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1 Introduction
One of the most well-known inequalities in mathematics for convex functions is so called
Hermite-Hadamard integral inequality (see [1, p.137])

a+b fla) +f(b)
f( : )_—/f(t)dt< 0 )
provided that for an interval [a,b] C R, f : [4,b] — R is a convex function. If the function

f is concave, then (1) holds in the reverse dlrectlon. It gives an estimate from below and
above of the mean value of a convex function. These inequalities for convex functions play
an important role in nonlinear analysis. In recent years there have been many extensions,
generalizations and similar type results of the inequalities in (1) (see [2—4]). These classical
inequalities have been improved and generalized in many ways and applied for special
means including Stolarsky-type means, logarithmic and p-logarithmic means. Also, many
interesting applications of Hermite-Hadamard inequality can be found in [1].

In this paper, we present some refinements of the first Hermite-Hadamard integral in-
equality. Further, we study the n-exponential convexity and log-convexity of the functions
associated with the linear functionals defined as differences of the left-hand and the right-
hand sides of these inequalities. We also prove monotonicity property of the generalized
Cauchy means obtained via these functionals. Finally, we give several examples of the fam-
ilies of functions for which the obtained results can be applied.

2 Main results

We shall start with the following refinement of the first Hermite-Hadamard inequality for
differentiable convex functions.
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Theorem 2.1 Leta,b e Rwitha<bandf :[a,b] — R be a differentiable convex function.
Then the function

2bx — x% — a2> @

H(x) = ﬁ [/ F()dt+ (b —x)f(x)] —f(w

is increasing on [a, b] and for all x,y € [a, b] such that x <y, we have

b
osH(x>sH(y>sﬁ/a f(t)dt—f(“;b). 3)

Proof We have

b bx— % — a?
o=l (U550

where Z%z >0,as a< b and x € [a, b]. If we prove that

2bx —x* —a?

/ o > 0,
f@)f(ing—)_
then H(x) will be increasing on [a, b].

2bx—x%—a>
2(b-a)

on [a,b], f is increasing on [a, b], and so (4) holds, which in turn implies that H’'(x) > 0,

For x > a, we have x — > 0. Since f is a differentiable convex function defined

showing that H(x) is increasing on [a, b].

Now, as H(x) is increasing on [a, b], for any x,y € [a, b] such that a < x <y < b, we have
H(a) < H(x) <H(y) <H(b). (5)

Atx=aandatx =D, (2) gives H(a) =0 and H() = ﬁ fabf(t) dt —f(#) respectively. By
using these values of H(a) and H(b) in (5), we have (3). O

Remark 2.2 If f is strictly convex, then H(x) is strictly increasing on [4, b) and strict in-

equalities hold in (3).

The second main result is another refinement of the first Hermite-Hadamard inequality

for differentiable convex functions.

Theorem 2.3 Leta,b e Rwitha < bandf :[a,b] — R be a differentiable convex function.
Then the function

x2 + b* - 2ax
> (6)

_ 11
@) = — [ / fyde+ (x- mf@} El ( C20-a)

is decreasing on [a, b] and for any x,y € [a, b] such that x <y, we have

b
0<H@) <H@) < ﬁ/ f(t)dt—f(“;b). )
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Proof We have
-y x—al, (%% + b* —2ax
oo ()

where 7=% > 0, as a < b and x € [a, b]. If we prove that

x2 +b* - 2ax
<0, (8)

f'®) ﬂ”(w

then H(x) will be decreasing on [a, b].

2 +b%2ax
2(b-a)

on [a,b), f is increasing on [a, b], and so (8) holds, which in turn implies that H'(x) < 0,

For x < b, we have —x > 0. Since f is a differentiable convex function defined

showing that H(x) is decreasing on [a, b].
Now, as H(x) is decreasing on [a, b], for any x,y € [a, b] such that a <x <y < b, we have

H(b) <H(y) < H(x) < H(a). )

Atx=aand at x = b, (6) gives H(a) = ﬁ fabf(t) dt —f(#) and H(b) = 0 respectively. By
using these values of H(a) and H(b) in (9), we have (7). a

Remark 2.4 If f is strictly convex, then H(x) is strictly decreasing on (a,b] and strict
inequalities hold in (7).

Let us observe the inequalities (3) and (7). Motivated by them, we define two functionals

O1(x,3:f) =H(y) -H(x), x=<y, (10)
Oy (x,p3f) =Hx) - H(y), x<y, (11)

where x,y € [a,b] and the functions H and H are as in (2) and (6) respectively. If f is
a differentiable convex function defined on [a, b], then Theorems 2.1 and 2.3 imply that
®;(x,y;,f) > 0,i=1,2. Now, we give mean value theorems for the functionals ®;, i = 1,2.

Theorem 2.5 Let f € C?[a,b) and %,y € [a, b] be such that x < y. Let &, and ®, be linear
functionals defined as in (10) and (11). Then there exists &, &, € [a, b] such that

_f(&)
)

D;(x,5:1) D;(x,5:/0), =12, (12)

where f(z) = Z2.
Proof Analogous to the proof of Theorem 2.4 in [5]. O

Theorem 2.6 Let f,g € C*[a,b] and x,y € [a,b] be such that x < y, where g"(x) # 0 for
every x € [a,b]. Let ®1 and ©, be linear functionals defined as in (10) and (11). If &1 and
®, are positive, then there exists &,&, € [a, b] such that

i yif) _f(E)
dix,3:0) &)

i=1,2. (13)
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Proof Analogous to the proof of Theorem 2.6 in [5]. O

Remark 2.7 If the inverse of the function % exists, then (13) gives

NAWEZCS T
5"‘(?> <d>,-(x,y;g))’ i=12. (14)

3 n-exponential convexity and log-convexity of the Hermite-Hadamard
differences

We begin this section by recollecting the definitions and properties which are going to be

explored here and also some useful characterizations of these properties. Throughout the

paper, [ is an open interval in R.

Definition 1 A function /:/ — R is n-exponentially convex in the Jensen sense on [ if

Zaiajh(xi ;x,) >0

ij=1
holds for every o; e Rand x; € [, i =1,...,n (see [5]).

Definition 2 A function /:I — R is n-exponentially convex on [ if it is n-exponentially

convex in the Jensen sense and continuous on /.
Remark 3.1 From the above definition it is clear that 1-exponentially convex functions in
the Jensen sense are nonnegative functions. Also, n-exponentially convex functions in the

Jensen sense are k-exponentially convex functions in the Jensen sense forall k e N, k < n.

By definition of positive semi-definite matrices and some basic linear algebra, we have

the following proposition.

Proposition 3.2 If h is n-exponentially convex in the Jensen sense, then the matrix

[h(xl;xi )]ffj:l is a positive semi-definite matrix for all k € N, k < n. Particularly,

det[h(%)] >0 foreverykeN, k<mn x;€l,i=1,...,n.

ij=1

Definition 3 A function /% : I — R is exponentially convex in the Jensen sense if it is

n-exponentially convex in the Jensen sense for all #n € N.

Definition 4 A function /:I — R is exponentially convex if it is exponentially convex in

the Jensen sense and continuous.

Lemma 3.3 A function h: I — (0,00) is log-convex in the Jensen sense, that is, for every
x,y€l,

hZ(’%) < h()h()
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holds if and only if the relation

oh(x) + 2aﬂh<¥) +B%h(y) >0
holds for every a, p e R and x,y € I.

Remark 3.4 It follows that a function is log-convex in the Jensen sense if and only if it
is 2-exponentially convex in the Jensen sense. Also, by using the basic convexity theory, a
function is log-convex if and only if it is 2-exponentially convex.

The following result will be useful further (see [1, p.2]).

Lemma 3.5 Iff is a convex function defined on an interval I and x1 < y1, x5 < y2, %1 # %3,
Y1 7 ¥2, then the following inequality is valid

fl) —fl) _ f02) =fOn)

Xp—X1 Ya=N

If the function f is concave, the inequality reverses.

Definition 5 The second order divided difference of a function f : [a, b] — R at mutually
distinct points yg, y1, 2 € [a, ] is defined recursively by

f ()/Hl f ()/z

iy f] = i=0,1,
yHl _yz (15)
b’l,yz;f] - [yo,yl;f]
o, Y1, ¥2:f1 = .
Y2—Yo

Remark 3.6 The value [yo,y1,¥2;f] is independent of the order of the points yy, 1 and ys.
This definition may be extended to include the case in which some or all the points coin-
cide (see [1, p.16]). Namely, taking the limit y; — yo in (15), we get

f02) - f(o) f’(Yo)(Yz = 0)
(2 —J’o ’

ylli_l)l}/obloyyl:yZ;f] [yO:yO;yZ’f] y2 ?/J’o,

provided that f” exists; and furthermore, taking the limits y; — y0, i = 1,2, in (15), we get

f// ()/0)

lim lim [y0,y1,%2:f1 = o, Y0,Y0:f] =
Y2—=>Y0)Y1—>)0

provided that /" exists.

The following definition of a real valued convex function is characterized by second
order divided difference (see [1, p.15]).

Definition 6 A function f : [4,b] — R is said to be convex if and only if for all choices of
three distinct points yg, y1,y2 € [a, bl, o, y1,52:f1 = 0.

Next, we study the n-exponential convexity and log-convexity of the functions associ-
ated with the linear functionals ®; (i = 1,2) defined in (10) and (11).
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Theorem 3.7 Let Q2 = {f; : s € I C R} be a family of differentiable functions defined on [a, b]
such that the function s «— [yo,y1,2; fs] is n-exponentially convex in the Jensen sense on I for
every three mutually distinct points yo,y1,y> € [a,b]. Let ®; (i = 1,2) be linear functionals
defined as in (10) and (11). Then the following statements hold.
(i) The function s+ ®;(x,y;f;) is n-exponentially convex in the Jensen sense on 1.
(ii) If the function s+ ®;(x,y;f;) is continuous on I, then it is n-exponentially convex
onl

Proof The idea of the proof is the same as in [5].
(i) LetayjeR (j=1,...,n) and consider the function

¢0) = Y- cjafyr 0),

k=1

where s; € I and f5+s € Q. Then
2

n
o, y1,¥2:€] = Zajakb’o,yhyz; sty ]
jk=1 :

and since [yo, 1, ¥2; fsi+s | is n-exponentially convex in the Jensen sense on I by
assumption, it follows that

n
o, y1,7238] = Zajakb/o,yl,yz;fg] >0.
jk=1

And so by using Definition 6, we conclude that g is a convex function. Hence
qu(x»y;g) > 0, i= 1; 2»

which is equivalent to

n
D eu®ix,yifyra) =0, i=1,2,
prest 2

and so we conclude that the function s — ®;(x,y;f;) is n-exponentially convex in the
Jensen sense on 1.
(ii) If the function s — ®;(x, y;f;) is continuous on I, then from (i) and by Definition 2 it
follows that it is n-exponentially convex on /.
O

Corollary3.8 Let2 = {f; :s € I C R} bea family of differentiable functions defined on [a, b]
such that the function s v [y, y1,¥2;f;] is exponentially convex in the Jensen sense on I for
every three mutually distinct points yo, 1,y € [a,b]. Let ®; (i = 1,2) be linear functionals
defined as in (10) and (11). Then the following statements hold.

(i) The function s+ ®;(x,y;f;) is exponentially convex in the Jensen sense on I.

(ii) If the function s — ®;(x,y;f;) is continuous on 1, then it is exponentially convex on I.
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Corollary 3.9 Let Q = {f;: s € I C R} be a family of differentiable functions defined on
[a, b] such that the function s [y, Y1, y2;f;] is 2-exponentially convex in the Jensen sense
on 1 for every three mutually distinct points yo, y1,y> € [a, b]. Let ®; (i = 1,2) be linear func-
tionals defined as in (10) and (11). Further, assume ®;(x,y;f;) (i = 1,2) is strictly positive for
fs € Q. Then the following statements hold:
(i) If the function s+ ®;(x,y;f;) is continuous on I, then it is 2-exponentially convex on
1 and so, it is log-convex.
(ii) If the function s+ ®;(x,y;f;) is differentiable on I, then for every s,q,u,v € I such
that s < u and q < v, we have

/»‘Ls,q(xyyy D, Q) < Mu,v(x:y; D, Q): i=12, (16)

where

CDi » Vs S%
<w> " sia

D, x5
g,y @0 2) = 4 N P ) Q (17)
Xp<%q)l(x1y; S)) s=q
q)i(x’y; s) ’ ’
Jor fo, fq € Q.
Proof The idea of the proof is the same as in [5].
(i) The claim is an immediate consequence of Theorem 3.7 and Remark 3.4.
(i) Since by (i) the function s+ ®;(x, y;f;) is log-convex on I, that is, the function
s> log ®;(x,y;f;) is convex on I. Applying Lemma 3.5 with setting
f(z) =log ®;(x,:1;) (i=1,2), we get
log ®;(x, y;£;) —log @;(x, y:£7) _ log D;(x, y; fu) — log @;(x, y; 1) (18)
s—q N u-v
for s <u, q <v,s #q,u #v; and therefore conclude that
/'Ls,q(x:y: D, Q) = Mu,v(x:y, D, Q); i=1,2.
If s = g, we consider the limit when ¢ — s in (18) and conclude that
ﬂs,s(x:y: cDiv Q) = Mu,v(x:y: (Di’ Q)¢ i=1,2.
The case u# = v can be treated similarly.
O

Remark 3.10 Note that the results from Theorem 3.7, Corollary 3.8 and Corollary 3.9
still hold when two of the points yo,1,¥2 € [4, b] coincide, say y1 = o, for a family of dif-
ferentiable functions f; such that the function s — [yo,¥1,¥2;/;] is n-exponentially convex
in the Jensen sense (exponentially convex in the Jensen sense, log-convex in the Jensen
sense on I); and furthermore, they still hold when all three points coincide for a family of
twice differentiable functions with the same property. The proofs are obtained by recalling
Remark 3.6 and by using suitable characterizations of convexity.

Page 7 of 14
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4 Examples

In this section, we present several families of functions which fulfill the conditions of The-
orem 3.7, Corollary 3.8 and Corollary 3.9 (Remark 3.10). In this way, we can construct large

families of functions which are exponentially convex.

Example 4.1 Consider the family of functions
Q1 ={g:R—[0,00):s€R}

defined by

s (x) =

We have % g:(x) = e > 0 which shows that g; is convex on R for every s € R and s +—
% g:(x) is exponentially convex by Example 4.1 given in [6]. From [6], we then also have
that s — [y0,%1,¥2;8s] is exponentially convex and so s — [yo,¥1,¥2;¢s] is exponentially
convex in Jensen sense. Now, by using Corollary 3.8, we have s — ®;(x,y;g) (i =1,2) are
exponentially convex in Jensen sense. Since these mappings are continuous (although the
mapping s > g is not continuous for s = 0), s — ®;(x,;€;) (i = 1,2) are exponentially

convex.

For this family of functions, by taking € = Q; in (17), Eé,q;l = g (0,9, @i, 1) (0=1,2)

are of the form

. <q2 £ 1 eV (b-y) - e (b-x) + (b-a)(e* - e7)
E‘sq'lz

§2 e e?(b—y) — e (b —x) + (b—a)(e? — D)

q

1 <2 @ +e?(b-y)—e*(b-x)+ (b-a)e* -e?)
S0l T

S b y) (b —x) + (b @)E )

L
) . 7470,

1
) , s#0,

(3 —a—(b-2)(sx~2) + (= 5 + (b-y)(sy~2)

1 1 +(b—a)e™(sx-2)-eY(sy-2))

4
4

P B -y =B -x) + (b-a)@ -5

s L e(b-y)—e*(b-x) + (b-a)(eF —e9) )’ T

=1 1
S0 =P\ 37 5

3

ros +92(b—y) —x2(b —x) + (b — a)(x% - 3*

)
)

S

<q2 C t et (x—a) - eV (y—a) + (b-a)(e - %)

s2 @ + e (x —a) — eV (y—a) + (b - a)(e? — e?)

£ 22 2—a) -y -a) + (b- @) - )

(2 Ve +e*(x—a)—eV(y—a) + (b—a)(e”? —e¥)
01~ \ 2

)“ﬁ s£q#0,

1
) , §#0,

e'gx(%—x+(x7a)(sx—2))jresy(y—%—(y—a)(sy—Z))

9 1 +(b—a)(e?(sy—2) - e*(sx - 2))

-
Eisi=exp| -
8,8 s

4
4

L v et(x—a) - e (y—a) + (b—a)(e - e) >, e

-2 1
0,01 = €XP 37
3

2:ﬁ+ﬁ@—m—f@—M+w—@@%@%>
P 2k a) -y y—a)+ (b-a) P -i2))
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where
2bx — x% — a? 2by — 2 — g2
jo r-wt-a® 5 Y-y —a
2(b —a) 2(b—a)
19)
&:x2+b2—2ax 5/:y2+b2—2ay
2b-a) ’ 2(b-a)

By using Theorem 2.6, it can be seen that
Ms,q(x: th Ql) = log Ms,q(xv quy Ql)y i= L 2;

satisfy min{a, b} < M;4(x, ®;, Q1) < max{a, b}, showing that M;,(x, P;, Q) (i = 1,2) are

means.

Example 4.2 Consider the family of functions
Q= {f;:(0,00) > R:se R}

defined by

xS

s(s—1)
S®=1_x, s=0,

, §#0,1,

xInx, s=1.

Here, % f(x) = 272 = e4=2I0% 5 0 which shows that f; is convex for x > 0 and s > gpfs (%)
is exponentially convex by Example 4.2 given in [6]. From [6], we have s > [y0,1,¥2;fs]
is exponentially convex. Arguing as in Example 4.1, we have s — ®;(x,y;f;) (i =1,2) are
exponentially convex.

By taking © = ©, in (17), Eé,q;Z = Usg (X, 9, ®i, 2) (i = 1,2) for x,y > 0, where x, y € [a, b],
are of the form

o]

| :(ﬁq—n.v”;?J+fw—w—w%b—w+w—axﬁ—f>>”
NSl =D S e y) - xi(b - 0)+b - @)@t - 51))

s#q+#-1,0,1,

1
s

o]

, s$#-1,0,1,

1 _ ( 1 . J’sﬂs:alcg“ +J’S(b—y)—xs(b—x)+(b_a)(5cs_5/s)>
$02 7\ s(s—1) y—x+b(nx—Iny) + (b—a)(Iny — InZ)

ys+1_xs+1 ~ A~ ﬁ
=1 4 7 b=y -2 (b-x)+(b-a)X -¥)
= - . , s#-1,0,1,
siLi2 s(s=1) x2 - 92 +2[ylny(2b — y) — xInx(2b — x))
+4(b-a)xInx -yIny)
&2 —y*+2[ylny(2b - y) — xInx(2b — x)] + 4(b — a)(XInX — 7InJ)
S0z = 4[y—x+b(lnx —Iny) + (b—a)(In}) — In%)]

’

1 P ny—alinx | (1-382)(@ 1 —x*) s
ral 71 e Y =) +ny)

—x‘(b—x)(% +Inx)] + %(&5 -¥)+xInx-5%Iny
szzeXp +1_ys+1 A ~
L (25220 L (b —y) —x5(b— %) + (b— a) 35 - 5))

] Sy

), s#-1,0,1,

Page 9 of 14
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Inx[xlnx + (b —x)(2 + Inx)] — Iny[ylny — (b — y)(2 + Iny)]
+(b-a)lny2 +1ny) - Inx2 + Ink)]

=l =
=002 = €XP 2ly—x+b(lnx—1Iny) + (b —a)(Iny — Inx)] ,

2[yIny{ylny — 3y + 2(b — y)(Iny — 2)} — xInx(xInx — 3x)] + 3(y* — x2)
—4xInx(b - x)(Inx - 2) + 4(b - a)[xInx(Inx - 2) — yIny(Iny — 2)]

2[x2 —y2 + 2{yIny(2b - y) — xInx(2b — x)} + 4(b — a)(*Inx — y1n})]

~1
S0 = €Xp

- _(q(q—l) PU L - a) =y — @) +(b— @) - F) )5“1
usqz— ’

S(S—l) %4_%#(‘76_&1 _yq(y_a)+(b—a)(yq—xq

s#q+#-1,0,1,

2 _< 1 yﬁifﬂ+x§(x—a)—3’s(y—“)+(b_a)6fg_&s)
s02 =\

. ) _1101 1,
s—1) y—x+a(lnx—1Iny) + (b —a)(lnx —1Iny) ) 7

+1_xs+1 - - %
) 4 T iww-a) -y (y-a)+b-a)F - &)
_ . , s$#-1,0,1,
s(s—1) x% —y% +2[yIny(2a — y) — xInx(2a — x)]

+ab—-a)(FIng—xInF)
- 22 =2 + 2[yIny(2a — y) —xInx(2a — x)] + 4(b — a)(7Iny — XInk)
S0 = 4[y—x +a(lnx —Iny) + (b — a)(In% — In)]

’

1 y”l lny—x‘”llnx (1- 332)@”1 x5t 1-2s
b_[ S+1 + s(s—1)(s+1)2 a0~ ﬂ)(ss 1)

-y (y- 31 =2 +lny]+s‘25(ys ¥)+7PIny-%Inx
E?sZ =exp 1 y”l—xSH 3 S# 1,0,1
=g 2w —a) -y (y—a) + (b—a)(p* — X))

+Inx)

Inx[xlnx — (x — a)(2 + Inx)] — Iny[ylny — (y — a)(2 + Iny)]
+ (b -a)Inx2 +Inx) - 1Iny2 + Iny)]

2y —x+a(lnx—1Iny) + (b — a)(Inx — Iny)]

=
=2 -
20,02 = exXp

2[yIny{ylny — 3y - 2(y — a)(Iny - 2)} - xInx(xInx — 3x)] + 3(y% —x?)
+4xInx(x — a)(Inx - 2)+4(b — a)[yIny(Iny - 2) — xInx(Inx — 2)] )

22 _
S1u2 = OXP 2[(x2 - 92 + 2{yIny(2a — y) —xInx(2a — x)} + 4(b — a)(§Iny — ¥ InX)]

where %, J, ¥ and ¥ are the same as in (19). If ®; (i = 1,2) are positive, then Theorem 2.6
applied for f = f; € Q, and g = f; € €, yields that there exists &; € [a, b] such that

(%, f5)

s—q _
5= (%, y;f,)

i=1,2.
Since the functions & > &7 (i = 1,2) are invertible for s # g, we then have

ch‘(x, J’, S)

1

5=q
_— <max{a,b}, i=12, (20)
D;(x,y; fq))

min{a, b} < (

which, together with the fact that ju,4(x, y, ®;, Q) (i = 1,2) are continuous, symmetric and
monotonous (by (16)), shows that 1, ,(x, y, ®;, 2,) (i = 1,2) are means.

Page 10 of 14
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Now, by the substitutions x — &%, y — y',s = 1,4 — 1 (t #0, s # q), where x,y € [a, D],

from (20) we get

D;(x",y"; fore

Tt
)Sq < max{d’, b'}.
q)i(xt)yt;f;[/t -

min{da’, b’} < (

We define a new mean (for i = 1,2) as follows:

1
t

(M%,% (xt;yt, (Di: QZ)) ) t 7'/0,

;u“s,q;t(x’y’ q>i1 92) =
Usq(Inx,Iny, ®;,Q1), t=0.

These new means are also monotonous. More precisely, for s,q,u,v € R such that s < i,

q<v,s#q,u+v,wehave

Mgt (%5 Y5 iy R2) < Mg (0,9, D, o), i=1,2.
We know that

ts g (x5 @i Qo) < puy (8,9, 1, Q). i=1,2,
equivalently

t t
(St (St )™
@ (%t ¥ fyre) D;(x%,y"5 fore) ’ T

for s,q,u,v € I such that s/t < u/t, g/t < v/t and t #0, since s4(x,y, P;,Q2) (i =1,2) are
monotonous in both parameters, the claim follows. For ¢ = 0, we obtain the required result
by taking the limit ¢ — 0.

Remark 4.3 If we make the substitutions x - a,y — b,s > s—1and £t - ¢t — 1 in our
means [igq (%, ¥, i, 22) and i g, (%, 5, Py, Qo) (i = 1, 2), then the results for the E;(r, t) means
and the generalized E; means given in [7] are recaptured. In this way our results for means
are the generalizations of the above mentioned means.

Example 4.4 Consider the family of functions

Q3 = {hs :(0,00) = (0,00) : s € (0,00)}

defined by
ST o1
hyx) = s
%, s=1

We have ;—;hs(x) =s7* > 0 which shows that /; is convex for all s > 0. Exponential con-
vexity of s — %hs(x) =s7* on (0, 00) is given by Example 4.3 in [6]. Arguing as in Exam-
ple 4.1, we have s — ®;(x, y; ;) (i = 1,2) are exponentially convex.
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In this case by taking © = Q3 in (17), Eé,q;B = Usq (X, 9, Py, Q23) (i = 1,2) for x, y > 0, where
%,y € [a, b], are of the form

X

L <ln2q S_];j_y +57(b-y)—s*b-x)+ (b-a)sF—s7)
NI L=y g (b - y) - (b - 2) + (b~ @) g ~ q7)

“a
) » s7q7L

o]

< 2 %+s‘y(b—y)—s‘x(b—x)+(b—oz)(s"A‘—s‘JA'))% 41
’ 3_.3 o SFL
In%s X224 92(h—y) —a2(b - %) + (b - a)(3> - 7?)

ﬁ [ys™ —xs™ + %(s‘y =5) =57 (b -2 +ylns)
1 +5%(b-x)(2+xIns)] —s*(2 +xIns) +s7(2 + ylns)
=exp s#1,

v shns (S22 4 59(b—y) —sH(b - %) + (b—a)(s —s7))

=
(=]

=l 1 # +y3(b—y)—x3(b—x)+(b—zz)(fc3—5/3)
113 = OXP T3 P o 2 — )
Y 1 92(b—y) - #2(b - x) + (b— a)(&% - 5?)

Y <1n2q Sy i —a) sV (y—a) + (b—a)(sT —s7) )s‘q e
o il U = — - = y S )
NI o - a) - (- @) + (b - )T - ) !

2 <2 ﬁﬁi+wu—w—wv—m+w—mu%ﬂﬂ)% ,
C‘S,; = . = = y S »
PoA’s 2 gy -2 (r—a) + (b- )2 - )

[ys™ — xs"%%(‘y—s‘x) s¥(x—a)(2 +xIns)
+sV(y—a)2+ylns)] —s y(2+ylns)+s”‘(2+xlns)

b
=ex
s = OXP (21“; 250 L s (x—a) —s Yy —a) + (b —a)(sV —s7%))

s#1,

Ins

o 1 2 P —a) - y3(y @)+ (b-a)F -7
=113 = €Xp (—g ) ys_xa 5 )
+x2(x—a) - y*(y—a) + (b—a)(5? — x?)

where %, ¥, ¥ and y are the same as in (19). By using Theorem 2.6, it follows that
Ms,q(x» ®;,Q23) = —L(s,q)log :us,q(x’ d;,Q3), i=12,

satisfy min{a, b} < M, (x, ®;, 23) < max{a,b} and so qu(x, ®;,Q3) (i =1,2) are means,
where L(s, q) is a logarithmic mean defined by L(s,q) = logs logq, s#q,L(s,s) =s.

Example 4.5 Consider the family of functions
Q4 = {k; : (0,00) > (0,00) : s € (0,00)}

defined by

x5
k() = &

Here, %ks(x) = e*V5 > 0 which shows that k; is convex for all s > 0. Exponential con-
vexity of s > %ks(x) =5 on (0, 00) is given by Example 4.4 in [6]. Arguing as in Ex-
ample 4.1, we have s — ®;(x,y; k) (i = 1,2) are exponentially convex.
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In this case by taking Q = Q4 in (17), EiqA = Usq (X, 9, Py, Q24) (i = 1,2) for x,y > 0, where
%,y € [a, b], are of the form

. (q 7e_xﬁ;§_yﬁ +e?VS(b—y)—e*5(b—x) + (b—a)(e ™5 — eIV5) ) =
E\s D i — ) - (D - 3) + (b~ a) (€T - V)
s#q,
ye IS — xe 55 4 % (eIV5 — eV5) — eIV3(h = y)(2 + y4/5)
1 + e V5(b—x)(2 +x/5) + (b— a)(€IVE2 + J/5) — e V52 + 24/5))
= A = exp —X/S _p=Y /S X 3
* 2s(E——F<— f&f call +eIVs(b -y) - e*V5(b—x) + (b — a)(e V5 — eIV5))
o ( a N 4 eV (w—a) ey a) + (b - a) eIV — V) ) &
s NN 4 iy — )~ Ny~ a) + (b a) eIV - )
574,

ye IS — x5 4 %(e‘y‘/g —eV5) — e V5 (x — g)(2 + x/5)
2 + eV = a) 2+ y/5) + (b — @) (e V2 + 25) - e TVE(2 + 75))
25(% +eVS(x —a) — eIV5(y —a) + (b — a)(e V5 — e V5))

where %, 7, ¥ and 7 are the same as in (19). By using Theorem 2.6, it is easy to see that
Ms,q(xr D, Q4) = _(\/E + \/5) log Ms,q(xr D;, 94), i=12,

satisfy min{a, b} < M;,(x, ®;,Q24) < max{a, b}, showing that M, (x, ®;, Q24) (i = 1,2) are
means.

Remark 4.6 From (16), it is clear that g (x,y, ®;, Q) (i = 1,2) for Q = Q1,Q2, Q23 and 2,

are monotonous functions in parameters s and q.
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