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Abstract
In this article, we prove the nonlinear stability of the quartic functional equation

16f(x + 4y) + f(4x — y) =306 [9f (x . g) Af(x+ 2y)]
+136f(x —y) — 1394f (x +y) + 425f(y) — 1530f (x)
in the setting of random normed spaces Furthermore, the interdisciplinary relation
among the theory of random spaces, the theory of non-Archimedean space, the

theory of fixed point theory, the theory of intuitionistic spaces and the theory of
functional equations are also presented in the article.

Keywords: generalized Hyers-Ulam stability, quartic functional equation, random

normed space, intuitionistic random normed space

1. Introduction

The study of stability problems for functional equations is related to a question of
Ulam [1] concerning the stability of group homomorphisms and affirmatively answered
for Banach spaces by Hyers [2]. Subsequently, this result of Hyers was generalized by
Aoki [3] for additive mappings and by Rassias [4] for linear mappings by considering
an unbounded Cauchy difference. The article of Rassias [4] has provided a lot of influ-
ence in the development of what we now call generalized Ulam-Hyers stability of func-
tional equations. We refer the interested readers for more information on such
problems to the article [5-17].

Recently, Alsina [18], Chang, et al. [19], Mirmostafaee et al. [20], [21], Mihet and Radu
[22], Mihet et al. [23], [24], [25], [26], Baktash et al. [27], Eshaghi et al. [28], Saadati et al.
[29], [30] investigated the stability in the settings of fuzzy, probabilistic, and random
normed spaces.

In this article, we study the stability of the following functional equation

16f(x + 4y) + f(4x — y) =306 [9f <x+ ;’) +f(x+2y)]
+136f(x —y) — 1394f (x + y) + 425f(y) — 1530f(x)

(1.1)

in the various random normed spaces via different methods. Since ax™ is a solution
of above functional equation, we say it quartic functional equation.
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2. Preliminaries
In this section, we recall some definitions and results which will be used later on in the
article.

A triangular norm (shorter t-norm) is a binary operation on the unit interval [0, 1],
i.e., a function T : [0, 1] x [0, 1] — [0, 1] such that for all a, b, c € [0, 1] the following
four axioms satisfied:

(i) T(a, b) = T(b, a) (commutativity);

(i) T(a, (T(b, ¢))) = T(T(a, b), c) (associativity);

(iii) 7(a, 1) = a (boundary condition);

(iv) T(a, b) < T(a, c¢) whenever b < ¢ (monotonicity).

Basic examples are the Lukasiewicz t-norm T;, T;(a, b) = max (a + b - 1,0) Va, b €
[0, 1] and the t-norms Tp, T Tp, where Tp (a, b) := ab, Ty, (a, b) := min {a, b},

_ | min(a, b), if max(a, b) = 1;
To(a,b) = {O, otherwise.
If T is a t-norm then x(T") is defined for every x € [0, 1] and n € N U {0} by 1, if n =
0 and T(x(Tnfl),x), if m > 1. A t-norm T is said to be of Hadzi¢-type (we denote by
T e H) if the family (x(T"))neN is equicontinuous at x = 1 (cf. [31]).

Other important triangular norms are (see [32]):
-the Sugeno-Weber family {TS" };¢[-1,00] is defined by TSV = Tp, TSV = Tp and

x+y—1+kxy)

3™ (x,y) = max (0, Lad

ifAe (-1, «).
-the Domby family {T?};.cjo,00) defined by Tp, if L = 0, Ty, if A = e and

1

T)?(x’Y)= Ly 1/
L) ()

if L e (0, «).
-the Aczel-Alsina family {T{},¢[0,00p defined by Tp, if A = 0, Ty, if A = o and

T (x, ) = ¢ (11ogsl"+llogy)'"

if A e (0, ).
A t-norm T can be extended (by associativity) in a unique way to an n-array opera-
tion taking for (x4, .., x,) € [0, 1]” the value T (xy, ..., x,) defined by

T xi = 1, T x = T(TE i, %) = T(x1, -, %n).

T can also be extended to a countable operation taking for any sequence (x,),c x in
[0, 1] the value

T = lim T2 2.1)
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The limit on the right side of (2.1) exists since the sequence {T} Xi}sen is non-
increasing and bounded from below.

Proposition 2.1. [32] (i) For T > T; the following implication holds:

o0
nli_)rgonflan- =1s Zl(l —Xy) < 00.
n=

(i) If T is of Hadzic-type then

: o0
lim T x4 = 1
n—oo

for every sequence {x,},cn in [0, 1] such that lim,, .. x, = 1.
(iii) If T € {T{ Y re0,00) U AT bae(0,00) then

[e.¢]
nlijgonflan- =le Z (1 =) < o0.

n=1
(i) If T € (T3 Yrel-1,00) then

(o9}
nli_)rglonflan- =1& 21:(1 — Xp) < 00.
=

Definition 2.2. [33] A random normed space (briefly, RN-space) is a triple (X, p, T),
where X is a vector space, T is a continuous ¢-norm, and y is a mapping from X into
D" such that, the following conditions hold:

(RN1) p,(t) = go(t) for all ¢ >0 if and only if x = 0;
(RN2) pox(t) = px <|;|> forallxe X, a = 0;
(RN3) syt + 8) 2 T (uyt), py(s)) for all x, y, ze X and ¢, s 2 0.

Definition 2.3. Let (X, i, T) be an RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every ¢ >0 and 4 >0,
there exists a positive integer N such that py,—x(¢) > 1 — A whenever n > N.

(2) A sequence {x,} in X is called Cauchy if, for every ¢ >0 and A >0, there exists a
positive integer N such that py,—y, (¢) > 1 — A whenever n > m > N.

(3) An RN-space (X, u, T) is said to be complete if every Cauchy sequence in X is
convergent to a point in X.

Theorem 2.4. [34]If (X, u, T) is an RN-space and {x,} is a sequence such that x,, — x,
then limy_, o 1y, () = px(t)almost everywhere.

3. Non-Archimedean random normed space

By a non-Archimedean field we mean a field I equipped with a function (valuation) | - |
from K into [0, o] such that |r| = 0 if and only if » = 0, |rs| = |r| |s|, and |r + s| < max{|
rl, |s|} for all r,s € K. Clearly |1]| = | -1| = 1 and |n| < 1 for all n € N. By the trivial
valuation we mean the mapping | - | taking everything but 0 into 1 and |0| = 0. Let X be
a vector space over a field K with a non-Archimedean non-trivial valuation | - |.
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A function|| - || : X — [0, oo] is called a non-Archimedean norm if it satisfies the follow-

ing conditions:

(i ||#|| = 0 if and only if x = 0;
(ii) for any r € I, x € X, |[rx]| = [|7][|«[[;
(iii) the strong triangle inequality (ultrametric); namely,

[lx +yll < max{|lx[|, [[yll} (% y € X).
Then (X, || - ||) is called a non-Archimedean normed space. Due to the fact that
1% — Xm|| < max{|lxjo1 —xjll:m<j<n-1}  (n>m),

a sequence {x,} is Cauchy if and only if {x,,; - x,} converges to zero in a non-
Archimedean normed space. By a complete non-Archimedean normed space we
mean one in which every Cauchy sequence is convergent.

In 1897, Hensel [35] discovered the p-adic numbers as a number theoretical analo-
gue of power series in complex analysis. Fix a prime number p. For any non-zero
rational number x, there exists a unique integer n, € Z such that x = {p"™, where a
and b are integers not divisible by p. Then x|, := p™ defines a non-Archimedean
norm on Q. The completion of Q with respect to the metric d(x, y) = |x - y|, is
denoted by Q,, which is called the p-adic number field.

Throughout the article, we assume that X is a vector space and ) is a complete non-
Archimedean normed space.

Definition 3.1. A non-Archimedean random normed space (briefly, non-Archime-
dean RN-space) is a triple (X, i, T), where X is a linear space over a non-Archimedean
field C, T is a continuous ¢-norm, and g is @ mapping from X into D" such that the
following conditions hold:

(NA-RN1) p,(2) = &o(t) for all £ >0 if and only if x = 0;
(NA-RN2) pax(t) = ux< t ) forall x e X, t >0, o = 0;

]
(NA-RN3) gy, p(maxit, s}) 2 T (ux(t), p,(s)) for all x,y,z € X and £, s 2 0.
It is easy to see that if (NA-RN3) holds then so is
(RN3) prysy(t + 8) 2 T ((8), pay(s)).

As a classical example, if (X, ]].]|) is a non-Archimedean normed linear space, then
the triple (X, u, Tny), where

_[or=ia
w0 = {1051

is a non-Archimedean RN-space.

Example 3.2. Let (X, ||.]|) be is a non-Archimedean normed linear space. Define

t
t) = , VxeX t>0.
O =
Then (X, i, Ty) is a non-Archimedean RN-space.
Definition 3.3. Let (X, u, T) be a non-Archimedean RN-space. Let {x,} be a

sequence in X. Then {x,} is said to be convergent if there exists x € X such that

Page 4 of 17
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i () = 1

for all ¢ >0. In that case, x is called the limit of the sequence {x,}.

A sequence {x,} in X is called Cauchy if for each ¢ >0 and each ¢ >0 there exists ng
such that for all # > 1y and all p >0 we have iy,,,—x, () > 1 —¢.

If each Cauchy sequence is convergent, then the random norm is said to be complete
and the non-Archimedean RN-space is called a non-Archimedean random Banach
space.

Remark 3.4. [36] Let (X, i, Tp) be a non-Archimedean RN-space, then

osyp—s, (£) = MUN{fhig, 0y, () 15 =0,1,2,...,p— 1}

So, the sequence {x,} is Cauchy if for each ¢ >0 and ¢ >0 there exists 1 such that for

all n > ny we have

Mgy —x, (1) > 1 — €.

4. Generalized Ulam-Hyers stability for a quartic functional equation in non-
Archimedean RN-spaces

Let K be a non-Archimedean field, X' a vector space over [ and let (), u, T) be a non-
Archimedean random Banach space over .
We investigate the stability of the quartic functional equation

16f(x + 47) + f(4x — ) = 306 [9f (x " ;) ff(x+ 2y)]
+136f(x — y) — 1394f (x + y) + 425f(y) — 1530f(x),

where fis a mapping from X to ) and f0) = 0.
Next, we define a random approximately quartic mapping. Let ¥ be a distribution
function on X x X x [0, oo] such that ¥ (x, y, -) is symmetric, nondecreasing and

t
(ex, cx, t) > W (x,x, |c|> (xe X, c#0).

Definition 4.1. A mapping f : X — Y is said to be Y-approximately quartic if

1 ()
16f (x+4y)+f (4x—y)—306 |:9f (x+ :)J: >+f(x+2y)i| —136f (x—y)+1394f (x+y)—425f(y)+1530f (x) (4.1)

>Y(xyt) (kyeX, t>0).

In this section, we assume that 4 = 0 in | (i.e., characteristic of K is not 4). Our
main result, in this section, is the following:

Theorem 4.2. Let [Cbe a non-Archimedean field, Xa vector space over [Cand let
(Y, u, T)be a non-Archimedean random Banach space over K. Let f : X — Ybe a V-
approximately quartic mapping. If for some oo € R, a >0, and some integer k, k >3 with
44| <at,

w4 a7y, ) > w(xyar) (xeX, t>0) (4.2)

and

odt
: o0
nhm Ij:nM (x, | ij> =1 (x eX, t> O), (4.3)



Rassias et al. Journal of Inequalities and Applications 2011, 2011:62 Page 6 of 17
http://www.journalofinequalitiesandapplications.com/content/2011/1/62

then there exists a unique quartic mapping Q : X — Ysuch that

~ Oli+1t
f)-Qu (1) = TS M <x 4 ) (4.4)

for all x € X and t >0, where
M(x, t) == T(¥(x,0,1), ¥(4x,0,t),--- , ¥ (4 x,0,1)) (xeX, t>0).
Proof. First, we show by induction on j that for each x € X, t >0 and j > 1,
If(any—2s6fe) (1) = Mj(x,1) = T(¥ (x,0,¢), -+, ¥ (4%, 0,1)). (4.5)
Putting y = 0 in (4.1), we obtain
Hf(an-256f)(t) =2 ¥(x,0,1)  (xe X, >0).
This proves (4.5) for j = 1. Assume that (4.5) holds for some j > 1. Replacing y by 0
and x by 4x in (4.1), we get
If (@) —256f (aix) (1) = ¥ (4x,0,t) (xeX, t>0).

Since |256| < 1,

f@v)—2s6i () = T (P‘f(4f+1x)7256f(4fx)(t)f P‘zsef(4fx)7256/+1f(x)(t)>
=T (“f(4”*1x)—256f(4/’x)(t)' M (ix)—256/f (x) <|2;6| ))
>T (P‘f(4f+1x)7256f(4fx)(t)f Mf(ax)—256f(x) (t)>
> T(¥(4x, 0, 1), Mj(x, 1))
= Mj.1(x, 1)
for all x € X. Thus (4.5) holds for all j > 1. In particular
'u“f(4kx)7256kf(x)(t) >M(xt) (xeX, t>0). (4.6)

Replacing x by 4 *"*Yx in (4.6) and using inequality (4.2), we obtain

X
Mf(4§")_256hf<4hf+h)(t) zM (4k”+k' t> (4.7)
> M(x,a™'t) (xed, t>0, n=0,1,2,...).

Then

an+1

" (t)zM(x, t) (xeX, t>0, n=0,12...).
R X\ (gt x 44k n
@1 gy )" f( (4,()M) (Gl

Hence,

Pl ) ) X

n+p
= Tj=” M(44k)if x 7(44;()J+17f X (®)
(44 (4

n+p ol
= 1M (5 iy 1)

n+p Jj+1 _
szan(x,‘&k)jlt) (xeX, t>0, n=01,2,...).
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Since hmn_,ooT M(x, ,(] )—1 (xeX, t>0), {(44k)f( 5 )} , is a
14" (4) neN

Cauchy sequence in the non-Archimedean random Banach space (Y, i, T). Hence, we
can define a mapping Q : X — ) such that

li t)=1 eX, t>0).
() e T >0 (.8)

Next, for each n > 1, x € X and ¢ >0,
M _ 4\ X (t) = 1 4 4 i+1 (t)
fx)—(4 )f( (4,e)n) zl o (4 k)f( y ) (4™ f( (4,(),”)

> -1

- (4“)1‘( ) (“")“‘f( )(t)
(" (@™
. aHlt
=T M (x |44k|f)'

Therefore,

o) =T \ /1y t
Hf ) () (Mf(x)—(zr”‘) f<(4’,f)n)( ) H f( x)n>—Q(x)( )>

(a"

i+1t
>T T"_W( ) ).
- ( =0 4tk )y f((4k)) o™

By letting n — oo, we obtain
ai+1 t
Hfw-Qu(t) = THM (x e ) -
This proves (4.4).

As T is continuous, from a well-known result in probabilistic metric space (see e.g.,
[[34], Chapter 12]), it follows that

lim u
n—-oo

(@ 164 (x+4y))+(4")"f(4*k"(4xfy))fso6{(4’?)”-91‘(4*’”‘ (x+ ;’ )+(H) Fa (x+2y))}

—136(45)1f (47" (x—y))+1394(4%)1f (47 (x+y))—425(4")1f (47*y) +1530(4")"f(47*"x) (1)

t
16Q(x+4y)+Q(4x—y)—306 |:9Q <x+ )3/ )+Q(x+2y):| —136Q(x—y)+1394Q(x+y)—425Q(y)+1530Q(x) ( )
for almost all ¢ >0.

On the other hand, replacing x, y by 4*"x, 4™y, respectively, in (4.1) and using (NA-
RN2) and (4.2), we get

(4")"-16f (47 (x+4y))+(4")"F (47" (4x—y)) ~306 [(4’“)"~9f(4”‘" (x+ g N+ fat (x+2y))}
—136(4F)1f (47" (x—y))+1394(4")f (47 (x+y))—425(45)f (47" ) +1530(4" ) f (47"x) (1)

t at
> [ 47y g4k, ) >y (x, : )
= ( g ) =7 U g

for all x,y € X and all ¢ >0. Since limy,_, o ¥ (x, ¥, \Z’?\l") = 1, we infer that Q is a
quartic mapping.
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If Q' : X — Y is another quartic mapping such that pg ). (2) = M(x, t) for all
x € X and ¢ >0, then for each n € N, x € X and ¢ >0,

Haw-ew(®) =T (MQ(x)(44”)"f ((4’,§)n)(t)' R amy'y <( 4’;)n)—Q/(x)(t)' t)) '
Thanks to (4.8), we conclude that Q = Q. O
Corollary 4.3. Let Cbe a non-Archimedean field, Xa vector space over Kand let
(Y, u, T)be a non-Archimedean random Banach space over Kunder a t-norm T € H.

Let f : X — Ybe a V-approximately quartic mapping. If, for some a € R, o >0, and
some integer k, k >3, with |4¥| <a,

w4 a7k, ) > w(xy,at) (xeX, t>0),

then there exists a unique quartic mapping Q : X — Ysuch that

- C(i+1t
M- (®) = TEM (%

for all x € Xand all t >0, where
M(x,t) := T(¥(x,0,1), ¥(4x,0,1),--- , (4 'x,0,1)) (xeX, t>0).

Proof. Since

. ot
limM(x, . )=1 (xedX, ¢>0)
n— 00 |4|J

and 7 is of Hadzi¢ type, from Proposition 2.1, it follows that

n—o0

ot
lim T]-‘an<x, 4>=1 (xeX, t>0).

Now we can apply Theorem 4.2 to obtain the result. O
Example 4.4. Let (X, u, Tpy) non-Archimedean random normed space in which

nx(t) = Vxe X, t>0,

t
¢+ [lxll’

and (Y, i, Tm) a complete non-Archimedean random normed space (see Example
3.2). Define

t
U(x,yt) = lat

It is easy to see that (4.2) holds for o = 1. Also, since
t

M(x, t) = ,

(1) 1+t

we have
im 72 M (x @0 ) = tim (Gim 1 a(x
n— 00 Mj=n Y |4|kj n—oo \ m—oo Mj=n v |4|kf

. . t
= lim lim ( ' )
n—00 m— 00 t+ |4 |n

1, Vxe X, t>0.
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Let f: X — ) be a P-approximately quartic mapping. Thus all the conditions of
Theorem 4.2 hold and so there exists a unique quartic mapping Q : X — ) such that

_ t) > .
f(x)—-Q) (1) = o 14t

5. Fixed point method for random stability of the quartic functional
equation
In this section, we apply a fixed point method for achieving random stability of the
quartic functional equation. The notion of generalized metric space has been intro-
duced by Luxemburg [37], by allowing the value +co for the distance mapping. The fol-
lowing lemma (Luxemburg-Jung theorem) will be used in the proof of Theorem 5.3.

Lemma 5.1. [38]. Let (X, d) be a complete generalized metric space and let A : X —
X be a strict contraction with the Lipschitz constant k such that d(xo, A(xg)) < +eo for
some xy € X. Then A has a unique fixed point in the set Y := {y € X, d(xo, y) < o} and
the sequence (A" (x)),e N converges to the fixed point x* for every x € Y. Moreover, d(xo,
Alxo)) < 0 implies d(x*, x0) < lfk.

Let X be a linear space, (Y, v, Ty; ) a complete RN-space and let G be a mapping
from X x R into [0, 1], such that G(x, .) € D" for all x. Consider the set E := {g: X —
Y, g(0) = 0} and the mapping dg defined on E x E by

dc(g h) = inf{lu € R*, vg(x)—n)(ut) = G(x,t) forallx € X and ¢ > 0}

where, as usual, inf & = +e. The following lemma can be proved as in [22]:

Lemma 5.2. cf. [22,39]d; is a complete generalized metric on E.

Theorem 5.3. Let X be a real linear space, t f a mapping from X into a complete RN-
space (Y, u, Ty ) with fl0) = 0 and let @ : X* — D* be a mapping with the property

Jo € (0,256) : Pypay(at) = Dy (1), Vx,y € X, Vt>0. (5.1)
If

Mle(x+4y)+f(4x7y)7306|:9f(x+;/>+f(x+2y):| 7136f(x7y)+1394f(x+y)7425f(y)+1530f(x)(t) (5.2)

> @0 (1), Y,y X,

then there exists a unique quartic mapping g : X — Y such that

Mg(x)—f(x)(t) = Pro M), Vxe X, V>0, (5.3)
where

M =(256 — a).
Moreover,

n
0= Jim ',

Proof. By setting y = 0 in (5.2), we obtain

If(ax)-256f(x) (1) = Pxo0(1)
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for all x € X, whence

t) = t
P gD = H L - asern (D

= [4f(4x)—256f(x) (2561)

> &, (2561), VxeX, Vi>o0.

Let
G(x, t) := Py 0 (2561).
Consider the set
E:={g:X— Y, g(0)=0}

and the mapping dg defined on E x E by

dc(g h) = inf{u € R*, pg(x)—n(x)(ut) = G(x, t) forall x € X and ¢ > 0}.

By Lemma 5.2, (E, dg) is a complete generalized metric space. Now, let us consider

the linear mapping J : E — E,

Jax) = . g(4x).

We show that J is a strictly contractive self-mapping of E with the Lipschitz constant

k = a/256.

Indeed, let g, & € E be mappings such that ds(g, &) <e. Then

pLg(x)_h(x)(Et) > G(x,t), Vxe X, Vt>0,

whence

o o

g -m(n) (e €1) = 1 1

= [g(4x)—h(4x) (L)
> G(4x,at) (xeX,

Since G(4x, at) = G(x, 1), Wgx)—h(x) (,56€L) = G(x, 1), that s,

de(g h) < & = de(Jg, Jh) < 22‘68.

This means that

o
dc(Jg Jh) < 256 da(g h)

for all g, /1 in E.
Next, from

>
ML an (D) 2 G 1)

it follows that dg(f, Jf) < 1. Using the Luxemburg-Jung theorem, we deduce the exis-
tence of a fixed point of J, that is, the existence of a mapping g : X — Y such that g(4«x)

= 256g(x) for all x € X.

t
256 L (st 256D
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Since, for any x € X and ¢ >0,
t
do(u,v) <e= Mu(x)—v(x)(t) >G (xr 8> ,

from dg(J"f, 9 — O, it follows that lim,,_, o | (ﬁl") =g(x) foranyx e X.

Also, d¢(f,8) < 1, d(f,Jf) implies the inequality dc(f,8) <

o from which it
256

immediately follows ve()—f(x)(,oe o, t) > G(x, t) for all ¢ >0 and all x € X. This means
that

1—

256 —«

t), VxeX, Vi>O0.
256

Mg —f) (1) = G (x

It follows that

Hg)—f) (1) = Pro((256 —a)t) VxeX, V> 0.

The uniqueness of g follows from the fact that g is the unique fixed point of J with
the property: there is C € (0, o) such that py(,).1.)(Ct) 2 Glx, £) for all x € X and all ¢
>0, as desired. O

6. Intuitionistic random normed spaces
Recently, the notation of intuitionistic random normed space introduced by Chang et
al. [19]. In this section, we shall adopt the usual terminology, notations, and conven-
tions of the theory of intuitionistic random normed spaces as in [22], [31], [33], [34],
[40], [41], [42].

Definition 6.1. A measure distribution function is a function g : R — [0, 1] which is
left continuous, non-decreasing on R, inf,. z y(£) = 0 and sup, g u(t) = 1.

We will denote by D the family of all measure distribution functions and by H a spe-
cial element of D defined by

0,ift <0,
H(t)z{l,ift>0.

If X is a nonempty set, then y : X — D is called a probabilistic measure on X and u
(x) is

denoted by g,.

Definition 6.2. A non-measure distribution function is a function v : R — [0, 1]
which is right continuous, non-increasing on R, inf,c z v(£) = 0 and sup, z v(f) = 1.

We will denote by B the family of all non-measure distribution functions and by G a
special element of B defined by

1,ift <0,
G0 = (O, ift > 0.

If X is a nonempty set, then v : X — B is called a probabilistic non-measure on X and
v (x) is denoted by v,.
Lemma 6.3. [43], [44]Consider the set L* and operation <i-defined by:

L* = {(x1,%2) : (x1,%2) € [0, 1]> andx; +x2 < 1},

(21, %2) <1 (y1,¥2) © %1 <y1,%2 > y2,  V(x1,%2), (y1,¥2) € L*.
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Then (L*, <p»)is a complete lattice.

We denote its units by Oz = (0, 1) and 17+ = (1, 0). In Section 2, we presented classi-
cal t-norm. Using the lattice (L*, <;-), these definitions can be straightforwardly
extended.

Definition 6.4. [44] A triangular norm (¢-norm) on L* is a mapping 7 : (L*)? — L*

satisfying the following conditions:

(@) (Vx € L*)(T (x, 11+) = x) (boundary condition);

(b) (Y(x,y) € (L)) (T (x,y) = T (y, x)) (commutativity);

(©) (Y(x,7.2) € (L)) (T (x, T (v.2)) = T(T (x,y),2)) (associativity);

() (Y(x, ¥, y,¥) € (L)) (x=p & and =<1y’ = T(x,y)=<1- T (x',y')) (monotonicity).

If (L*, <1»,T) is an Abelian topological monoid with unit 1;» then 7 is said to be a
continuous t-norm.

Definition 6.5. [44] A continuous t-norm 7 on L* is said to be continuous t-repre-
sentable if there exist a continuous t-norm - and a continuous ¢-conorm < on [0, 1]
such that, for all x = (x1, x5), ¥y = (y1, y2) € L%,

T(x,9) = (x1 %71, %20¥2).
For example,

T (a,b) = (a1b1, min{a, + by, 1})
and

M(a, b) = (min{ay, b1}, max{ay, by})

are continuous ¢-representable for all a = (ay, a3), b = (by, by) € L*.
Now, we define a sequence 7" recursively by 71 = 7" and

T, )y = (7 (), L k™), 2Dy, v > 2, xD e L

Definition 6.6. A negator on L* is any decreasing mapping A : [* — L[* satisfying
N(1) =0pand N(11+) = O If N(NV(x)) = x for all x € L*, then A/ is called an invo-
lutive negator. A negator on [0, 1] is a decreasing function N : [0, 1] — [0, 1] satisfying
N(0) = 1 and N(1) = 0. N, denotes the standard negator on [0, 1] defined by

Ni(x)=1—-x Vxe]0,1].

Definition 6.7. Let  and v be measure and non-measure distribution functions from
X x (0, +o0) to [0, 1] such that () + v,(¢) < 1 for all x € X and ¢ >0. The triple
(X, Pu,v, T) is said to be an intuitionistic random normed space (briefly IRN-space) if X
is a vector space, T is continuous ¢-representable and P, is a mapping X x (0, +e0) —
L* satistying the following conditions: for all x, y € X and ¢, s >0,

() P,u,v (x, 0) =0p5

(b) Puv(x, t) = 11+ if and only if x = 0;

(C) Pﬂ,v(ax/ t) = P,u,l)(xr \otz\) for all o = O;

(d) Pup(x+y, t+8)=0 T(Puw(®0), Pun(y.5)).
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In this case, P,y is called an intuitionistic random norm. Here,
Pu,v(x/ t) = ((t), v (1))

Example 6.8. Let (X, || - ||) be a normed space. Let T (a, b) = (a1by, min(ay + by, 1))
for all a = (a3, as), b = (by, by) € L* and let y, v be measure and non-measure distribu-
tion functions defined by

t |1]]
t+ ]l -+ [1x]]

Pu,v(xr t) = (Mx(t)r Ux(t)) = ( ) , VteR".

Then (X, P,v, T) is an IRN-space.
Definition 6.9. (1) A sequence {x,} in an IRN-space (X, Py, T) is called a Cauchy
sequence if, for any ¢ >0 and ¢ >0, there exists an 7o € N such that

Puv(xn — xm, t) >1-(Ns(€), &),  Vn,m > ny,

where N is the standard negator.

(2) The sequence {x,} is said to be convergent to a point x € X (denoted by, Puy 5 if
Puyv(xn —x,t) = 11« as n — o for every ¢ >0.

(3) An IRN-space (X, P,,v, T) is said to be complete if every Cauchy sequence in X is
convergent to a point x € X.

7. Stability results in intuitionistic random normed spaces
In this section, we prove the generalized Ulam-Hyers stability of the quartic functional
equation in intuitionistic random normed spaces.

Theorem 7.1. Let X be a linear space and let (X, Py, T )be a complete IRN-space.
Let f: X — Y be a mapping with f0) = 0 for which there are & { : X* — D", where &
(%, y) is denoted by &, and (, , is denoted by ., further, (& (1), (,(2)) is denoted by
Q¢ (%, , t), with the property:

Pruw(16f(x + 4y) + f(4x — y) — 306[9f (x . g) Ff(x+29)]
—136f(x —y) + 1394f (x + y) — 425f(y) + 1530f(x), t) (7.1)
>0+ Qe e (%, 7, 1).

If
7:? (QE,C (4n+i71x’ 0, 44n+3i+3 t)) _ 1L* (7.2)
and
. n n aney _ .
rlll)n;.lo QE;{ (4 xr4 yr4 t) = 1L (73)

for all x, y e X and all t >0, then there exists a unique quartic mapping Q : X > Y
such that

Pun(f(x) — Q(x), t)>1- TS (Qe.c (47 %, 0,4331)). (7.4)

Proof. Putting y = 0 in (7.1), we have

Plu,p (f;g;lz) - f(x), t) > Qélf (x, O, 44t) (75)
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Therefore, it follows that

fa™1x) _ f(4') ¢
v gaany ke gai)ZL Q:.c (4"x,0,4%), (7.6)

which implies that

fa*'x)  f(at)

by o 44k
o gaeen). = gae D21 Qec(4%,0,4 (k:1)y), (7.7)

that is,

f(Ax)  fa 1 .
" ,v<44(k+1) T gk 7 ghe =1 Qe (4'%,0,41 D) (7.8)

forall ke Nandall £ >0. As 1 > 1/4 + ... + 1/4", from the triangle inequality, it fol-

lows
f(a") . f@) @) §o1
Puy < 256" —f(x),t)ZL* T (P/M ( 44(ke1) T 44k ’Z grort (7.9)
>0 T (Qsp (47 15,0,4°71)).

In order to prove convergence of the sequence {f 5‘;2’9 ), replacing x with 4”x in (7.9),

we get that for m, n >0

") f(am)

256mm)  256M =1 T Qe (47 1%, 0,474731)), (7.10)

Pu(

Since the right-hand side of the inequality tends 1;- as m tends to infinity, the
sequence {fT:nx)} is a Cauchy sequence. So we may define Q(x) = lim,_, oo f(f4f) for all
xe X

Now, we show that Q is a quartic mapping. Replacing x, y with 4”x and 4"y, respec-
tively, in (7.1), we obtain

f(a"(x+4y)) f(4"(4x—y)) _ 306[9f(4"(x+ })) +f(4"(x +2p))

L 256"
_136f(4"(x ) . 1394f(4"(x+y)) _ 425f(4"(y)) . 1530f(4"(x)) ) (7.11)
256" 256" 256" 256"

>1.Qg ¢ (4"x, 4"y, 4*"1).

Taking the limit as # — oo, we find that Q satisfies (1.1) for all x, y € X.

Taking the limit as # — <o in (7.9), we obtain (7.4).

To prove the uniqueness of the quartic mapping Q subject to (7.4), let us assume
that there exists another quartic mapping Q" which satisfies (7.4). Obviously, we have x
e X and all # € N. Hence it follows from (7.4) that

Pur(Qx) — Q'(x), 1)
21 Py (Q(4"x) — Q'(4"x), 4™"1)
21T (P (Q(4"x) = f(4"x), 47 11), Ppuo (f(4"x) — Q' (4"x), 47" '1))
>/ T(ZS? (QE,{ (4n+i71x, 0, 44n+3i+3 t)), 7::(]) (QS,C (4n+i71x’ 0, 44n+3i+3 t))
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for all x € X. By letting n — o in (7.4), we prove the uniqueness of Q. This com-
pletes the proof of the uniqueness, as desired. O

Corollary 7.2. Let (X, P’ v, T )be an IRN-space and let (Y, Py, T )be a complete
IRN-space. Let f: X — Y be a mapping such that

Puv(16f(x+4y) + f(4x —y) — 306 [9]‘ (x+ g) +f(x+ 2)/)]
—136f(x —y) + 1394f(x + y) — 425f(y) + 1530f(x), t)
ZL*P//,L/,V/ (x +Y t)
for all t >0 in which

Tim T (P, (6 4733 0) = 110

or all x, y € X. Then there exists a unique quartic mapping Q : X — Y such that
y que q pping
Pruw (F(6) = Q(x), )= T (P, (%, 47730)).

Now, we give an example to illustrate the main result of Theorem 7.1 as follows.
Example 7.3. Let (X, ||.||) be a Banach algebra, (X, P,,,, M) an IRN-space in which

Prn( 1) =< t I1x]] )

e+ |lxll” €+ ]|

and let (Y, Py, M) be a complete IRN-space for all x € X. Define f: X — X by f (x)
= x* + xo, where x is a unit vector in X. A straightforward computation shows that

Pruw(16f(x + 4y) + f(4x — y) — 306 [9f (x . g) Ff(x+ 2y)]

—136f(x —y) + 1394f (x + y) — 425f(y) + 1530f(x), t)
> Puv(x+y,t), Vt>0.

Also

n]ggo M;yzol (Pu,v(4"+i713€, 44n+3i+3t)) = ,,1520 rlgrgo M::l('])%v(x, 43n+2i+4t))

= lim lim P,,(x 4°™°1)
n—00 m— 00

lim P, ,(x, 4°"*°t)
n—oo

=1y

Therefore, all the conditions of 7.1 hold and so there exists a unique quartic map-
ping Q : X — Y such that

Poup(f(x) = Q(x), 1)>1+ Ppu(x, 4°1).
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