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Abstract

In this paper, we consider a class of impulsive difference equations with distributed
delays. By establishing an impulsive delay difference inequality and using the
properties of “p-cone” and eigenspace of the spectral radius of non-negative
matrices, some new sufficient conditions for global exponential stability of the
impulsive difference equations with distributed delays are obtained. An example is
given to demonstrate the effectiveness of the theory.
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1 Introduction

Difference equations usually appear in the investigation of systems with discrete time or
in the numerical solution of systems with continuous time [1]. In recent years, the stabi-
lity investigation of difference equations has been interesting to many investigators, and
various advanced results on this problem have been reported [2,3]. However, almost all
available results have been focused on systems with discrete delays. In reality, difference
systems with distributed delays become important because it is essential to formulate
the discrete-time analogue of the continuous-time system with distributed delays when
one wants to simulate or compute the continuous-time one after obtaining its dynamical
characteristics. Fortunately, such an issue has been addressed in [4-7].

However, besides the delay effect, an impulsive effect likewise exists in a wide variety
of evolutionary processes in which states are changed abruptly at certain moments of
time, involving such fields as medicine, biology, economics, mechanics, electronics, and
telecommunications. Recently, the asymptotic behaviors of impulsive difference equa-
tions have attracted considerable attention. Many interesting results on impulsive effect
have been obtained [8-11].

It is well known that distributed delay differential equations with impulses or without
impulses have been considered by many authors (see, for instance [12-14]). But, to the
best of our knowledge, there is no concerning on the stability of impulsive difference
equations with distributed delays in literature. Motivated by the above discussion, we
here make a first attempt to arrive at results on the global exponential stability of
impulsive difference equations with distributed delays.
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2 Model description and preliminaries

Let R"(R?) be the space of n-dimensional (non-negative) real column vectors and
R™M(RT™M) denotes the set of m x n (non-negative) real matrices. Usually, E denotes
an # x n unit matrix. For A, Be R™ * " or A, B e R”", the notation A > B (A >B)
means that each pair of corresponding elements of A and B satisfies the inequality “ >
(>)”. Especially, A € R™ ™" is called a nonnegative matrix if A > 0, and z € R" is called
a positive vector if z > 0. Z denotes the integer set, Z.. = {j € Z |- < j < 0} and
Z%, =1{j € Z|0 < j < oo}. C denotes the set of all bounded functions ¢(j) € R", j e Z...

Forxe R',Ae R™, ¢ € C, we define

[x]" = (k1] o )" TA]T = (Ia)nxns
[p(M)]oe = ([01(M)]oos - -+ [en(m)]e)’s  [0(m)]% = [le(m)]]..,

where [#i(M)]o = Sselép {@i(m+3)} and introduce the corresponding norm for them

as follows:
n
= . = L. = . +
[l = max (ixil}, [IAl {Qegzl layl, el = max {lg(m)]5}-
j=
In this paper, we mainly consider the following impulsive difference equations with
distributed delays

w(m+ 1) = aau(m) + S bfim) + Sy S (g lsm — ). m e Z2, mfm
j=1 j=1 =1

xi(m+ 1) = Him(x1(m), ..., xu(m)), m=my,
xi(m) = gi(m),  m € Ze,

1)

where 0 <i < n and a;, b;;, ¢;; are constants. The fixed moments of time n;, € Z, and
satisfy O<my <my<--- ,kll)rg) Mk = OO, The constants (k) satisfy the following con-

vergence conditions:

o0
(H): Y eHlug(k) <oo, i j=1,2, ...,
k=1

where 1, is a positive constant.
For convenience, we shall rewrite (1) in the vector form:

x(m + 1) = Ax(m) + Bf (x(m)) + Ckio: w(k)g (x(m—k)), meZ, m#m,
- 2)

x(m+1) = Hyu(x(m)), m=my,
x(m) =p(m), meZy,

where x (m) = (x; (m), ..., x, (m))T, A = diagi{ay, ..., a,}, B = bty « v C = {Cibn x w f
) = (i (60 o fo @) 2®) = (@605 s €))7, 1) = ()« 0 Holxm)) =
(Hyu(x(m)), ..., Hyyu(x(m))’, ¢ € C, and fix), gx), H,,(x) € CI[R", R"].

We will assume that there exists one solution of system (2) which is denoted by x(m,
0, ¢), or, x(m), if no confusion occurs. We will also assume that g(0) = 0, f0) = 0 and
H,,(0) = 0, m = my, for the stability purpose of this paper. Then system (2) admits an
equilibrium solution x(m) = 0.

Definition 2.1. The zero solution of Equation 2 is called globally exponentially stable
if there are positive constants A and M > 1 such that for any initial condition ¢ € C,
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llx(m, 0, @)Il <M [lglle™™", m = 0.

Here A is called the exponential convergence rate.
For A € RT*", the spectral radius p(A) is an eigenvalue of A and its eigenspace is
denoted by

W,(A) £ (z € R"|Az = p(A)z),

which includes all positive eigenvectors of A provided that the non-negative matrix A
has at least one positive eigenvector(see [15]).

Lemma 2.1. [16] Suppose that M € R?*" and p(M) < 1, then there exists a positive
vector z such that

(E—M)z > 0.
For M € R7*" and p(M) < 1, we denote
Q,M)={zeR"(E-M)z >0, z> 0},
which is a nonempty set by Lemma 2.1, and satisfying that kyz;+kz, € Q,(M) for
any scalars k; >0, ky >0 and vectors z;, z, € Q,(M). So Q,(M) is a cone without vertex

in R”, we call it a “p-cone.”
Lemma 2.2. Suppose P € R}*" and Q(k) = (g,i(k)), x » where g;(k) > 0 and satisfy

o0
Y tgik) <oco, i j=1,2, ..., n,
k=1
where 1, is a positive constant. Denote Q = (G )nxn S (ZZSI i (R))nxn € R™M and
let p(P + Q) < 1 and u(m) = (u1(m), ..., us(m))" € R" be a solution of the following

inequality with the initial condition u(my + m) e C, me Z.,

u(m+1) < Pu(m) + Y Q(k)u(m —k), m > m. 3)
k=1
Then
u(m) < ze *m=mo) - m > my, (4)

provided that the initial conditions satisfy

. (s=mo)

u(s) < ze —00 < § < my, (5)

where z = (z1, 29y ..y 2,)" € Q,(P + Q), my € Z and the positive number A < 4, is
determined by the following inequality

(& (p + i Q(k)e”‘) - E) z2<0. ©6)
k=1

Proof. Since p(P + Q) <1 and P+ Q € R™", then, by Lemma 2.1, there exists a posi-
tive vector ze Q,(P + Q) such that (E - (P + Q))z >0. Using continuity, there must be

[o¢]
a sufficiently small constant 2 >0 such that <e’\ <P+ > Q(k)e"k) — E) z<0, ie.,
k=1

inequality (6) has at least one positive solution 4 < 4;.
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Let
y(m) = u(m)e“m_m") or u(m)= y(m)e_’\("’_""’).
Then, from (5), we have
¥(s) <z —o0 <s<my. )

By (3), we have

y(m+1) = u(m+1)et0m+1-mo) < (Pu(m) + Y Q(lyu(m — k)) =M > g, (8)
k=1

Since P + Q € R™", we derive that

ym+1) < (Py(m)e—“m—"'“ + Y QUR)y(m - k)e—“m—k—m“) A1)

k=1
N 9)
< (Py(m) + D Q(k)y(m — k)ekk) ¢

k=1

We next show for any m = my
y(m) <z (10)
If this is not true, then there must be a positive constant m* > m, and some integer i

such that

yim*+1) >z and y(m) <z —o0o<m=<m" (11)

By (6), (9), and the second inequality of (11), we obtain that

ym*+1) < (PV(M*) + ) QR)y(m* — k)e”g> ¢

k=1
(o]
< (P > Q(k)e“f) dz<z
k=1
which contradicts the first inequality of (11). Thus (10) holds for all m > mg. There-
fore, we have

—A(m—mo)

u(m) < ze m = mo,

and the proof is completed.

3 Main results
To obtain the global exponential stability of the zero solution of system (2), we intro-
duce the following assumptions.

(A;) For any x € R”, there exist non-negative diagonal matrices I and V such that
[fI" < Ul]",  [g()]" = VIx]"

(A,) For any x € R”, there exist non-negative matrices R; such that
[Hp, (0)]" < Relx]", k=1,2, ....

(A3) Let P = [A]* + [B]*U, Q= [C]* i, [#(R)]*V, and p(P + Q) < 1.
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(A4) The set Q = (p; [W,(Re)] N2, (P + Q) is nonempty.
(As) Let

vk = max{1, p(Ri)}, (12)
and there exists a constant y such that

In y,
My — Mp—1

<y<i k=12 ..., (13)

where the positive number 4 < A, is determined by the following inequality

oo
(e)‘ (P + Z Q(k)ekk> — E) z<0, foragiven ze Q. (14)
k=1

Theorem 3.1. Assume that the hypothesis (H) and Conditions (A;)-(45) hold. Then
the zero solution of (2) is globally exponentially stable and the exponential convergent
rate equals 4 - ¥.

Proof. Since p(P + Q) < 1 and P+ Q € R7*", then, by Lemma 2.1, there exists a posi-
tive vector z € Q,(P + Q) such that (E - (P + Q))z > 0. Using continuity and hypoth-
esis (H), there must be a sufficiently small constant A > 0 such that
(" (P + 332, Q(k)e**) — E)z < 0, ie., inequality (14) has at least one positive solution A
< Ao

From (2), Conditions (A;) and (A3), we have

[x(m+1)]" < [Ax(m)]" + [Bf (x(m))]" + [CZu(k)g(x(m - k))}

k=1

< [AF[x(m)]" + [BIU[(x(m)]* + [CI'V Y [w(®)]* [x(m — k)] (15)

k=1

= Plx(m)]* + [CI'V Y [w(®)[*[x(m = R)]*,  mpy <m <my, k=1,23...,
k=1

where mg = 0.
For the initial conditions: x(s) = ¢(s), - < s < 0, where ¢ € C, we can get

[x(m)]* < dllglle ™ "™™),  —co<m <0, (16)
where
1
d= . z, Z€Q.
min z;
1<i<n

By the property of “p-cone” and ze Q € Q,(P + Q), we have d ||p||le QP + Q).
Then, all the conditions of Lemma 2.2 are satisfied by (15), (16), and Condition (A3),
we derive that

[x(m)]" < dllglle™™ "), mg <m < m. (17)
Suppose for all g = 1, ..., k, the inequalities
—A(m—my)

[x(m)]" < yo- - vgrdllglle mg_1 < m<mg, (18)
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hold, where 9, = 1. Then, from Condition (4,) and (18), we have

(g + D]* = [, (x(mg))]*
< Rylx(my)|" (19)

—h(m—mo)

< Rydyo - v4-1llelle

Since d € Q & W,(R,), we have R,d = p(R,)d. Therefore, from (12) and (19), we
obtain

[X(mg + )" < v0- - Va—1vqdl@lle "m0, (20)

This, together with (18), leads to

[x(M)]* < v v vidllglle ™ "™), —0o < m < my + 1. 1)

By the property of “p-cone” again, the vector ¥ ... Yi.1}id € Q,(P + Q). It follows
from (21) and Lemma 2.2 that

[X(M)]* < vo- - Ve vdll@lle ™" ™), 1 < m < M.

yielding, together with (18), that

[x(M)]* < o vecidllelle ™", my < m < .

By mathematical induction, we can conclude that

[x(M)]* < yo--yeadllplle ™™ ™), my_y <m<my, k=12, .... (22)

Noticing that y;, < e?(™—m-1) by (13), we can use (22) to conclude that

[x(m)]* < er(m—mo) ... gr(mer=mi2) g 5| g(m=mo)

< d||¢||ey(m*mo)e*l(m*mo)
=d||p|le”*m=mo) gy <m<my, k=12, ...,

which implies that the conclusions of the theorem hold.

Remark 3.1. In Theorem 3.1, we may properly choose the matrix Ry in the condition
(A,) such that Q = & Especially, when Ry = oE (o are non-negative constants), ) is cer-
tainly nonempty. So, by using Theorem 3.1, we can easily obtain the following corollary.

Remark 3.2. The conditions (A;)-(As) is conservative. For example, we get the abso-
lute value of all coefficients of (2). Recently, the delay-fractioning or delay-partitioning
approach [17,18] is widely used that has shown the potential of reducing conservatism.
We will combine delay-partitioning approach with difference inequality approach in
our future work to reduce the conservatism.

Corollary 3.1. Assume that (H), (A1), (A3), and (As) hold. For any x € R”, there exist
non-negative constants oy such that

[Ho, ()] < aglx]", k=1,2, .... (23)

And let % = {1, o}, where the scalar 0 < A < A is determined by (14). Then the zero
solution of (2) is globally exponentially stable and the exponential convergent rate
equals A - ¥.

Proof. Noticing that (23) is a special case of Condition (A,). Since p(Ry) = 04, then

Wy(Ri) = R". So, we have Q = ﬂ:1 [W,(Re)] ﬂ Q,(P+Q) =Q,(P+Q). Since the

Page 6 of 9
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“p-cone” Q,(P + Q) is nonempty by Lemma 2.1, (A4) obviously holds. Thus we can
deduce the conclusion in terms of Theorem 3.1.
Remark 3.3. If Hi(x) = x, then Equation 2 becomes difference equations with distrib-

uted delays without impulses in vector form

x(m + 1) = Ax(m) + Bf (x(m)) + C ) mig (x(m — k), (24)
k=1

which contains many popular models such as discrete-time Hopfield neural networks,
discrete-time cellular neural networks, and discrete-time recurrent neural networks, and
SO on.

Corollary 3.2. Assume that (H), (4,), and (A3) hold. Then Equation 24 has exactly
one equilibrium point, which is globally exponentially stable.

4 An illustrate example
In this section, we will give an example to illustrate the global exponential stability of
Equation 1 further.

Example. Consider the following difference equation with distributed delays:

x(m+1)= ixl(m) + ; sin(x; (m)) + 110xz(m)
S et m— )+ LS et =KL, m A,
AR S (25)
x(m+1) = 5x1(1n) *e sin(x; (m)) + 8xz(m)
—; ::ile’kpcl(m — k)| + 110 ge’kmz(m — k)|
with
xi(me+1) = Hiym, (1 (my), x2(mz)), 26)
xo(mp+1) = Hopm,(x1(mk), x2(mz))

and my = 4, my = my, + k for k = 2, 3,.... One can check that all the properties given
in (H) are satisfied provided that 0 <Ay < 1.

Case 1. If Hyy, (x1, x2) =xi for i = 1, 2 and k = 1, 2,..,, then Equation 25 becomes dif-
ference equation with distributed delays without impulses. The parameters of Condi-

tions (A;) and (A3) are as follows:

1 1 1 11
0 — 10
A=<41)I B=<? 110)’ C=( ??)I U=( )I
05 6 8 T310 01
10 et 0 o 1
(01)’ “k:(Oek>' P=(5 1)

1 1 1,0 LI
Q- 6(e;1) 8(@;1) , P+Q-= 6(e;1) 20 8(e;1) o),

3(e—1) 10(e—1) 3e-1) T 6 10(e-1) T 40

\%4

where P = A + [B]*U, Q = [C]* YL, In(k)|V. We can easily observe that p(P + Q) =
0.8345 < 1. By Corollary 3.2, Equation 25 has exactly one globally exponentially stable
equilibrium (0, 0)”.
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Case 2. Next we consider the case where
0.04k 0.04k
Hipm, =€ " "x1, Hyp, =€ " "x3.

We can verify that point (0, 0)” is also an equilibrium point of the impulsive differ-
ence equation with distributed delays (25)-(26) and the parameters of Conditions (A,)
and (A4) as follows:

10
Ry, = "0 (0 1>, p(Re) = e*%%, W, (R) = {(er )21, 2 € R},

QP(P+Q)= {(Z], ZZ)T>O‘4O(‘3_1)+4O 30(6—1)—10 1}

z Z z
81(e—1) =121 == 6(e—1)+30

S0 Q = {(z1, )7 >0 |zo = z1} is not empty. Let z = (1, 1)7e Q and A = 0.05 which
satisfies the inequality ((e*(P + [C]*V Y_jt, lukle*¥)) — E)z < 0. We can obtain that for
k=1,2,.

0.04k

0.04k

In Ineé
Ve = € > max{l,e°‘04k}, Vk <

=< =0.04 < A.
My, — Mp—1 k

Clearly, all conditions of Theorem 3.1 are satisfied, so the equilibrium (0, 07 is glob-
ally exponentially stable and the exponential convergent rate is equal to 0.01.

5 Conclusion

In this paper, we consider a class of impulsive difference equations with distributed
delays. By establishing an impulsive delay difference inequality and using the properties
of “p-cone” and eigenspace of the spectral radius of non-negative matrices, some new
sufficient conditions for global exponential stability of the impulsive difference equa-
tions with distributed delays are obtained. The conditions (A;)-(As) are conservative.
For example, we get the absolute value of all coefficients of (2). We will combine
delay-partitioning approach with difference inequality approach in our future work to
reduce the conservatism.
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