1)g(c +d —s). Integrating the above inequality over s on [c, ”Td], dividing both
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sides by d — ¢ and using the above identity, we have
Pg(tl) =< Pg(t2)'

Thus, the function P, is increasing on [0, 1] and from which the inequality (2.8) holds. This
completes the proof. O

Remark 4
(1) In Theorem 3, the inequality (2.8) refines the inequality (2.2).
(2) In Theorem 3, let ¢ = a, d = band the function g(s) = s on [a, b]. Then the functions
P,(t) = P(t) (t € [0,1]) and Theorem 3 reduces to Theorem C.

Theorem 4 Let the functions f, g, Hy, F, be defined as in the first page. Then we have the
following results:
(1) The function Fy is convex on [0,1] and symmetric about %

(2) The function Fy is decreasing on [0, %] and increasing on [%, 1],

s F) = F0)= K = - - f o) ds (2.10)
and
it F0=5(5)
_ (d_lc)z f ‘ f df(M) ds . @11)
(3) We have:
H,(t) < F(t) (te(0,1]) (2.12)
and
f(g(HTd» ng(%). (2.13)
Proof

(1) It is easily observed from the convexity of f that the function F, is convex on [0, 1].

By changing variables, we have
Fo(t)=F,(1-1¢), tel0,1]
from which we get that the function F, is symmetric about %

(2) Let t1 <fy in [0, %] Then b+ (1 - tz) =L+ (1 - tl), |t2 - (1 - t2)| < |t1 - (1 - t1)| and bY
Lemma 2, we obtain

[Fe(t1) + Fg(1 - 11)]. (2.14)

N =

SEe) + B-0)] <

Page 8 of 13
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Using the symmetry of Fy, we have

Fg(tl) = %[Fg(tl) + Fg(l - tl)]» (2.15)

Ey(t) = J[F) + Ey(1-1)] 2.16)

From (2.14)-(2.16), we obtain that the function F, is decreasing on [0, %] . Since the function
, %], we obtain that the
function Fy is increasing on [%, 1]. Using the symmetry and monotonicity of Fy, we derive
the inequalities (2.10) and (2.11).

(3) Using the substitution rules for integration, we have the identity

F, is symmetric about % and the function F, is decreasing on [0

c+d

1 dr5
0= / / [f (tg(5) + (1 - £)g(w)

+f(tg(s) + A - t)g(c +d — w))| duds

forall ¢ € [0,1]. Let £ € [0,1]. Since g(u) + g(c + d — u) = 2g(%’l) (u € [c,d]), we obtain

2|:tg(s) (- t)g(%i)]

= [1g(s) + A= t)g(w) ] + [1g(s) + A - t)g(c + d — u)]

and

][tgw +(1- t)g(%’)} - [rg(s) +(1- t)g(%i)]’

< |[tg(s) + (1 - t)g(w) ] - [2g(s) + (1 - O)g(c + d — u)]|

ctd

foralls € [¢,d] and u € [c, 5

]. Therefore, by Lemma 2, the following inequality holds for

all s € [¢,d] and u € [, %]:

of (169 +1-0g( 557 ) )

ff(tg(s) +(1- t)g(u)) +f(tg(s) +(1-t)glc+d- u)), (2.17)

where A =tg(s) + 1 —t)g(u), B=1tg(s) + 1 -t)g(c+d —u)and C=D =tg(s) + (1 - t)g(%).

ctd

Dividing the above inequality by (d — ¢)?, integrating it over s on [c,d], over u on [c, %

and using the above identity, we derive the inequality (2.12).

From the inequalities (2.6), (2.12) and the monotonicity of H,, we derive the inequality
(2.13).

This completes the proof. d

Remark 5 In Theorem 4, let ¢ = a, d = b and the function g(s) = s on [a,b]. Then the
functions F,(¢) = F(¢) (¢ € [0,1]) and Theorem 4 reduces to Theorem B.
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3 Fejér type inequalities for general weights
In this section, we establish some Fejér type inequalities for general weights which gener-
alize Theorems D-F.

Theorem 5 Let the functions f, g, p1 be defined as in the first page. Then:
(1) We have

7(e(5%)) / pr(s)ds < / Fe®)p(s)ds (31)

(2) As the function g is monotonic on [c,d], we obtain

/ [l ds </ €D/ ED / s

(3.2)

Proof
(1) Using simple techniques of integration and the hypothesis of p;, we have the identities

ctd

d 2
/ f(g(s))pl(s) ds = / [f(g(s)) +f(g(c +d— s))]pl(s) ds (3.3)

and

crd

5 d
/C pi(s)ds = %/C pi(s)ds. (3.4)

Proceeding as in the proof of Theorem 1, we also obtain the inequality (2.4). Multiplying
the inequality (2.4) by p1(s), integrating it over s on [c, ”d] and using the above identities,
we obtain the inequality (3.1).

(2) Proceeding as in the proof of Theorem 1, we also obtain the inequality (2.5). Mul-

tiplying the inequality (2.5) by p1(s), integrating it over s on [c, C’rd] and using the above
identities, we obtain the inequality (3.2). This completes the proof. d
Remark 6

(1) Let ¢ =a, d = b and let the functions g(s) = s and p;(s) = p(s) on [a, b]. Then
Theorem 5 reduces to Fejér inequality (1.5).

(2) Let the function p;(s) = on [¢,d]. Then Theorem 5 reduces to Theorem 1.

_dc

Theorem 6 Let the functions f, g, p1, WHy be defined as in the first page. Then:
(1) The function WHy is convex on [0,1].
) The function WH, is increasing on [0,1] and, for all t € [0,1], we have

f(g(cgd))/ pi9)ds = WH,(0)
< WH,(t)

d
< WH,(1) - / £(e(s)pr(s) d. (3.5)
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Proof

(1) It is easily observed from the convexity of f and the hypothesis of p; that the function
WH, is convex on [0,1].

(2) Using simple techniques of integration and the hypothesis of p;, we have the follow-
ing identity:

crd

2 d
WH (1) = / [f(tg(s) +(1- t)g(%))

+f(@@+d-sy+a—tm(cgd>)}h@nﬁ

for all ¢t € [0,1].

Lett <ty in [0,1]. Proceeding as in the proof of Theorem 2, we also obtain the inequality
(2.7). Multiplying the inequality (2.7) by p; (s), integrating it over s on [c, %i] and using the
above identity, we obtain

WH,(t) < WH,(t,).

Thus, the function WH, is increasing on [0,1] and from which the inequality (3.5) holds.
This completes the proof. d

Remark 7
(1) In Theorem 6, the inequality (3.5) refines the inequality (3.1).
(2) Let the function p;(s) = ﬁ on [¢,d]. Then Theorem 6 reduces to Theorem 2.

Theorem 7 Let the functions f, g, p1, WP, be defined as in the first and second pages.
Then:

(1) The function WPy is convex on [0,1].

(2) The function WPy is increasing on [0,1] and, for all t € [0,1], we have

d
/f@Mm@ﬁ=W&@

< WP,(¢)

= ng(l) =

d
JM / pils)ds (3.6)

as the function g is monotonic on [c, d].

Proof

(1) It is easily observed from the convexity of f and the hypothesis of p; that the function
WP, is convex on [0,1].

(2) Using simple techniques of integration and the hypothesis of p;, we have the follow-
ing identity:

ct+d

WP,(t) = / " f(tg(0) + (1 - 0)g(9))

c

+f(tg(d) + (1-t)g(c +d —s5)) |p1(s) ds

forall £ € [0,1].

Page 11 0f 13
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Lett < £, in [0,1]. Proceeding as in the proof of Theorem 3, we also obtain the inequality

c+d]

(2.9). Multiplying the inequality (2.9) by p1(s), integrating it over s on [c, and using the

above identity, we obtain
ng(tl) < ng(tz).

Thus, the function WP, is increasing on [0,1] and from which the inequality (3.6) holds.
This completes the proof. O

Remark 8
(1) In Theorem 7, the inequality (3.6) refines the inequality (3.2).

(2) Let the function p;(s) = on [¢,d]. Then Theorem 7 reduces to Theorem 3.

- d —c
Remark 9 Let ¢ = a, d = b and let the functions g(s) = s and p:(s) = p(s) on [a,b]. Then
Theorems 6 and 7 reduce to Theorem E.

Theorem 8 Let the functions f, g, p1, WHy, WF, be defined as in the first page. Then we
have the following results:
(1) The function WF, is convex on [0,1] and symmetric about %

(2) The function WFy is decreasing on [0, %] and increasing on [%, 1],

d
sup WF,(t) = WE,(0) = WF,(1) :/ f(g®)pi(s)ds

te[0,1]

and

tel[[(l)fl] WF, (t)—WF< ) / / ( HORHG )pl(s)pl(u)dsdu.

(3) We have
d

WHg(t)/ pi(s) ds < WE,(2) (te [0,1]) (3.7)

and
d 2
)] o) =)
Proof

(1)-(2) Proceeding as in the proof of Theorem 4, the parts (1) and (2) hold.
(3) Using the substitution rules for integration and the hypothesis of p;, we have the
identity
¢ et
W= [ [ () + 0 - gtw)
c c

+f(tg(s) +(1-t)c+d- u))]pl(u)pl (s)duds (3.9)
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for all ¢ € [0,1]. Proceeding as in the proof of Theorem 4, we also obtain the inequality
(2.17). Multiplying the inequality (2.17) by p1(u)p:(s), integrating it over s on [c,d], over u
on [c, %1] and using the identities (3.4) and (3.9), we obtain the inequality (3.7).

From the inequalities (3.5), (3.7) and the monotonicity of WH,, we derive the inequality
(3.8).

This completes the proof. d

Remark 10
(1) Theorem 8 refines the inequality (3.1).
(2) Let the function p;(s) = ﬁ on [¢,d]. Then Theorem 8 reduces to Theorem 2.
(3) Let ¢ =a,d=band the functions g(s) = s and p;(s) = p(s) on [a, b]. Then Theorem 8
reduces to Theorem F.
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