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1 Introduction
This paper is devoted to investigating the following p-Laplacian Liénard neutral differen-
tial system:

(gop((x(t) — Bx(t - r))/))/ +f(x(t))x/(t) +g(x(t -y(@)) =e(t), (1.1)

where x(t) = (x1(£), %2(8), ..., %, () T;

p-2

@y : R" - R”, Pp(x) = lx[P~2x = < x, p>1

flx) = (ﬁ(xl),ﬁ(xg),...,ﬁ,(xn)), filx)) e C(R,R),i=1,2,...,m;
20 = (@), @), 8ux) |, @ilx) € CRR),i=1,2,...,1;

e C(R,R") with e(t + T) = e(t); y € C(R,R) with y(¢ + T) = y(¢); T is a given constant;
B = [byjluxn is a real matrix with [B] = (3_7, 37 by |*)!2.

When the matrix B is a constant, Zhang [1] studied the properties of a difference oper-
ator A and obtained the following results: define the operator A on Cr

A:Cr— Cr, [Ax](t) =x(¢t) —cx(t — 1), ViteR, (1.2)

where C7 = {x:x € C(R,R),x(¢ + T) = x(¢£)}, c is a constant. If |c| #1, then A has a unique
continuous bounded inverse A~! satisfying

> im0 df(E =)o), if |c| <1,Vf € Cr,

[A7Yf]@) = 4
_ijl cIf(t +jr), iflc|>1,Vf e Cr.
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On the basis of Zhang’s work, Lu [2] further studied the properties of the difference oper-
ator A and gave the following inequality properties for A:

W 1A <

@) [y A1)l dt < 2 [o f@)ldt, Yf € Crs

() Jy NAYIOPde < e [ [ (O dt, ¥f € Cr.
After that, by using the above results, many researchers studied the existence of periodic
solutions for some kinds of differential equations; see [3—7]. In a recent paper [8], when
the constant ¢ of (1.2) is a variable c(¢), we generalized the results of [1] and obtained
the following results. If |c(¢)| # 1, then the operator A has continuous inverse A™! on Cr,
satisfying

@)

a7 = fO+ Y5 [T et = (- DT)f(t—jr), o <1,Yf € Cr,
LD S [TA st +jT 1), 0 >1LVfeCr.

(2)

/T| A0 e < I_ILO f(;T [f(®)ldt, co<1,¥f € Cr,

0 == o If®ldt, o>1LYfeCr.

Using the above results, we have obtained some existence results of periodic solutions for
first-order, second-order and p-Laplacian neutral equations with a variable parameter; see
[9-11].

However, when B of (1.1) is a matrix, there are few existence results of periodic solu-
tions for neutral differential systems. In [12], when B is a symmetric matrix, the authors
studied a second-order p-Laplacian neutral functional differential system and obtained
the existence of periodic solutions. In [13], when B is a general matrix, the authors stud-
ied a second-order neutral differential system. But for p-Laplacian functional differential
system, to the best our knowledge, there are no results on the existence of periodic solu-
tions. Hence, in this paper, we will study system (1.1) and obtain the existence of periodic
solutions by using the generalization of Mawhin’s continuation theorem.

2 Main lemmas
In this section, we give some notations and lemmas which will be used in this paper. Let

Cr = {xlx € C(R,R"),x(t + T) = x(t)},
Cy = {xlx € CH(R,R"),x(¢ + T) = x(8)},

X = C} with the norm ||x|| = max{|x|o, |«'|o}, Z = Cr with the norm

" 12
, |a@)] = <fo) ,
i=1

U is a complex such that

lxlo = max |x(£)
0<t<T

UBU™ = E, = diag(/y,/2,..,Jn) 2D
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is a Jordan’s normal matrix, where

A 1 0 0 0

(VI 1 0 0
Ji=

0 0 0 Ai 1

njXn;

with Zgzl ni=mn,{r;:i=1,2,...,1} is the set of eigenvalues of matrix B. Let
A :Cr— Cr, [A1x](2) = x(t) — Bx(t — 1). (2.2)

Furthermore, we suppose that y(t) € C'(R,R) with y’(¢) < 1, V£ € R. It is obvious that the
function ¢ — y(¢) has a unique inverse denoted by . (¢).

Lemma 2.1 ([13]) Suppose that the matrix U and the operator A; are defined by (2.1) and
(2.2), respectively, and for all i =1,2,...,1, |A;| #1. Then Ay has its inverse Al‘1 :Cr— Cr
with the following properties:

W 1471 = 1U I Uo0, 00 = Yoty 7 Yokt e

(2) Forallf € Cr, fo AT 1) 1P ds < [UHP|U|Poy fo |f(s)|P ds, p € [1,+00), where

Zlez (Zk 17, ‘k)z p=
01= ”2%)[21‘—12 Zklu)ﬂk qg? JZAS [ )
[Zf 12 1(Zk 1= “k) ] p€[2,+00)

and q > 0 is a constant with 1/p + 1/q = 1.
(3) ATf € CL, [ATY1'(2) = [A{f1(0), for all f € C}, t € R.

Definition 2.1 ([14]) Let X and Z be two Banach spaces with norms || - ||x, || - ||z, respec-
tively. A continuous operator

M: XNdomM — Z

is said to be quasi-linear if
(i) ImM := M(X NdomM) is a closed subset of Z;
(i) KerM :={x € X NdomM : Mx = 0} is linearly homeomorphic to R”, n < co.

Definition 2.2 ([14]) Let Q C X be an open and bounded set with the origin 6 € 2, Nj, :
Q — Z, 1 €0,1] is said to be M-compact in Q if there exists a subset Z; of Z satisfying
dimZ; = dimKer M and an operator R : Q x [0,1] — X, being continuous and compact
such that for A € [0,1],

(@) (- QN(Q) CcImM C (I-Q)Z,

(b) QN,x=0,1€(0,1) & QNx=0,Vx € Q,

(©) R(,0)=0and R(, )|y, = -P)ly,,

(d) M[P+R(-,A)] = - QN,, 1 €[0,1],
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where X is the complement space of Ker M in X, i.e., X = Ker M & X5; P, Q are two pro-
jectors satisfying ImP = KerM, ImQ=2;, N=Ny, ) , ={x € Q: Mx = Nyx}.

Lemma 2.2 ([14]) Let X and Z be two Banach spaces with norms || - ||x, || - ||z, respectively
and Q2 C X be an open and bounded nonempty set. Suppose

M: XNdomM — Z

is quasi-linear and N, : Q — Z, ) € [0,1] is M-compact in Q2. In addition, if the following
conditions hold:

(A1) Mx#Nox, Y(x,A) € 92 x (0,1);
(Ay) QNx#0,Vx € KerMNog;
(Az) deg{JON,Q2NKerM,0} #0,]:ImQ — Ker M is a homeomorphism.

Then the abstract equation Mx = Nx has at least one solution in dom M N Q.

Lemma 2.3 ([15]) Lets,0 € C(R,R) withs(t+ T) = s(t) and o (¢ + T) = o (t). Suppose that
the function t — o (t) has a unique inverse u(t), Vt € R. Then s(u(t + T)) = s(u(t)).

For fixed [ € Z and a € R”, define

T
Gi(a) = %/0 (p;(a+l(t)) dt.

Lemma 2.4 ([16]) The function G has the following properties:
(1) For any fixed | € Z, there must be a unique a = a(l) such that the equation

Gl(a) =0.

(2) The function a : Z — R" defined as above is continuous and sends bounded sets into
bounded sets.

Lemma 2.5 ([17]) Letp € (1, +00) be a constant, s € C(R,R) such thats(t) = s(t+T), u € X.
Then

T T
/o ’u(t) —u(t—s(t)) |pdt§ Z(max]‘s(t)‘)p/0 ‘u’(t)!p dt.

te0,T

3 Main results
For convenience of applying Lemma 2.2, the operators A, M, N, are defined by

A:Z— Z, (Ax)(#) =x(t) = Bx(t - 1), teR, (3.1)
M:domMNX—2Z,  (Mx)(t) = (gp[(Ax)]) (®), teR, (3.2)
N, :Z— Z, (Nwx)(t) = —Af(x(t))x/(t) - Ag(x(t - y(t))) +de(t), teR,Ae]0,1],

(3.3)
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where domM = {x € X : ¢,[(Ax)'] € C}}. For convenience of the proof, let

F(t,x) = —f(x(t))x/(t) —g(x(t - y(t))) +e(t), (3.4)

then (N, x)(¢) = AF. By (3.1)-(3.3), Eq. (1.1) is equivalent to the operator equation Nx = Mz,
where N = N. Then we have

KerM = {x edomMNX:x(t)=a,acR"te R},
T
ImM = {zeZ:f z(s)ds:@}.
0
Since Ker M = R”, Im M is a closed set in Z, then we have the following.

Lemma 3.1 Let M be as defined by (3.2), then M is a quasi-linear operator.
Let
P:X — KerM, (Px)(t) =x(0), teR,

T
Q:Z— Z/ImM, (Q2)(¢) = % f z(s)ds, teR.
0

Lemma 3.2 Iff, g, e, y satisfy the above conditions, then N, is M-compact.

Proof Let Z; =Im Q. For any bounded set QcXx # 1, define R : Q x [0,1] — Ker P,

R(x, A)(¢t) =A’1{/Otg0q |:ax + /OSA(F(r,x(r)) - (QF)(r)) dr] a’s}, tel0,T],

where F is defined by (3.4) and a, is a constant vector in R” which depends on x. By
Lemma 2.4, we know that a, exists uniquely. Hence, R(x, 1)(t) is well defined.
We first show that R(-, 1) is completely continuous on Q x [0,1]. Let

t s
G,(t) = / @4 I:ax + / A(F(r,x(r)) — (QF)(r)) dri| ds, tel0,T],
0 0

we have

R(x,2)(t) = [A'G.](®).
From the properties of f, g, e, y, obviously, Vx € Q, Gy (t) € Cz. Then by Lemma 2.1 R(x, 1)
is uniformly bounded on € x [0, 1]. Now, we show R(x, 1) is equicontinuous. V¢, £, € [0, T],
¢ > 0 is sufficiently small, then there exists § > 0, for |¢; — 2| < §, by G, A71G; € Crwehave

H:A_lG}L](Ifl) - [A_IGA](t2)| <E.

Hence, R(x, 1) is equicontinuous on  x [0,1]. By using the Arzela-Ascoli theorem, we
have R(x, 1) is completely continuous on € x [0, 1].
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Secondly, we show that N, is M-compact in four steps, i.e., the conditions of Defini-
tion 2.2 are all satisfied.

Step 1. By Q* = Q, we have Q(I — Q)N () = 6, so (I - Q)N;.(R2) C Ker Q = Im M, here 6 is
an n-dimension zero vector. On the other hand, Vz € ImM. Clearly, Qz=60,s0z=z-Qz =
(I - Q)z, thenz € (I - Q)Z. So, we have

(I-QN,(Q) cImM C (I - Q)Z.
Step 2. We show that QN,x = 6, A € (0,1) & QNx = 6, Vx € Q. Because QN,x =
+ [AFdr=0,weget + [ Fdr=0,ie, QNx = 0. The inverse is true.
Step 3. When X = 0, from the above proof, we have a, = 6. So, we get R(-,0) = 0. Vx €

>, = {xr € Q: Mx = Nyx}, we have (¢,[(Ax)'])’ = AF and QF = 6. In this case, when a, =
©p[(Ax)'(0)], we have

T
G,(T) =f0 ¢

T r s
= / @q| wp[(Ax)(0)] + / AF (1, %(r)) dri| ds
0 L 0

T r s
- [ afalasro]+ [ ((pp[(Ax)’(r)])/dr] s
0 0

Ay + /S A(E (r,x(r)) = (QF)(r)) dr:| ds
L 0

T
= / (Ax) (s)ds
0

= (Ax)(T) - (Ax)(0) = 6.

Hence,

R(x, 1)(¢) = A7 /0 @q (pp[(Ax)/(O)] + A(F(r,x(r)) - (QF)(I")) dr:| ds}

S~

r N

ye fo 04l 0p[(A2)(0)] +

S~

AF(r, x(r)) dr] ds}

=A"! /(‘) Pq (pp[(Ax)/(O)] + (wp[(Ax)/(}’)])/dr} ds}

S~

A1 tA '(s)d.

[ o s}
= A7 [(Ax)(t) - (Ax)(0)]
= [ - P)x](®).

Step 4. Vx € Q, we have

M[Px + R(x, A)](t)

= ((pp<|:(Ax)(O) +AA‘1{ /0 twq[ax+ /0 Sk(F(r,x(r)) - (QF)(r) dr] ds”/)>/
_ (%({ /0 o |:ax R /0 A(E(r () - (QF)D) dr] ds}/)>/
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- (v)p <¢q [ax + fotk(F (n4(1) - (@P)0) dr]))

= (ax + / A(F(r,x(r)) - (QF)(r)) dr)
0
= [(I - QNsx](®).

Hence, N, is M-compact in Q. g

Theorem 3.3 Suppose that fOT e(s)ds =0,A1, Ay, ..., A are eigenvalues of the matrix B with
|Ai| #1,i=1,2,...1, and there exist positive constants D > 0, [ > 0 and o > 0 such that

(Hi1) xigi(x;) >0,Vx; €R, |x;| > D, foreachi=1,2,...,n,
(Hy) |gi(nr) — gi(u2)| < Uy — ua, wr,up €R, foreach i=1,2,...,n,
(Hs) [fi(x)| = 0,x;€R, foreachi=1,2,...,n.

Then Eq. (1.1) has at least one T-periodic solution if one of the following two conditions is
satisfied:

a>ﬁlmax|y(t)| forl<g<2 or
te[0,T]

o >~/21 n{lax]|y(t), \U™||UNoov/nTfr, <1 forq=2,
te[0,T

where fr, = MaXy <g, |f(*)|, Ry is defined by (3.14).

Proof We complete the proof in three steps.
Step 1. Let Q; = {x € domM : Mx = N;x, A € (0,1)}. We show that ; is a bounded set. If
x € Q1, then Mx = N,x, i.e.,

(gpp[(Ax)/]), = —Mf (x())x (£) = Ag(x(¢ — ¥ (1)) + re(?). (3.5)

Integrating both sides of (3.5) over [0, 7], we have

‘/ng(x(t -y(®))dt=0,

which together with assumption (H;) leads to the fact that there exists a point &; € R such
that

|x,»(§,» - y(éi))| <D, foreachi=1,2,...,n.
Let & — y (&) = kT +n;, k € Z, n; € [0, T]. Then
|x,»(m)| <D, foreachi=1,2,...,n.

Thus,

T
| §D+/ |x;(s)|ds, foreachi=1,2,...,n. (3.6)
0
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By (3.6), we have

|x| = (xf +x% +---+xi)%
T
< ﬁ(D+/ \x'(s)|ds) (3.7)
0
and
T
lxlo < \/E(D +/ |%'(s)| ds). (3.8)
0

On the other hand, multiplying the two sides of Eq. (3.5) by [x'(£)] " from the left side

and integrating them over [0, T'], we have

T

T
/O [ ] (¢,[(Ax)]) dt = -2 /0 [«(0)]"f ()« (¢) dt
T T
) / (0] (et - y(0))) de
0
+ 1 f T[x’(t)]Te(t) dt. (3.9)
0
Let w(t) = ,[(Ax)'(¢)], then
r T ’ r T
fo 0] (eo[(Ax)]) dt = fo (47 (g, ()} deo(t) = 0.

By (3.9), we have

n T )
> /0 Si(x0)[x(0)] dt

<

T T T T
/O (0] gt - 7(®) at /O [£(0)] e(t)dt‘. (3.10)

+
By assumption (Hs), we have

o3 [ bePa =y [ o) o) a
i=1 V0 l =l - l

. (3.11)

y : / 2d
;/0 Si(xi(0)[%(®)]" dt

From (3.10) and (3.11), we have

oi / T}x<(t)\2dt< / T|[x’(t)]T (x(t—y(®))]dt + / T|[x’(t)]Te(t)]dt (312)
' Jo ' “Jo £ v 0 ' '
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from fOT [x'(£)] Tg(x(t)) dt = 0, assumption (H,), Lemma 2.5 and (3.12), we have
- ’ ’ 2 d
o ;/0 ix;(t)| t
’ ’ T T ) .
< /O [*®)] [g(x(®) —g(x(t - v(®))]| dt + fo I[¥0)] e0)| dt
3 ' T 1/2 T 1/2
S;l/o |x;(t)|‘xi(t)_xi(t—y(t))}dt+ (/0 |x/(t)|2dt> (/0 |€(t)|2dt>
- T 12, T "
S;l(/(; |x2(t)|2dt) (A |xi(t)—xi(t—y(t))|2dt)

T NT: 172 T ) 1/2
+<f0 |/ (0)] dt) (/0 le(®)] dt)
- T T 1/2 T 12
S;ﬁltgg]ly(t)lfo !xé(t)|2dt+</o |x'(t)|2dt> (/0 |e(t)|2dt) . (3.13)

Since o > +/2/ maxce(o,r] |y (£)], by (3.13), there exists a positive constant R; such that

T

/o |x’(s)| ds <R;.
Then by (3.8),

lxlo < v/n(D+Ry) := Ry. (3.14)
By (3.5), we have

(00 [(A%)'])'] < fo, [#(8)] + g, + lelos
where f, = maxy <z, |f (*)|, gr, = maxy <z, |g(x)]. Take ¢,[(Ax) (£)] = y(¢), then

Iy |y <o |(8)] + g, + lelo (3.15)

and (Ax)'(t) = ¢,(y(t)). Because there exists a ¢; € [0, T] such that y(¢;) =0,i=1,2,...,n, s0
by (3.15), we get

(@] < VnT|y |, < VnTfe, |« (6)| + VnTgr, + v/nTlelo
and

|(Ax) (0)] < (VAT |2 ()] + /1 Tgr, + /1T lelo) . (3.16)
By (3.16) and Lemma 2.1, we have

@] = [[A7AX] 0] < U |U oo |(Ax)'(2)]

< |u™|{Uoo(VnTfe, |5 (8)] + v/nTge, + /nTlelo)"™. (3.17)
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Now, we consider (v/nTfz, |%' ()| + /nTgr, + ~/nT|elo)?™. In the formal case, we get

(VTfi |5 ®)] + v/ Tige, + ¥/ Tlelo) "

_ 7 V41 V/nTgr, +v/nTlelo "~
= (VnTfz, % (®))) <1+ JaTfe, |1%(8)] ) '

(3.18)

By classical elementary inequalities, we see that there is a constant 4(p) > 0, which is de-

pendent on p only, such that

Q+x)f <1+ +p)x, Vxe (0,hp)]. (3.19)
VTR, +/nT el
Case 2.1. If W > ]’l, then
T T
()] < Vg, + Tlelo (3.20)
N

Case 2.2. If /TR, +/Tlelo

T, WOl < h, by (3.18) and (3.19), we have

(VAThe |5 (0] + ViTer, + VaTlely)"

= (VnTf, | (2))) (1+ \/ﬁT_fR2|x/(t)|>

NI q(«/ﬁTgR2+ﬁT|elo))
= (Vi ) (1 SR

= (ViTfe,) " ¥ ()| + (/i Tigr, + Vi Tlelo) (VA Tfe,)* 2 | (6)] . (3.21)

From (3.17) and (3.21), we have

(@] < [U™||Uloo(VnTfe,) " ¥ ()] "

+ |U||Uloog(v/nTar, + Tlelo) (v Tfe,)" 2| (6)] 7. (3.22)

When q = 2, from |U™||U|og+/nTfr, < 1, we know that there exists a constant M, > 0 such
that

()| < M. (3.23)
When 1 < g < 2, there must be a constant M3 > 0 such that

|¥(6)] < M. (3.24)
Hence, from (3.14), (3.20), (3.23) and (3.24), we have

[[¢]| < max{Ry, My, My, M3} +1:=L.
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Step 2. Let 2, = {x € Ker M : QNx = 0}, we shall prove that 2, is a bounded set. Vx € 5,
then x = a, a € R”, we have g;(a;) = 0 for each i = 1,2,...,n. By assumption (H;) we have
la;] <D and |a| < /uD. So, 2, is a bounded set.

Step3.Let Q ={x € X : ||x|| <L}, then Q; UQ, C 2, V(x,1) € 92 x (0,1). From the above
proof, Mx # N, x is satisfied. Obviously, condition (A;) of Lemma 2.2 is also satisfied. Now,
we prove that condition (Asz) of Lemma 2.2 is satisfied. Take the homotopy

Hx,pu) = ux— (1- n)JQNx, xeQnKerM,u e [0,1],

where J : ImQ — KerM is a homeomorphism with Ja = a, a € R”. Vx € 9Q2 N Ker M, we
have x = a; € R”, |a;| = L > D, then

1 T
Hex 1) == (1= /0 (—g(a) + e(t)) dt

=ap+ (1 p)gla),
then we have
al H(x, 1) = af ap + (1 - pa] g(ay).
By using assumption (H;), we have H(x, 1) # 0. And then, by the degree theory,

deg{/QN, 2 N KerM, 0} = deg{H(-,0), 2 N KerM, 0}
= deg{H(,1), 2 N Ker M, 0}

=deg{l, 2 NKerM, 0} #0.

Applying Lemma 2.2, we complete the proof. g

Remark Assumption (H;) guarantees that condition (A;) of Lemma 2.2 is satisfied. Fur-
thermore, using assumptions (H;)-(Hs), we can easily estimate prior boud of the solution
to Eq. (L.1).

As an application, we consider the following example:
(0p[ (x(2) — B(t - n))/])/ +f (%(0)x'(6) + g(x(t — 7)) = e(t), (3.25)

where

_ xl(t) 3 _ %xl _ -1 -3
x(t) = (xg(t)> eR®, glx) = (%xz , B= L

e(t) = (sint,cost), T =y =7, p=15T =2m, f(x) = (5 + sinxy, 10 + cos x,).
Obviously, A; =3 #£1, Ay = -4 # £1,

2w 2r
/ o) di = foznc?stdt _ (%)
0 o sintdt 0
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Since

L, L,
x181(x1) = mxl >0 for|x;|>D>0, Xo@o (%) = mxz >0 for |xy| >D >0,

so assumption (Hj;) is satisfied. Take [ = ﬁ, then
1 .
\gi(w1) = gi(u)| < — w1 —up|, w1, uz €R, foreachi=1,2,

~ 100

and assumption (H,) is satisfied. Take o = 4, then
[ﬁ(x1)| =15 +sinx;| > 4, [fz(x2)| = |10 + cosxy| > 4,

and assumption (H3) is satisfied. Hence, assumptions (H;)-(H3) are all satisfied. Take

3 1
U< -1 1 ’ U= —47 Z
such that
UBU™ = 3.0
0 -4

Take y(t) = 7, then
o > /2] max |y(t)|.
te[0,T]
By using Theorem 3.3, we know that Eq. (3.25) has at least one 2 -periodic solution.
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