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1. Introduction
One hundred years ago, Hilbert proved the following classic inequality [1]

) 12 1/2
Ambn 2 2
Eeh () ()

The inequality (1.1) may be classified into several types (discrete and integral etc.),
which is of great importance in analysis and its applications [1,2]. Ever since the advent
of inequality (1.1), all kinds of improvements and extensions can be seen in [3-12].
Note that the kernel of (1.1) is homogeneous of degree -1. In 2009, [13] reviews the
negative degree homogeneous kernel of the parameterized Hilbert-type inequalities.

In recent years, many authors have started on Hilbert-type inequality of 0-degree
homo-geneous kernel and non-homogeneous kernel. They even established inequalities
in R In 2008, Yang [14] obtained the improved inequality as follows: If p, r > 1, (1/p) +
(1/g) =1, (1/r) + (1/s) = 1, 0 < A < 1 and the right-hand side integrals are convergent,

then
/ / f(x)g(yA) dxdy
JoJ eyl
oo U/ oo 1/q (1.2)
1-%) qa-")
<k [ 150" (x)dx %] 5) g7 (x)dx

where the constant factor k;(r) =B(*, %) +B(1 =1, %) +B(1—2,%) is the best

possible.
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Motivated by (1.2) and the technique of real analysis, we establish a new inequality in
R* with a homogeneous kernel of 0-degree. Furthermore, the equivalent form and the
corresponding reverse inequalities are also considered.

In what follows, ¢, o, will be real numbers such that 0 <oty <oty < 1.

2. Lemmas
LEMMA 2.1. If k:=21n(4 cos % sin %) — a; cotay + (7 — ay) cotay, the weight func-
tion
r min{x?, y*} 1
o (x) = / 121{111121} 2+ 2xpcosa + 72 " dy, x € (—o0, 00), (2.1)

oo
then for all x € (-o, 0) U (0, =)
w(x) = k. (2.2)
Proof. If x € (-00,0), then
0 o
w(x) = / min min{x?, y?} . yd +[ min min{?, ) 1dy.

ie{1,2) x2 + 2xy cos o; + y? ie{1,2) x2 + 2xycosa; + Y2y

—00

Letting u = y/x for the first integrals and u = -y/x for the second integrals gives

oo o0
min{1, u?} 1 min{1, u?} 1
w(x)= [ min - du+ m1n du
ie{1,2) u?2 + 2ucosa; +1 u ie{1,2} u2—2ucosal+1 u
0 0
1 00 1
u u-
=/ du+/ du
u2 +2ucosay + 1 u2 + 2ucosag + 1
0 1

1 oo

—1
u u
+/ ) du+/ ) du.
us —2ucosay + 1 us —2ucosay + 1
1

1

0
1
u u
= du + du
/u +2ucosa + 1 /u2+2ucosa1+1 (2.3)
0

1

1
u
+/ ) du+/ ) du
u 2ucosoz2+1 us —2ucosay + 1
0 0

1

1
u
2 / du+/ du
u? +2ucosa1+1 u2 —2ucosoy + 1
0

0

(231 (231 . Q) o T
2| (In2cos — cotoq) + (ln251n — cotoy + cota2>]
2 2 2 2

.0
=2In (4cos sm2)—alcota1+(n—a2)cota2=k.

2

Similarly, m(x) = k for x € (0, ). Hence (2.2) is valid for x € (-0, 0) U (0, ). D
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Note. (i) It is obvious that @(0) = 0. (ii) If o¢; = o, = o, then
min{x?, y*}

min{x?, y?}
2 x2 4+ 2xycosa +y2’

min
i€{1,2} x* + 2xy COS @ + ¥

and W(x) = 2 In (2 sin &) + (11 - 2) cot .
LEMMA 2.2. If p > 1, 11, + Y =1 and fix) is a nonnegative measurable function in

(-00,00), then for all x € (-e0, 0) U (0, o)
p

_ min{x?, y?}
/ |y| / x2 + 2xy cos a; + Y2 f(x)dx dy
(2.4)

<K f P17 (x)dx.

Proof. By Holder’s inequality with weight [15] and Lemma 2.1, we obtain

[ p

(2 12
min min{a”, )7} ,f(x)dx
ie{1,2) X2 + 2xy cos aj + y2
K min{x?, y?} Jx| /4 |y|1/p p
_ /mm2 Dl @), )
ie(1,2)x2 + 2xy COS C; + Y | | p |x| /4

—0Q

o0
s a2 12 p—1
< / min , mln{x ,)/} | | fp(x)dx (25)
i€{1,2) X2 + 2xy cos a; + Y2 \ |
p—1

o0

. -1
/  minx? 2} [y

X min dx
ie{1,2) x2 + 2xycos o +y% |«

_kP 1| |/ mln{xry} |x|P 1fp( )dx
1512}x2+2xycosa +y2 |yl
By Fubini theorem, we find
pze [ [ min L BT pga) ay
iei12) x +2xycosa;+y2 |y
—0oQ o0
e 1/ / . min{x?,y?}  |x| dy | £ (x)dx
16{12 x2 + 2xy cos a;j + y2 | |
—0oQ o0
o0
=k”/ |x[P~ 1P (x)dx.
—0Q

a]
=1 and g(x) is a nonnegative measurable function

LEMMA2.3.1fO<p<1,;+1 =
in (-o0,00), then for all x € (-e0, 0) U (0, o)
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v i in( 1) q
- min{x?, y
L:= 1 il d
/ g 12{11112-2l x2 + 2xy COs a; +y2g(y) Y X
A B (2.7)
Skq/ " &)y,

where k= 21n(4 cos % sin ¢) — aj cotay + (7 — az) cotas.

Proof. It can be completed similarly by following the proof of Lemma 2.2 as long as
applying the reverse Holder’s inequality [15], hence we omit the details. Since g < 0,
thus (2.7) takes the positive inequality. O

3. Main results and applications
THEOREM 3.1. [f p> 1, , + , = 1,f,8 2 0 such that 0 < [ |xI~'fP(x)dx < oo and

0< ffzo x|~ 1g9(x)dx < oo, then we obtain the following equivalent inequalities

Tr . min{x?, y*}
- [ [ min r TWs)ddy

2} x2 + 2xycosa; +y

0 1p /oo 1q (3.1)
<k /lep_lfp(x)dx /leq_lgq(x)dx ,
{x?, %} '
min{x?, y
J= /M / 12}x2+2xycosa +9? of (¥} | dy
(3.2)

<kpf|x|p’1fp(x)dx,

where the constant factors k= 21In(4cos ) sin @) — a; cotay + (7 — ay) cotay and

K’ are both the best possible.
Proof. If (2.5) takes the form of equality for some y € (-00,0) U (0,%0), then there exist
constants A and B such that they are not all zero and

p—1 q-1
A|x||y| P(x) = BM

a.e. in( — 00,00) x (—00, 00).

i.e., A|x|[Pff(x) = B|y|? a.e. in (-o0,00) x (-o0, ). We conform that A # 0 (otherwise

B = A =0). Then |x|P~'fP(x) = BM a.e. in(-c0,), which contradicts the fact that

0< f_oo lx[P~1fP(x)dx < 0o. Hence (2.5) takes a strict inequality and the same as (2.4),
thus (3.2) is valid.
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By Holder’s inequality with weight [15], we find

o0 o0
1. ) min{x?, y?} _
I- / (|y| () / min Fds | gy

ie{1,2) X2 + 2xy cOS i + ¥

—00 —00

00 1/q
s]l/"(/ |y|“g"(y)dy) :

By (3.2), we obtain (3.1). On the other hand, suppose that (3.1) is valid. Let

00 p—1
1 ) min{x?, y?}
= dx ,
80) = (/ ig{lllg}xz + 2xy Cos o + yzf(x)

[e.¢]

(3.3)

then J = [*_|y|""'g?(y)dy. In view of (2.4), ] < . If ] = 0, then (3.2) is naturally
valid; if / > 0, by (3.1), then

0< f " gy dy =7 =1

00 1p / oo 1/q
<k(/ |x|p_1fp(x)dx) (/ |x|q_1gq(x)dx)

— OO [ee]

00 1/p o0 1/p
JHP = (f Iyl‘”g"(y)dy) <k(/ lep‘lf”(x)dx) : (3.5)

Hence we obtain (3.2). Thus (3.2) and (3.1) are equivalent.
For any ¢ > 0, suppose that

(3.4)

) 2¢e ) 2¢
~ X P, x € [1,00), X q, x € [1,00),
fx)=10, xe(—-1,1), gx)=10, xe(—1,1),
_1_28 _1_28
(—x) P xe(—o0, 1], (—x) q,xe (o0, —1].

Then we get the following inequality

1 1
00 ) p 00 C]
H(e) := (/ |x|P—1fﬂ(x)dx) (/ leq_lg"(x)dx) - i (3.6)
_ r . min{x?,y?}  + ~
I(g) = ig{l}g} X2+ 2xycos o + yzf(x)g(y)dxdy =L+ +13+1, (3.7)

—0Q
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where

-1 2e -1 2¢e
-l- min{x?, y?} —l-
L= (- q i ' - P dx | dy,
! /( ) ,/ig{lll,lzl)x2+2xycosa,»+y2( %) Y
1 X 2¢e 00 ) X 2¢e
I = / (—y) 4 /rr(lin minf Yy T gy dy,
1

ie{1,2} x2 + 2xy cos o; + y?

—00
00 2¢e -1 28
—1- min{x?,y
I3 := q i P dx | dy,
3 /y /ze(lrzl}x2+2xycosa +y? ( x) [
1 — 00
oS 2e [ » 2¢e

—1— . 2 .2 —1-
=/Y 1 /min me{x'y} x Pdx|dy
ie{1,2) x2 + 2xy cos o + Y2
1

By Fubini theorem [16], it follows

00 2¢e

T - c 2 2 —1-
=f)’ / f_min MY P x|y
1 1

ie{1,2} x2 + 2xy cos a; + Y2

00 0 ) . 2¢e
/ e f b mne ) |y (-
1 1
4

12} u?2 + 2ucosa; + 1

2¢e
—1—

o0
- —1-2¢ p d d
./y /u +2ucosa1+1 e
1 1
4

oS 00 _1_28
/ m1me / u  Pduldy
+2ucosa1 +1
1

2¢e 2¢

1- 00 —1-

1 00
u p 1 u p
=/ /yfl 2eq du + / du
u2 +2ucosog + 1 2¢ ) u2+2ucosa; +1
0 1
u

1

2¢e
1+ o) 2¢e

1 . e
= / du+/ u P du
u? +2ucosa1+1 u2 +2ucosag + 1

0 1

00 00 128

_1_ : 2 .2
=I3=/y q min min{x’, 7} x  Pdx|dy

ie(1,2} x2 — 2xy cos ; + 2
1

2¢
1+ . 2¢e

1 u 49 1 -1-
= / du+/ u P du
2¢ u2 —2ucosay + 1 u2 —2ucosay + 1
0 1
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If the constant factor k in (3.1) is not the best possible, then there exists a constant 0
<M < k, such that

o0 .
min{x?, y?

dxd
le{l 2 X2 + 2JC)/COSO[ . y f( )g()’) Y

<M

4
) 1/p / oo 1/q
i

IxlP L7 () dx f "1 (x)dx |

In view of (3.6) and (3.7), we obtain

2¢ 2 2¢e
1 1+ & 1 1+
u 49 r 1 -1- u 49
/ du+/ u p du+/ du
u2 +2ucosaq + 1 u2 +2ucosaq + 1 u2 —2ucosay + 1
0 1 0 (3.8)
00 2¢e
1 -1-
+/ u P du=el(e) <ekH(e) = k
u2 —2ucosay + 1
1

By (3.8), (2.3) and Fatou lemma [16], we find

1 00
k= / / du
u2+2ucosa1+1 2ucosa1+1
0 1
1 00
+f du+f
u?2 —2ucosay + 1 u2 —2ucosa, + 1
0 1
2¢ Qe
1 1+ q o0 1o
u 1
=/lim du+/11 pdu
e=0* U2 +2ucosa; + 1 e—>0* U2 + 2U COS o + 1
0 1
2¢e 5
1 1+ &
u 49 T 1 -1-
f lim du+f lim u P du
e—>0" y2 — 2ucosa; + 1 >0 y2 — 2ucosa; + 1
0 1
2¢e
1 1+ q s 2¢e
lim u 1 —1-
< / du + / u P du
e — 0F u2 +2ucosa; + 1 u2 +2ucosa; + 1
0 1
2¢e
1+ oS 2¢e

u 4 1 —1-
+f du+/ u P dul <M.
u?2 —2ucosa; + 1 u2 —2ucosa; + 1
0 1

Hence k is the best value of (3.1). We conform that &” is also the best value of (3.2).
Otherwise, we can get a contradiction by (3.3) that (3.1) is not the best possible. O

THEOREM 3.2. If 0 < p < 1, 117 + ‘11 =1,f,8 > 0 such that 0 < ffooo lx[P~1fP(x)dx < oo

and 0 < ffooo |x|971g7(x)dx < oo , then we have the following equivalent inequalities
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oo o0
. min{x?, y?}
I= dxd
f f ig{lll,rzl} x2 + 2xy cos o + yzf(x)g(y) v

—00 —00

0 19 / oo 1/q (3.9
< k( / P~ £ (x)de ( / |x|“g"(x)dx) ,
oo oo ) o p
~ 1 . min{x*, y}
J= / i (/ o) k2 + 2xy cos a; + yzf(x)dx) dy
0 e (3.10)

o0
>k"/ [x|P~1fP (x)dx,

00 [ . ) o q
L:= / x|t min min{x,y} g(y)dy | dx
ie{1,2} x2 + 2xy COS a; + Y2
o e (3.11)

<M f V" g0 dy,

where the constant factors k= 2In(4cos % sin %) —a; cotay + (7 — az) cota
both K and kT are the best possible.

Proof. By Lemma 2.3, similar to the proof of (3.2), we obtain that (3.10) and (3.11)
are valid. In view of the reverse equality of (3.3), (3.9) is valid too. On the other hand,
suppose that (3.9) is valid, let g(y) defined as Theorem 3.1, it is obvious J > 0. If ] = oo,
then (3.10) is valid naturally; if 0 <J < oo, then by (3.9), we find

[ b goar=r=1

) 1/p 00 1/q
>k(/ lep_lfp(x)dx) (/ le"_lg"(x)dx) , (3.12)
700 1/p i o0 1/p
Jir = (/ |y|"‘1gq(y)dy) >k(f P~ £ (x)dx

Hence we obtain (3.10). Thus (3.10) and (3.9) are equivalent.

(3.11) and (3.9) are equivalent. In fact, we have proved (3.11) is valid above. On the
other hand, suppose that (3.11) is valid, by the reverse Holder’s inequality with weight
[15], we obtain

o0

o0
I= 1-(1/p) dx —1+(1/p) ;
/ (I Jx)dx) | I ig{lll,rzl}x2 +2xycosaj +y
—o0 —00

00 1/p
ZL”"(/ leplfp(x)d)’) :

]

min{x?, y?}
! ,8()dy

(3.13)
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By (3.11), we obtain (3.9), and it is equivalent between (3.11) and (3.9). Thus (3.9),
(3.10), and (3.11) are equivalent.

k is the best value of (3.9). In fact, If there exists a constant M > k, such that (3.9) is
still valid as we replace k by M. By the reverse inequality of (3.8), we obtain

2¢e

! 1 1+
/ u 9du
u2+2ucosa1+1 u2—2ucosa2+1
0

’e (3.14)

o0
1 —1-
+/ u Pdu>k
u2+2ucosoe1 +1 u2 —2ucosay + 1
1

Suppose that 0 <¢gy < |‘27| such that 220 +1>0. Letting 0 <¢ < g gives

2e 2¢9 d
ud <ud (ue(0,1])

1 2g9 1 260

1 1 1+ k k 1
+ u 9 du< ud =" . .
u?2 +2ucosay +1  u? —2ucosay + 1 2 2 1+(2¢0)/q
0 0

By Lebesgue control convergent theorem [16], it follows

2¢e

1
1 1+
/ u 49 du
u2+2ucosa1+l u2—2ucosoc2+l
0

1
1
/ + udu +o(1)(e — 0%).
u? + 2ucosa1 +1 w?—2ucosay+1
0

Then by Levi theorem [16], we obtain
2¢e

o0
1 —1=
/ u P du
u? +2ucosa1 +1 u2 —2ucosag + 1
1

o0
1
/ + du+o(1)(8—> 0%).
u2+2ucosa1+1 u2 —2ucosay + 1
1

By (3.14), if follows that k > M for ¢ — 0". Hence k is the best value of (3.9).
Furthermore, the constant factors in (3.10) and (3.11) are both the best value too.
Otherwise, by (3.3) or (3.13), we may get a contradiction that the constant factor in
(3.9) is not the best possible. O

By Note (ii), Theorems 3.1 and 3.2, it follows that

COROLLARY 33.If p> 1, + . = 1,f,.8 = 0 such that 0 < [° |xP~"f*(x)dx < o0

and 0 < [ |x]17'g%(x)dx < oo , then we obtain the following equivalent inequalities

[ olue o] . { )
min{x
dxd
/ /x2+2xycosa+yf( )3(y)dxdy
—00 —OX

00 1/p 00 1/q

f Il P () dx f el 1gi)dx |

(3.15)
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K ¥ i 2 4,2 P X
[ ([ TR ) <t [ oo

o0
where the constant factors ky = 2 In (2 sin &) + (7w - 2¢) cot « and kq are both the

best possible. In particular, for oo = /3 or 2mn/3, it reduces to

oo o0

min {x?, y?} ded
[T sy

—00 —00

o0 p / oo 1/q
< <1n3+\/§n) (f IxIP—lfP(x)dx) (/ leq—lgq(x)dx) ,

= S min [x2 12 g p
/ Ml( I;li{;y;yyz}f(x)dx) dy < (ln3+¢:n) / 1 (x)dx. (3.18)

—00

(3.17)

COROLLARY  34. If 0<p<l,+,=1fg=0 such  that
0 < % IxlP"fP(x)dx < 00 and 0 < [ |x|7'g9(x)dx < 00, then we have the follow-
ing equivalent inequalities

[e.elmee]

min {x?, y?} dxd
/ / x2 + 2xycoso + yzf(x)g(y) ey

00 1/p 00 1/q
>’“(/ 'x'“f”(x)dx) (/ |x|qlgﬂ(x)dx) ,

o0

(3.19)

? x ; 2 .2 4 o0
([Tt ok oo

x2 +2xycosa +y
—00 — O

00 00 . 2 2 q 00
/ |x|-1( / min {7} zg(y)dy) dr < I f " g7(y)dy, (3.21)

where the constant factors k; = 2 In (2 sin o) + (77 - 20) cot a, k’; and k’{ are both
the best possible. In particular, for o = 1/3 or 21/3, it reduces to

oo 00

min {x?, y?} dxd
| ] sty

—00 —00

00 1/p [ 1/q
> <1n3+\/§n)( IxIPIfP(x)dx) (/ leqlg‘i(x)dx) ,

(3.22)

Page 10 of 11



He Journal of Inequalities and Applications 2012, 2012:94
http://www.journalofinequalitiesandapplications.com/content/2012/1/94

00 o0 p p
. min {x?,y?} 3 B
| p=1 (323
/|Y| xZixy+y2f(x)dx dy> (In3+ " /|x| (x)dx, (3.23)
—0oQ o0 — 0
v 7 min {x%,v*} ! J3r “r
_1 1 q_l
f g 2 4y 2 8 | de < {In3+ g f [v[" g )y (3.2)
—0Q o0 —0
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