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Abstract

Let {Xnk, Un < k < vp,n > T} and {Ap, up < k < vy,n > 1} be two arrays of random
variables defined on the same probability space (£€2,.4, P) and B, be sub-o-algebras
of A. Let r > 0 be a constant. In this paper, we introduce some concepts of
conditional residual h-integrability such as conditionally residually h-integrable
relative to BB, concerning the array {A.} with exponent r and conditionally strongly
residually h-integrable relative to I3, concerning the array {A.} with exponent r.
These concepts are more general than some known setting of randomly weighted
sums of random variables. Based on the conditions of conditional residual
h-integrability with exponent r and conditional strongly residual h-integrability with
exponent r, we obtain the conditional mean convergence and conditional almost
sure convergence for randomly weighted sums.
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1 Introduction

Throughout this paper, all the random variables are defined on the same probability space
(2, A, P), and we let 3 and B, be sub-o -algebras of A. Suppose that {u,,, n > 1} and {v,, n >
1} are two sequences of integers (not necessary positive or finite) such that u, < v, for all
n>1andv, —u, — oo as n — oo. Let {k,, n > 1} be a sequence of positive numbers such
that k,, — oo as n — 00. Let I(A) be the indicator function of the set A and PB(A) = EB(I,).
Moreover, let {#(n), n > 1} be an increasing sequence of positive constants with /(n) 1 oo

as n 1 oo.

1.1 Brief review

Conditional limit theorems play a key role in the study of statistical inference. A typical
example of statistical application of conditional limit theorems is in the study of statistical
inference for some branching processes such as the Galton-Watson process (see, e.g., Ba-
sawa and Prakasa Rao [1]). Let {Zy = 1,Z,,n > 1} be a Galton-Watson process with mean
offspring ®. This process can be studied by means of the following autoregressive type
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model:
Zn+1 = ®Zn + Zi,/zunﬂ: n>0,

where {Uy, k > 0} is the sequence of error random variables.

To estimate the mean offspring ® from a realization {Zy = 1,Z,, n > 1}, the maximum
likelihood estimator of © is ©,, = (ko1 Zk-) ™ (24, Zk), which coincides with the 'least-
squares’ estimator of © obtained by minimizing Y ;_, U7 with respect to ©.

The study of asymptotic properties of ©, leads to a conditional limit theorem since, as
it is detailed in Basawa and Prakasa Rao [1], these asymptotic properties of 0, depend on
the event of non-extinction of the process. For more details about the conditional limit
theorem, one can refer to Roussas [2], Leek [3], Ordonez Cabrera et al. [4], and so forth.

The main purpose of the paper is to introduce some new concepts of conditional residual
h-integrability. Based on these conditions, we study the conditional mean convergence and
conditional almost sure convergence for randomly weighted sums of random variables.

1.2 Some concepts of integrability
It is well known that the notion of uniform integrability plays the central role in establish-
ing weak laws of large numbers. In this section, we recall some concepts of integrability.
Firstly, we recall the notion of conditional covariance. The interested reader can find
further results in Chow and Teicher [5] and Roussas [2]. Let X and Y be random variables
defined on a probability space (2,4, P) with EX? < co and EY? < co. Prakasa Rao [6] de-
fined the notion of conditional covariance of X and Y given B (B-covariance for short)
as

CovP(X,Y) = EB((X - E®X)(Y - EPY)),

where EBZ denotes the conditional expectation of a random variable Z given B. In con-
trast to the ordinary concept of variance, conditional variance of X given B is defined as
VarB X = CovB(X, X).

In the following, we present some concepts of uniform integrability.

The classical notion of uniform integrability of a sequence of integrable random vari-
ables {X,,, n > 1} is defined through the condition

lim supElX,,|I(|Xn| > a) =0.
400 4>
Landers and Rogge [7] proved that the uniform integrability condition is sufficient in
order that a sequence of pairwise independent random variables verifies the weak laws of
large numbers.
Chandra [8] introduced the notion of Cesaro uniform integrability which is weaker than
uniform integrability. A sequence of integrable random variables {X,,, n > 1} is said to be
Cesaro uniformly integrable if

Mp

lim sup 1 ZE|Xk|I(|Xk| >a) =0,

a—>o0 ;1 My pay

where {m,,, n > 1} is a sequence of positive integers such that m, — co as n — oco.
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Ordénez Cabrera [9], by studying the weak convergence for weighted sums of random
variables, introduced the condition of uniform integrability concerning the weights, which
is weaker than uniform integrability and includes the Cesaro uniform integrability as a
special case.

Definition 1.1 Let {X,x,u, < k < v,,n > 1} be an array of random variables, and let
{auuy < k <v,,n>1} be an array of constants with Z/Véu,, la.x] < C for all n > 1 and
some constant C > 0. The array {X,} is {a,}-uniformly integrable if

Vn
lim su i |E| X (| X k| > @) = 0.
“anlf;un' k| EN Xl (1 Xk > a)

Sung [10] gave a slight generalization and introduced the concept of Cesaro-type uni-

form integrability with exponent r as follows.

Definition 1.2 Let {X,,u, < k <v,,n > 1} bean array of random variables and r > 0. The
array {X,x} is said to be Cesaro-type uniformly integral with exponent r if

1 &
sup — E|Xu|" <00
n>1 ky Ig "

and

1 &
lim sup -~ §E|Xnk|’1(|)(,,k|’ >a) =0.
Based on the Cesaro-type uniform integrability with exponent r for some 0 < 7 < 2, Sung
[10] obtained the weak law of large numbers for the array {X,4, u, <k <v,,n>1}.
Chandra and Goswami [11] introduced the concept of Cesaro «-integrability (o > 0) and
showed that Cesaro «-integrability for any o > 0 is weaker than Cesaro uniform integra-
bility. Under the condition of Cesaro a-integrability for some « > 1/2, they obtained the
weak law of large numbers for a sequence of pairwise independent random variables. They
also proved that Cesaro «-integrability for appropriate « is also sufficient for the weak law
of large numbers to hold for certain special dependent sequences of random variables.
Inspired by the concept of Cesaro «-integrability, Chandra and Goswami [12] intro-
duced the following concept of residual Cesaro («, r)-integrability, which is weaker than
Cesaro a-integrability.

Definition 1.3 Let « € (0,00), r € (0,00). A sequence of random variables {X,,,n > 1} is
said to be residually Cesaro («, r)-integrable (RCI (¢, r) for short) if

1 n
sup— " E|Xi|" <00
= o

and

1 n
Jim -~ ;E(|Xk| — k) I(1Xk] > k%) = 0.
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It is easily seen that RCI (o, 7) integrability with r = 1 is RCI (@) integrability (cf. Chandra
and Goswami [12]).

Ordoéiiez Cabrera and Volodin [13] introduced the notion of /-integrability for an array
of random variables concerning an array of constants {a,,} and showed that this concept
is weaker than Cesaro uniform integrability, {a,}-uniform integrability and Cesaro o-
integrability. The notion of /-integrability for an array of random variables concerning an
array of constants {a,} is as follows.

Definition 1.4 Let {X,x, u, < k < v,,n > 1} be an array of random variables, and let
{auk, un < k <v,,n > 1} be an array of constants with ZZ’;M” lax] < C for all n > 1 and
some constant C > 0. The array {X,,} is said to be /-integrable concerning the array of
constants {a,} if

Vn
SUp Y [ ElX | < 00
n>1
k=uy

and

Tim 3 @ ELXl (1 Xkl > () = 0.

k=uy

Sung et al. [14] generalized the notion of i-integrability and introduced the concept
of h-integrability with exponent r. They also proved that the concept of 4-integrability
with exponent r is strictly weaker than the concept of Cesaro-type uniformly integral with
exponent r. The concept of s-integrability with exponent r is as follows.

Definition 1.5 Let {X,x,u, < k <v,,n > 1} bean array of random variables and r > 0. The
array {X,x, u, < k <v,,n> 1} is said to be h-integrable with exponent r if

1 &
sup — > E|Xu|" < 00

n>1 kh .
—“n

and

1<
Jim = > EXul 1(1Xkl” > h(n)) = 0.

k=uy,

At the same time, Yuan and Tao [15] introduced R-/-integrability concerning the array
of constants {a,;} as follows.

Definition 1.6 Let {X,,u, < k < v,,n > 1} be an array of random variables, and let
{auk, un <k <v,,n>1}bean array of constants. The array {X,, u, <k <v,,n> 1} is said
to be residually h-integrable (R-h-integrable for short) concerning the array of constants
{ﬂnk}if

Vn
SUp Y |ank|E[ X | < 00
n21k7
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and

Jim 3l E(Xotl = B0 (X > 1) = 0.

k=uy

Inspired by the concepts above, recently, Ordénez Cabrera et al. [4] introduced the no-
tion of conditional residual /-integrability relative to the sequence {13,} as follows.

Definition 1.7 Let {X,x, u, < k <v,,n > 1} and {Ax u, < k <v,,n > 1} be two arrays
of random variables. The array {X,x} is said to be conditionally residually /s-integrable
relative to BB, (I3,-CR-h-integrable for short) concerning the array {4} if

Vn
sup Y Al EB" | Xl <00 as.

nZlk:un

and

Tim D 1Al ER (1 Xuk| = D) (1Xoi| > B() =0 as.

k=uy

It is easily seen that if A,x = a,« are constants and B, = {#}, 2} for all n > 1, then the
concept of B,-CR-h-integrability concerning the array {4} reduces to the concept of
R-h-integrability concerning the array of constants {a,}.

To obtain a conditional strong convergence result, Ordénez Cabrera et al. [4] intro-
duced the following concept of conditional strongly residual z-integrability relative to the
sequence B,, which is stronger than that of B,-CR-h-integrability concerning the array
{Ank}-

Definition 1.8 Let {X,,u, < k <v,,n>1} and {Au, u, < k <v,,n > 1} be two arrays
of random variables. The array {X,} is said to be conditionally strongly residually /-
integrable relative to B, (B,-CSR-h-integrable for short) concerning the array {A,} if

Vn
sup Z |A,,k|EB" | Xuk| <00 as.

nzlk:un

and

DY NAIER (1Xok] = B)I(1Xk] > B(m) <00 as.

n=1 k=uy,

Inspired by the concepts above, we introduce some new concepts of conditional resid-
ual s-integrability such as conditionally residually /-integrable relative to B, concerning
the array {A,x} with exponent r and conditionally strongly residually /-integrable relative
to B, concerning the array {4} with exponent r. These concepts are more general than
some known setting of randomly weighted sums of random variables. Based on the con-
ditions of conditional residual /-integrability with exponent r and conditional strongly
residual /-integrability with exponent r, we study the conditional mean convergence and
conditional almost sure convergence for randomly weighted sums.
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2 Conditional mean convergence for randomly weighted sums

In this section, we study the conditional mean convergence for randomly weighted sums.
Inspired by the concepts stated in Section 1, we introduce the notion of conditional resid-
ual /1-integrability relative to the sequence {B,} with exponent r as follows.

Definition 2.1 Let {X,x,u, <k <v,,n > 1} and {Ax u, < k <v,,n > 1} be two arrays
of random variables. Let » > 0 be a constant. The array {X,} is said to be conditionally
residually /i-integrable relative to B, (B,-CR-h-integrable for short) concerning the array
{A,x} with exponent r if

Vn
sup > [AulEP* [ Xl <00 as.

nzlk:un

and

lim kZ Ak EB (1| = 1" () T(1X,k|” > () =0 as.

Remark 2.1 In Definition 2.1, if the exponent r takes value 1, then we can get the con-
cept of conditionally residually /-integrable relative to B, (13,-CR-h-integrable for short)
concerning the array {A,x}, which was introduced by Ordénez Cabrera et al. [4]. Just as
Ordénez Cabrera et al. [4] stated that the concept of 5,-CR-h-integrable concerning the
array {A,t} is a conditional extension to the more general setting of randomly weighted
sums of random variables of (i) the concept of residual Cesaro a-integrability introduced
by Chandra and Goswami [12] and (ii) the concept of residual /-integrability concerning
an array of constants introduced by Yuan and Tao [15], the concept of 3,-CR-h-integrable
concerning the array {A4,x} with exponent r is more general.

Remark 2.2 If A, = a, are constants, and B, = {#J, 2} for all n > 1, then the preceding
definition reduces to the following new concept of residual 4-integrability concerning the
array of constants {a,;} with exponent r.

Definition 2.2 Let {X,4,u, < k < v,,n > 1} be an array of random variables, and let
{auk, uy <k <v,,n>1} be an array of constants. Let r > 0 be a constant. The array {X,}
is said to be residually s-integrable (R-/-integrable for short) concerning the array {a,}
with exponent r if

Vn
Sup Y | El Xl < 00

nzlk:un

and

: 1/r r r _

Tim >l E(1 Xkl = B () T(1 X" > () = 0.
k=uy

Remark 2.3 Let {/;(n),n > 1} and {h,(n), n > 1} be two positive monotonically increasing

to infinity sequences such that /(1) > h;(n) for all sufficiently large n. Then B,-CR-h;-

integrability with exponent r implies 3,-CR-h;-integrability with exponent r.
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Remark 2.4 Take a,; = é for each k in Definition 2.2, where {k,,} is a sequence of positive
numbers such that k,, — oo as n — 0o. Note that

(1IXuc| = B (1)) 1(1 X" > B(n)) < 1 X" T(1 Xk " > h(m)),

so the concept of R-h-integrable concerning the array {a,;} with exponent r is much
weaker than the notion of k-integrability with exponent r, which was introduced by
Sung [14].

Based on the condition of B,-CR-k-integrability concerning the array {A,;} with ex-
ponent r, we study the conditional mean convergence for randomly weighted sums. Our

main result is as follows.

Theorem 2.1 Let { X, u, < k < vy,,n > 1} be an array of random variables, and let
{Aur, uy <k <v,,n=>1} be an array of nonnegative random variables such that for each
n>1, {Au u, < k <v,} are B,-measurable. Suppose that

(i) {Xux} is B,-CR-h-integrable concerning the array {A,x} with exponent 0 <r <1;

(ii) h(n)sup,, k<, Ank — 0 a.s. as n— oo.
Let S, = Ziu,, AY X, n > 1. Then EB#|S,|" — 0 a.s. as n — oo.

Proof For eachn >1and u, <k <v,, we define, by using the method of continuous trun-

cation, the following:
Yok = =" (M (X < =1 (1)) + Kol (1Xo] < B () + " ()] (X > " (1))

and Z,; = X,x — Y,x. Hence, we can write that

Vn Vn Vn
Su= ) A Xuk= D Ay Yokt ) AN Zk = S+ Spe m2 1,

k=uy k=uy k=uy

and we estimate the conditional expectation of each of these terms separately. With re-
gard to Sy, since |Z| = (|X,x| — K" (n))I(|X,x|” > h(n)), we have by C,’s inequality and
Definition 1.8 that

Vi r

1/
D A Zo

k=uy

EPr|Syy|" = EPn

Vn
= ZAnkEBn |an|r

k=uy,

= ZA,,kEB” (IXk| = B (1)) I(1 Xk |” > h(n)) — 0 a.s.as n— oo.

k=uy

For S, we initially prove EBn|S1,| — 0 a.s.as n — oo. Noting that

Ykl = min{ [ X, 7 ()}, <k <vyn=>1, (2.1)
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we have by (2.1), condition (ii) and Definition 1.8 that

Vi Vn
EBS1l < > AWES (1Yl 1Y) < WO () Y ANTEP | Xl

k=uy k=uy,
1r Vn
r
< (h(n) sup A,,k> ZA,,kEB” X" — 0 as.asn— 00,
up<k<vy k=uy

which implies that
EB7S,l — 0 a.s.asn— oco. (2.2)

By Jensen’s inequality for conditional expectations (see, e.g., Chow and Teicher [5], p. 217),
we have by (2.2) that

EBS,1 = [(EP1S1,")" ] < (EB"1S1,]) = 0 as.asn— oc.
Therefore, we have by C,’s inequality that
EBS, " < EB7|S1,l" + EB|Sy,” — 0 a.s.as n— oco.
This completes the proof of the theorem. O

3 Conditional almost sure convergence for randomly weighted sums
To obtain a conditional strong convergence result, we introduce the concept of conditional
strongly residual /-integrability relative to the sequence 3, with exponent r as follows.

Definition 3.1 Let {X,,u, < k <v,n>1} and {Au, u, < k <v,,n> 1} be two arrays
of random variables. Let 7 > 0 be a constant. The array {X,} is said to be conditionally
strongly residually /-integrable relative to B,, (13,-CSR-h-integrable for short) concerning
the array {4} with exponent r if

Vn
sup Z |AukEP" | X" <00 as.

n>1 k=t

and

3O IAIES (Xl = 17 () (1 X" > h(m)) < 00 aus.

n=1 k=uy,

Remark 3.1 In Definition 3.1, if the exponent r takes value 1, then we can get the con-
ditionally strongly residually /-integrable relative to B, (53,-CSR-h-integrable, for short)
concerning the array {4}, which was introduced by Ordoéiiez Cabrera et al. [4].

Remark 3.2 If A, = a, are constants, and B, = {#J, 2} for all n > 1, then the preceding
definition reduces to the following new concept of strongly residual /-integrability con-
cerning the array of constants {a,,} with exponent r.
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Definition 3.2 Let {X,4,u, < k <v,,n > 1} be an array of random variables, and let
{auk, un <k <v,,n>1}bean array of constants. Let r > 0 be a constant. The array {X,,} is
said to be strongly residually /i-integrable (SR-/-integrable for short) concerning the array
{a,x} with exponent r if

Vn
sup Y~ lau|E[ X" < 00
n>1
k=uy

and

O lamlE(1 Xkl = B () 11X > h(m)) < o0.

n=1 k=uy

Remark 3.3 It is easily seen that the concept of B,,-CSR-h-integrability with exponent
r is stronger than the concept of B,-CR-h-integrability with exponent r. Likewise, the
unconditional concept of SR-/-integrability with exponent r is stronger than the concept
of R-h-integrability with exponent r.

We now establish a strong version of Theorem 2.1 under the condition of B-CSR-h-
integrability (i.e., when B, = B, a sub-o -algebra of A, for all n > 1).

Theorem 3.1 Let {X,,u, < k < vy,,n > 1} be an array of random variables, and let
{Ak,uy < k <v,,n> 1} be an array of nonnegative 3-measurable random variables. Sup-
pose that

(i) {Xuk} is B-CSR-h-integrable concerning the array {A.x} with exponent 0 < r < 1;

(i) Yooy (h(m)sup, —x, AT <ooas.
Then S, = l‘:’;un AN X — 0 a.s.as n— oo.

Proof We use the same notations as those in Theorem 2.1 and set B, = B for each n > 1.
Then S, = Sy, + Sy, for each n > 1, and we estimate each of these terms separately.
Condition (i) implies via the nonnegativity of every summand that

00V
EBr |:Z ZAnk(|Xnk| - h”’(n))rl(ankV > h(n))i| <00 as.,
n=1 k=uy
which implies that
Z ZAnk(IXnk| — 1" (1) I(1Xk]” > h(n)) <00 as. (3.1)
n=1 k=uy

Note that |Z,| = (| X,uk| = B () (| X,k > h(n)), we have by (3.1) that

Vn r Vi
1Sonl” = | AW Zuk| <Y Akl Zuil”
k=uy, k=uy,
Vn
= ZA,,k(|X,,k| ~ 1" (1)) 11Xk > h(n)) —> 0 a.s.asn— oo,
k=uy

which implies that S, — 0 a.s. as n — 0.
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Now we prove that S;,, — 0 a.s. as n — 00. By the conditional Markov’s inequality, we
have for all ¢ > 0 that

o0 1 o0
PB(ISi>€) < =Y EB|Sy,
WX:; ( 1n ) 8}12:1: 1n

<= Z ZA”’EB Yol [Yoel)
n=1 k=uy
1 0o vy
< =N AN () EB X
€ n=1 k=uy
18 B
<= Z( sup Ank) ZAnkE | X"
2 n=1 Un<k<vn k=up
1| & 5
<= Z( sup A,,k) - | sup ZAnkE | Xkl
& n=1 up<k<vy nx1 k=uy
<00 as., (3.2)

where the third inequality follows from (2.1) and the last inequality follows from condi-
tion (ii) and Definition 3.1. Hence, we have by (3.2) and the conditional Borel-Cantelli
lemma that

PB(|SI,,| > g, i.o.) =0 as,

which implies that S;,, — 0 a.s. as # — oo since the P5-null sets and the P-null sets coin-

cide (see, e.g., Yuan and Xie, [16]).
Therefore, S, = S1,, + Sy, — 0 a.s. as n — o0o. This completes the proof of the theorem.
d
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