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Abstract

In this article, Hadamard-type inequalities for product of s-convex in the second
sense on the co-ordinates in a rectangle from the plane are established.

1. Introduction
A function f: I — R, I € R is an interval, is said to be a convex function on I if

flx+ (1= 1)y) = tf (x) + (1 = Of (y) (1.1)

holds for all x, y € I and t € [0, 1]. If the reversed inequality in (1.1) holds, then f'is
concave. Let f: I € R — R be a convex function and a, b € I with a < b. Then the fol-
lowing double inequality:

avb) _ 1 [* _f@+f(b)
f( ) )_b_a/;f(x)dx_ ) (1.2)

is known as Hermite-Hadamard inequality for convex mappings. For particular
choice of the function fin (1.2) yields some classical inequalities of means. Both
inequalities in (1.2) hold in reversed direction if f'is concave.

Some basic definitions can be given as followings:

Definition 1. (See [1], [2, p. 410]) We say that f: I — R is a Godunova-Levin func-
tion or that f belongs to the class Q(I) if f is non-negative and for all x, y € I and t
(0, 1) we have

£, F0)

fles (1 =op) =" 17

Definition 2. (See [3]) We say that f: I S R — R is a P-function or that f belongs to
the class P (1) if f is non-negative and for all x, y € I and t € [0, 1], we have

flxe+ (1 =1)y) < f(x) + ().
Definition 3. (See [4]) Let s € (0, 1]. A function f: [0, =) — [0, =) is said to be s-
convex in the second sense if
flx+ (1 =0y) = of(x) + (1 = 0f ()
forall x, y € (0, b) and t € [0, 1].
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In [5], Hudzik and Maligranda considered among others the class of functions which
are s-convex in the first sense. This class is defined in the following way:

Definition 4. A function f: R" — R, where R* = [0, =), is said to be s-convex in the
first sense if

flax+By) = «f(x) + B (¥)

for all x, y € [0, =), o, B 2 0 with &' + B° = 1 and for some fixed s € (0, 1]. We
denote by Klthe class of all s-convex functions.

In 1978, Breckner introduced s-convex functions as a generalization of convex func-
tions in [4]. Also, he proved the important fact that the set valued map is s-convex
only if the associated support function is s-convex function [6]. Of course, s-convexity
means just convexity when s = 1. The definition of s-convexity of real valued functions
are very important for Orlicz spaces and Banach normed spaces (see [7-9]). A number
of properties of s-convex functions are discussed in articles [5,10-13].

In article [14] the following generalization of the previously described functions was
given.

Definition 5. (See [14,15]) Let I, ] be intervals R, (0, 1) € J and let h : ] — R. A func-
tion f: I — R is called an h-convex function, or that f belongs to the class SX(h, 1), if for
all x,ye Iand t € (0, 1) we have

flxe+ (1 =1)y) < h(O)f (x) + h(1 = OF (). (1.3)

If inequality in (1.3) is reversed, then f is said to be h-concave.

Obviously, if /() = ¢, for all £ € [0, 1] € J, then all convex functions belong to SX (/,
I) and all concave functions are k-concave; if h(t) = 1, for all te (0, 1), then SX(k, I) =
Q(D; if h(t) = 1, SX(h, I) 2 P(I); and if h(¢) = ', where s € (0, 1), then SX(h,I) D K2
For some recent results about 4-convex functions we refer the reader to articles
[15-18].

In [10], Dragomir and Fitzpatrick proved the following variant of Hermite-Hadamard
inequality which hold for s-convex functions in the second sense:

Theorem 1. Suppose that f: [0, o) — [0, =) is an s-convex function in the second
sense, where s € (0, 1) and let a, b € [0, ), a < b. If fe Ly([a, b)), then the following
inequalities hold:

Cfasby 1 f(a) +f(b)

The constant k = s+11 is the best possible in the second inequality in (1.4).

Again in [10], Dragomir and Fitzpatrick also proved the following Hadamard-type
inequality for s-convex functions in the first sense:

Theorem 2. Suppose that f: [0, o) — [0, =) is an s-convex function in the first sense,
where s € (0, 1) and let a, b € [0, o). If fe Ly([a, b]) then the following inequalities
hold:

2 s+1

f(‘”b) < biafabf(x)dxf f(@)+9(b) (15)

The above inequalities are sharp.
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A modification for convex functions which is also known as co-ordinated convex
functions was introduced as following by Dragomir [19]:

Let us consider a bidimensional interval A =: [, b] x [¢, d] in R®> with a < b and ¢ <
d. A mapping f: A — R is said to be convex on A if the following inequality:

flox+ (1 —a)z ay + (1 —a)w) < af (x,y) + (1 — «)f (z, w)

holds, for all (x, y), (z, w) € A and @ € [0, 1].

A functionf' A — R is said to be convex on the Co—ordinates on A if the partial
mappings f,, : 1 = R, f,(u) = flu, y) and f : 1 = R, fi(v) = flx, v) are convex
where defined for allx € [a, b],y € [c d].

In the same article, Dragomir established the following Hadamard-type inequalities
for convex functions on the co-ordinates in a rectangle from the plane R*:

Theorem 3. Suppose f: A = [a, b] x [¢, d] € [0, ) > R is convex function on the co-
ordinates on A. Then one has the inequalities:

a+b c+d
(375 = mapa—o [ [ 1t 0
_ (@ 0) +£(0,6) + {0, ) + (b, )
- 4

The concept of s-convex functions on the co-ordinates in both sense was introduced
by Alomari and Darus [20,21]:

Definition 6. Conusider the bidimensional interval A =: [a, b] x [c, d] in [0, =)* with
a < band c < d The mapping f: A — R is s-convex in the first sense (in the second
sense) on A if

flax+ Bz, ay + pw) < o*f(x, y) + Bf (2, w)

holds for all (x, y), (z, w) € A, o, =0 witho' + =1 (a + = 1) and for some
fixed s € (0, 1]. We write f € Ki(i = 1, 2)which means that f is s-convex in the first
sense when i = 1, (in the second sense when i = 2).

A function f: A =: [a, b] x [c, d] € [0, ©)? — R is called s-convex in first sense (in
the second sense) on the co-ordinates on A if the partial mappings f, : [a, b] = R, f,

u) = flu, y) and f, : [¢c, d] = R, f,(v) = f (x, v), are s-convex in the first sense (in the

second sense) for all y € [c, d], x € [a, b], and s € (0, 1], i.e, the partial mappings f,
and f, are s-convex in the first sense (second sense) with some fixed s € (0, 1].

In [20], Alomari and Darus proved the following inequalities for s-convex functions
(in the second sense) on the co-ordinates in a rectangle from the plane R*:

Theorem 4. Suppose f: A = [a, b] x [c, d] € [0, =) > R is s-convex function (in the
second sense) on the co-ordinates on A. Then one has the inequalities:

(50T = o [ [ 1

f(a ¢) +f(b,¢c) +f(a,d) +f(b,d)
(5+1)

1.7)

Also in [21] (see also [22]), Alomari and Darus established the following inequalities
for s-convex functions (in the first sense) on the co-ordinates in a rectangle from the
plane R?:
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Theorem 5. Suppose f: A = [a, b] x [c, d] € [0, =) —> R is s-convex function (in the
first sense) on the co-ordinates on A. Then one has the inequalities:

f(‘l;b, c;—d) - (b_a)l(d_ ; /a~b ldf(x’y)dex

- f(a,c) +sf(b,c) +sf(a, d) +s*f(b,d)
- (s+1)?

(1.8)

The above inequalities are sharp.

In [23], Sarikaya et al. proved some Hadamard-type inequalities for co-ordinated
convex functions as followings:

Theorem 6. Let f: A € R* — R be a partial differentiable mapping on A := [a, b] x
52

lc, d) in R* with a < b and ¢ < d. If
atos

is a convex function on the co-ordinates on

A, then one has the inequalities:

f(a,c)+f(a d)+f(b,c)+f(bd)

4
b pd
(b— a)l(d —¢) fa /C f(x,y)dxdy — A
82f azf aZf 82f
= (b=a)d=0) 8t85‘ (a,0) + atds (a,d) + atas‘ (b, c) + 9tds (b, d)
B 16 \

where
1 1 b 1 d
4= |:(b—a)/a [ c) + 1 (x, d) e + (d_c)fc [f(a:y)dwf(b,y)]dy]

Theorem 7. Let f: A € R* — R be a partial differentiable mapping on A := [a, b] x
a2f q

atos

nates on A, then one has the inequalities:

fla,c)+f(a d)+f(bc) +f(b d)

lc, d] in R> with a < b and ¢ < d. If , g >1, is a convex function on the co-ordi-

4
1 b opd
(b—a)(d—c)/a /C (%, y)dxdy — A
1
32f q 32f q 32f q 32f q .
L (b=a)d=0) ‘Btas @+ 5as (”’d)+‘atas (Brc) 4 55| (0D
< ) 4

4(p+1)P

where

1 1 b 1 d
A= [(b _a)/a [f (x,¢) + f(x, d)]dx + @0 /; [f (a, y)dy +f(b,y)]dy}

Page 4 of 13
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and; + ; =1.

Theorem 8. Let f: A € R* — R be a partial differentiable mapping on A := [a, b)] x
BZf q

dtos

nates on A, then one has the inequalities:

fla,c)+f(ad)+f(bc) +f(b d)

lc, d] in R* with a < b and ¢ < d. If ,q =1, is a convex function on the co-ordi-

4
1 b pd
(b—a)(d—c)/a /Cf(x'Y)dde—A
1
22f q 3%f q 92f q 02f p .
< (b—a)(d—c) | |9eds @+ gas| @D+ | © D+ 55| 0D
h 16 A

where
1 1 b 1 d
i [(b—a)/u 5 s Dl - [f(a,Y)dy+f(b,y)]dy]

For refinements, counterparts, generalizations and new Hadamard-type inequalities
see the articles [3,5,10-13,19-28]. In [25] (see also [22]), Alomari and Darus introduced
new classes of s-convex functions on the co-ordinates as following:

Definition 7. Consider the bidimensional interval A =: [a, b] x [c, d] in [0, «)* with
a < band c < d. The mapping f: A — R is s-convex in the first sense on A if there

exist sy, sy € (0, 1] such that s = 32,
flox + Bz, ay + pw) < & f(x,y) + B2f (2, w)

holds for all (x, y), (z, w) € A with o, B > 0 with o + 8% = land for some fixed s, s»
€ (0, 1]. We denote this class of functions by MWO}] 5
Definition 8. Consider the bidimensional interval A =: [a, b] x [c, d] in [0, )* with
a < band c < d The mapping f: A — R is s-convex in the second sense on A if there

exist sy, sy € (0, 1] such that s = 32,
flax+ Bz, ay + pw) < a”'f(x,y) + p2f (2, w)

holds for all (x, y), (z, w) € A with o, B > 0 with o + B = 1 and for all fixed s, s, €
(0, 1]. We denote this class of functions by MWO? _ .

In [26], Pachpatte established some inequalities for product of convex functions as
follows:

Theorem 9. Let f, g : [a, b] € R — [0, =) be convex functions on [a, b], a < b.

Then

b
bia [ f(x)g(x)dx < ;M(a, b) + éN(a, b) (1.9)

Page 5 of 13
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and

zf(“;b)g(“;b) <.l /abf(x)g(x)dx+ (M(a.b) + N(a,b) (1.10)

where M(a, b) = fla)g(a) + fib)g(b) and N(a, b) = fla)g(b) + fib)g(a).

Similar results for s-convex functions is due to Kirmaci et al. [13] as follows:

Theorem 10. Let f, g: [a, b] ER —> R a, b e [0, =), a < b, be functions such that g
and fg are in Li([a, b]). If f is convex and non-negative on [a, b] and if g is s-convex on
la, D], for some s € (0, 1), then

2r( e (*30) -, L [ s

) (1.11)
M(a, b) + . 2N(a, b)

- 1
T (s+1)(s+2)

where M(a, b) = fla)g(a) + fib)g(b) and N(a, b) = fla)g(b) + fib)g(a).

Theorem 11. Let f, g: [a, b] ER —> R a, b e [0, =), a < b, be functions such that g
and fg are in Li([a, b]). If f is convex and non-negative on [a, b] and if g is s-convex on
la, D] for some s € (0, 1), then

b
b i . / f(x)8(x)dx < szM(a, b) + (a,b) (1.12)

1
N
(s+1)(s+2)
where M(a, b) = fla)g(a) + fib)g(b) and N(a, b) = fla)g(b) + fib)g(a).
Theorem 12. Let f, g: [a, )] ER - R a, b e [0, =), a < b, be functions such that f, g
and fg are in Ly([a, b]). If f is s;-convex and g is s,-convex on [a, b] for some fixed s, s,
e (0, 1), then

I 1
/ f(x)g(x)dx < M(a, b) + B(s1 + 1,52 + 1)N(a, b)
b—al, s1+8+1

I'(s1)T(s2)
F(S] + 8§y + 1)

X (1.13)

= |:M(a, b) + 5152

S]+52+1

N(a, b)}

where M(a, b) = fla)g(a) + fib)g(b) and N(a, b) = fla)g(b) + fib)g(a).
In the last theorem Beta function of Euler type, defined by

Tr@)
B(x,y) = [o (1 — ) ldt =
( Y) fO ( ) F(.x + y)
has been used.
The main purpose of the present article is to establish new Hadamard-type inequal-
ities similar to the above inequalities, but now for product of s-convex functions (in
the second sense) on the co-ordinates in a rectangle from the plane R”.

2. Main results
We will start with the following theorem.

Theorem 13. Let f, g: A = [a, D] x [¢, d] € [0, <2 >R a<bc<d, be functions
such that f, g and fg are in L*(A). If f is non-negative and convex on the coordinates on
A and if g is s-convex in the second sense on the co-ordinates on A, for all s,, s, € (0,

1), such that s = 51532, then one has the inequality;

Page 6 of 13
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b pd
(b - a)l(d —0) /a /C f(xy)8(x, y)dydx

(2.1)
< ;(p2 +12)L(a,b,c,d) + ; (pq + rt)M(a, b, c, d) + ; (¢ + *)N(a, b, ¢,d)

where

L(a, b, ¢ d)=f(a, Og(a, ¢)+ (b )g(b, ) +f(a d)g(a, d)+F(b, d)g(b, d),
Ma, b, ¢ d) = f(a, )g(a d)+f(a, d)g(a, c)+ (b, g(b, d) + (b, d)g(b, o)

+f(b, Ag(a, ) +f(b, dga, d)+f(a Agb, ) +f(a, dgb, )
N(a b, ¢, d)=f(b, Agla, d)+f(b, d)g(a, O)+f(a, Ag(b, d)+f(a, d)g(b, o)

and

1 1 1 1
= , = ’ Tr= ’ t= .
P2 T () +2) 642 (s1+1)(s1 +2)

Proof. Since f'is convex and g is s-convex in the second sense on the co-ordinates on
A. Therefore the partial mappings

fy+la,b] = [0,00),  fy(x) = f(x¥)
and
feiledl = [0,00), fi(¥) =f(x¥)
are convex and non-negative on [a, b] and [c, d], respectively. The partial mappings
8 la,b] = [0,00),  g(x) =g(x)
and
& :led] = [0,00),  &(y) = 8(x¥)
are s;-, S,-convex on [a, b] and [c, d], respectively, for all x € [a, b], y € [c, d], for all
s1, $2 € (0, 1], such that s = 3. Now by applying f,(y)g.(y) to (1.12) on [c, d], we get
1 d
in e [ ROy < plAI () + L))

+ qlfx(c)gx(d) + f:(d)gx(c)].
That is

d
a6 st iy =l O 9+ gl )]
- qlf (v gl d)+f(x, d)glx, )l

Integrating over [a, b] with respect to x and dividing both sides by b - 4, we have

b opd
(b— a)l(d _— /a /c f(x,y)g(x, y)dydx

b b
=p |:b 1 4 /a f(x, c)g(x, c)dx + b 1 4 /a f(x d)g(x d)dx:| 2.2)

b b
+q [b i 4 /a flxc)g(x d)dx + i . /a f(x d)g(x, c)dx:| .

Page 7 of 13
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Now by applying (1.12) to each integral on right-hand side of (2.2) again, we get

b
oo | 1 s O = plfa, gta, )+ (b, e, )
+ qlf(a g, ) +f(b, Agla, ).

b
bia/ flx d)g(x, d)dx < plf(a, d)g(a, d) +f(b, d)g(b, d)]
+ qlf(a, d)g(b, d) +f(b, d)g(a, d)].

b
o0 | £ s d)ax < pifta sta, )+ (b, e, )
+ qlf (@ Ag(b, ) +f(b, gla, )]

b
L / f(x d)g(x, c)dx < plf(a, d)ga, <) + (b, d)g(b, o)]
v dlf(a, dglb, O+ (b d)gla, ).

On substitution of these inequalities in (2.2), we obtain

oo | [ s .
<p’L(a, b, ¢, d) +pgM(a, b, ¢, d) + ¢*N(a, b, ¢, d).

Similarly, if we apply f,(x)g,(x) to (1.12) on [a, b], we get the following result:

G- / / Fx )8t p)dyd o4
<1r’L(a, b, ¢, d) +1tM(a, b, ¢, d) + t*)N(a, b, ¢, d)

Adding the inequalities (2.3), (2.4) and dividing by 2, we get (2.1). ©
Theorem 14. Let f, g : A = [a, b] x [c, d] & R2 5> R,a< b, c<d be functions such
that f, g and fg are in L*(A). If f is non-negative and convex on the co-ordinates on A
S1+52

and if g is s-convex on the co-ordinates on A, for all sy, s, € (0, 1), such that s ="'37,

then one has the inequality;

d
g ( ) oo | [ 76 st s
(g% + % +2pt + 2gr)L(a, b, ¢, d)

251+521[(a+b c+d> (a+b c+d

(2.5)
(pq + 1t + 2qt + 2rp)M(a, b, ¢, d)

N»—AN»—AN»—l

(p* + 7%+ 2pt + 2rq)N(a, b, ¢, d)

where L(a, b, ¢, d), M(a, b, ¢, d), N(a, b, ¢, d), p, q, r and t as in Theorem 13.
Proof. Applying 2°' f (’“b ”d) g (“;b, ”d) to (1.11) and multiplying both sides by 2%,

27 2

we get
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) <a+b c+d> <a+b c+d>

251+szf ,
2

2% c+ c+d
<53 )sl e
S N RN
e ) L) e (sl )]

Similarly, by applying 2°2f <‘”b ”d) g <“;b, C;d) to (1.11) and multiplying both sides
by 2%, we get

(2.6)

251+52f<a+b c+d

a+ bc+d
8

(“;"
<S5
A D (3 )
(3 (e (5 )
Adding (2.6) and (2.7), we have

Py a+b c+d a+b c+d
2 )82 2

I )
()5 (055 (0 )

() ()2 (7 ()
|:2‘1f(a+bc>g(a+bc)+2*‘1f(a;b,d>g(a b

(2.7)

S

(2.8)

+7

Applying (1.11) to each term within the brackets, we get

2 (a 30 3 =, [ @ st ey

+ tlf(a Agla, ) +f(a d)g(a, d)]
+ r[f(a c)gla, d) +f(a, d)g(a, c)].

252f< )s(v C;d) < dig[‘if(b, P)ab, Py

+ tIf(b )b, €) +f(b, d)g(b, d)]
+ 1[f (b, c)g(b, d) +f(b, d)g(b, c)].

21 (a5 e (03 =, [ e o

+ tf(a, )g(b, €) +f(a, d)g(b, )]
+ 1lf(a c)g(b, d) +f(a, d)g(b, c)].

252f< C*‘i)g(af;d)sdicfcdf(b, V(e Py

+ tf(b gla, ) +f(b, d)g(a, d)]
+ 1[f(b, )gla, d) +f(b, d)g(a, c)].

Page 9 of 13
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2r(*30e)s(5 ) = bia/ahf(x, s, )

+qlf(a, A)gla, ) +f(b, c)g(b, )]
+plf(a, )g(b, ¢) +f(b c)g(a ).

+ + b
2nf (“2 b,d)g (az b,d) <, 1 . / f(x, d)g(x, d)dx
+4qlf(a, d)g(a, d) +f(b, d)g(b, d)]

+plf(a, d)g(b, d)+f(b, d)g(a, d)].

+ + b
2s1f<a2b’ c)g<“2b, d) < bia/ f(x, c)g(x, d)dx
+(lf(a, c)g(a, d) +f(b, c)g(b, d)]

+plf(a, c)g(b, ) +f(b, c)g(a, d)].

2$'f<a;b, d)g(a;b, c) < biﬂfabf(x, d)g(x, c)dx

+qlf(a, d)g(a, c) +f(b, d)g(b. )]

+plf(a, d)g(b, ¢) +f(b, d)g(a, c)].

Substituting these inequalities in (2.8) and simplifying, we obtain

251+52+1f a+b c+d a+b c+d

22 )8\ 2 2
2% b c+d c+d

Sb—a/;f(x' 2 )g<x’ 2 )dx
2 (4 la+b a+b

+d_cfcf< ) ,y>g< ) w)dy
1 d 1 d

[ @ s e, [ s
1 d 1 d

T / fla, Y, yydy+r / f(b, y)g(a, y)dy
1 b 1 b

ey [ st otea, [ dgte ayas

b b
Py, i a / flx gl dydx+p, i . / flx d)g(x, c)dx

+(@ +tH)L(a, b, ¢, d)+ (pg +t)M(a, b, ¢, d) + (p* +1*)N(a, b, ¢, d).

(2.9)

Now by applying 2°'f (“;b,y) g (“;b,y) to (1.11), integrating over [c, d] and dividing

both sides by d - ¢, we get

2% d ra+b a+b
d_C/f< ) w)g( ) ,y)dy

b pd
< 0w . [ 1 st sy

d d
[ @ st a6 s nar

d d
ey b @ s parer [ st

(2.10)
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Again by applying 2°2f (x, C§d> g (x, Czd) to (1.11), integrating over [a, b] and dividing

both sides by b - a, we get

22 b c+d c+d
b—(,l/(;f<x’ 2 )g(x/ 5 )dx
1 b pd
. f(x, y)8(x, y)dydx
(b—a)(d—C)/a / o
1 b 1 b
Ay, fa flo c)g(x )dx+q, fa f(x, d)g(x, d)dx
1 b 1 b
oy L [ s st dasep [ st g das
Adding (2.10) and (2.11), we have
252 d c+d c+d 251 d ra+b a+h
2L 2 L)
2 b pd
< a1 Ds s

d d
[ re s et [ nse nar

1 1 (2.12)
eyt [ A e et st i
b b
+qbia‘£ f(x, c)g(x, c)dx+qbia/; f(x, d)g(x, d)dx
b b
L [ ot didvep, [ gt e
Therefore from (2.9) and (2.12), we obtain
siasye1 a+b c+d a+b c+d
: f<2'2)g(2’2)
2 b
< b ayd_o [, 1 Ve sy
1 d 1 d
2, /c fa, y)g(a, y)dy+2t /c f(b, y)8(b, y)dy
(2.13)

d d
*2r dic /C f(a, y)g(b, y)dy +2r dic /C f(b, y)g(a, y)dy
b b
+2qb1a/a f(x c)g(x, c)dx+2qbia/a f(x, d)g(x, d)dx

1 b 1 b
w2p, L [ A st ez, b [ i g
+(q* +t?)L(a, b, ¢, d)+ (pg+1t)M(a, b, ¢, d) + (p* +7*)N(a, b, ¢, d).
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By applying (1.12) to each of the integral in (2.13) and simplifying, we get

b c+d a+b c+d
251+52+1 a+ , ,
f( 2 2 )8 2 2

< 2 [b/df( )8(x, y)dyd
S -—a)d—c) ), S IV PAE
+(q* + %+ 2pt + 2qr)L(a, b, ¢, d) + (pq + 1t +2qt + 21p)M(a, b, ¢, d)

+(p? + 1%+ 2pt + 21q)N(a, b, ¢, d)

Dividing both sides by 2, we get required result. O

Theorem 15. Let f, g: A = [a, b] x [c, d] SR> - R, a < b, ¢ < d, be functions such
that f, g and fg are in Ly(A). If f is sy-convex on the co-ordinates on A and g is sy-con-
vex on the co-ordinates on A, for some fixed si1, S12, S21, S22 € (0, 1), such that

sp = 52,5y = T2 then one has the following inequality;

1 /b/d
X, x, y)dydx
b-ad-ol, | flx y)g(x, y)dy 014
< ;(pf +r%)L(a, b, ¢, d)+ ;(plql +11t1)M(a, b, ¢, d) + ;(qf +t%)N(a, b, ¢, d)

where L(a, b, ¢, d), M(a, b, ¢, d), and N(a, b, ¢, d) as defined in Theorem 13 and

1 1
pl = S12+520 417 q1 = B(512 + 1, Son + 1),7'1 = Sp4so 417 tl = B(Sll + 1, So1 + 1)

Proof. By a similar way to Theorem 13 with p; = s|;+51;7+1’ q1 = B(s12+1, s35+1),

rn=_1 t; = B(s11 + 1, 551 + 1) and thus (2.14) is established. O

S1+sn+17
Theorem 16. Let f, g: A = [a, b] x [c, d] & R2 5 R, a<bh c<d be functions such
that f; g and fg are in Ly(A). If f is sy-convex on the co-ordinates on A and g is sy-con-
vex on the co-ordinates on A, for some fixed s11, S12, S21, S22 € (0, 1), such that

s =32, 55 = 52 then one has the following inequality;

251]+521+5]2+5222f<a+b C+d>g<a+b C+d>
2 2 2 2

b pd
< oo | | 1 st s

1
*y (g7 + 6 +2p1ts + 2q111)L(a, b, ¢, d) (2.15)

1

(P + it + 210+ 2r1p1)M(a, b, ¢, d)
1

+ (1 +11 + 20111+ 211q0)N(a, b, ¢, d)

where L(a, b, ¢, d), M(a, b, ¢, d), and N(a, b, ¢, d) as defined in Theorem 13 and

1 1
pl = S12+520 417 q1 = B(Sl2 + 1, Soo + 1),T1 = S50 +17 tl = B(Sll + 1, So1 + 1)

1
Sip+spp+l? 41 = B(s12+1, s32+1),

Proof. By a similar way to Theorem 13 with p1 =

1

n= S11+51+17

ty = B(syy + 1, s3;1 + 1) the proof is completed O
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