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Abstract

Lutwak proposed the notion of L,-geominimal surface area according to the L,
mixed volume. In this article, associated with the L,-dual mixed volume, we
introduce the L,-dual geominimal surface area and prove some inequalities for this
notion.
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1 Introduction and main results
Let K" denote the set of convex bodies (compact, convex subsets with nonempty inter-
iors) in Euclidean space R”. For the set of convex bodies containing the origin in their
interiors and the set of origin-symmetric convex bodies in R”, we write K and K7,
respectively. Let S” denote the set of star bodies (about the origin) in R”. Let §"'
denote the unit sphere in R"; denote by V (K) the n-dimensional volume of body K;
for the standard unit ball B in R”, denote w,, = V (B).

The notion of geominimal surface area was given by Petty [1]. For K e K", the geo-
minimal surface area, G(K), of K is defined by

1 1
oy G(K) = inf{nV1 (K, Q)V(Q*)n : Q € K"}

Here Q* denotes the polar of body Q and V;(M, N) denotes the mixed volume of
M, N e K"[2].

According to the L,-mixed volume, Lutwak [3] introduced the notion of L,-geomini-
mal surface area. For K € Kj, p > 1, the L,-geominimal surface area, G,(K), of K is
defined by

" i o n (1.1)
wy Gp(K) = inf {nV,(K, Q)V(Q*)n : Q € K}}.

Here V,(M, N) denotes the L,-mixed volume of M, N € KC[3,4]. Obviously, if p = 1,
G,(K) is just the geominimal surface area G(K). Further, Lutwak [3] proved the follow-
ing result for the L,-geominimal surface area.

Theorem 1.A. If K € KV, p > 1, then

p n—
Gy(K) < nowy V(K) np, (1.2)

with equality if and only if K is an ellipsoid.
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Lutwak [3] also defined the L,-geominimal area ratio as follows: For K € K, the L,-

geominimal area ratio of K is defined by

(S )5_ 3)

n"V(K)"?

Lutwak [3] proved (1.3) is monotone nondecreasing in p, namely
Theorem 1.B. If K € K]}, 1 < p < g, then

( Go(K)" )3 3 ( Go(K)" )3
nV(K)"?) T \n"V(K)"1

with equality if and only if K and T,K are dilates.

Here T,K denotes the L,-Petty body of K € K7[3].

Above, the definition of L,-geominimal surface area is based on the L,-mixed
volume. In this paper, associated with the L,-dual mixed volume, we give the notion of
L,-dual geominimal surface area as follows: For K € S, and p > 1, the L,-dual geomi-

nimal surface area, G_,(K), of K is defined by

_F N p
o "G_p(K) = inf(nV_,(K, Q)V(Q*) n : Q e K"}, (1.4)

Here, V,p(M, N) denotes the L,-dual mixed volume of M, N € S}[3].
For the L,-dual geominimal surface area, we proved the following dual forms of The-
orems 1.A and 1.B, respectively.
Theorem 1.1. If K € S%, p > 1, then
- _y np
G_p(K) = oy "V(K) n (1.5)

with equality if and only if K is an ellipsoid centered at the origin.
Theorem 1.2. [f K € S}, 1 < p < g, then

1 1
Gop(K)" \7 - G_q(K)" \7 (1.6)
V(K™ |~ \ n"V(K)™7
with equality if and only if K € KI.
Here

1
Gp(K)" )7
n"V(K)™"?

may be called the L,-dual geominimal surface area ratio of K € S/.

Further, we establish Blaschke-Santalé type inequality for the L,-dual geominimal

surface area as follows:
Theorem 1.3. If K € K, n > p > 1, then

G_p(K)G_p(K*) < n*w? (1.7)

with equality if and only if K is an ellipsoid.
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Finally, we give the following Brunn-Minkowski type inequality for the L,-dual geo-
minimal surface area.
Theorem 1.4. If K,L € 8!, p > 1 and A, u > 0 (not both zero), then
- _ P - P - _ P
Cp(Aw K+ L) ™0 > AG_p(K) ™ + uG_y(L) ™ (1.8)

with equality if and only if K and L are dilates.

Here A x K + _, 4 x L denotes the L,-harmonic radial combination of K and L.

The proofs of Theorems 1.1-1.3 are completed in Section 3 of this paper. In Section
4, we will give proof of Theorem 1.4.

2 Preliminaries
2.1 Support function, radial function and polar of convex bodies
If K € K", then its support function, /g = h(K,:): R" — (-e0, ), is defined by [5,6]

h(K, x) =max{x-y:y e K}, x e R,
where x-y denotes the standard inner product of x and y.

If K is a compact star-shaped (about the origin) in R”, then its radial function, px = p
(K): R™\{0} — [0, o0), is defined by [5,6]

o(K, u)=max{A >0:1-uekK},ueS !

If px is continuous and positive, then K will be called a star body. Two star bodies K,
L are said to be dilates (of one another) if px ()/p; (u) is independent of u € S™'.
If K € K}, the polar body, K* of K is defined by [5,6]

K'={xeR':x-y<1, yeK}. (2.1)
For K € K], if ¢ € GL(n), then by (2.1) we know that
($K)* = K", (2.2)
Here GL(n) denotes the group of general (nonsingular) linear transformations and ¢
denotes the reverse of transpose (transpose of reverse) of ¢.
For K € K} and its polar body, the well-known Blaschke-Santalé inequality can be

stated that [5]:
Theorem 2.A. If K € K7, then

V(K)V(K*) < »? (2.3)
with equality if and only if K is an ellipsoid.
2.2 L,-Mixed volume
For K, L € K} and ¢ >0, the Firey L,-combination K+y¢ - L € K is defined by [7]
h(K+p € -L, -)P = h(K, -)’ +eh(L, ),
where “” in ¢-L denotes the Firey scalar multiplication.
IfK, L € K, then for p > 1, the L,-mixed volume, V,,(K, L), of K and L is defined by [4]

V(K+pe - L) — V(K)

n
K, L)=1i
pr( ) elg)l* &
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The L,-Minkowski inequality can be stated that [4]:
Theorem 2.B. If K,L € Kland p > 1 then

Vo(K, L) > V(K)nan(L)z (2.4)

with equality for p >1 if and only if K and L are dilates, for p = 1 if and only if K
and L are homothetic.

2.3 L,-Dual mixed volume
For K,L € 8}, p > 1 and 4, 4 > 0 (not both zero), the L, harmonic-radial combination,
AxK¥_puxL eS8, of Kand L is defined by [3]

p(AxK+_pu*L, )P =xp(K, )P +up(L, )77 (2.5)
From (2.5), for ¢ € GL(n), we have that

G(A*K+_ppux L) = A% pK+_ppu % pL. (2.6)
Associated with the L,-harmonic radial combination of star bodies, Lutwak [3] intro-

duced the notion of L,-dual mixed volume as follows: For K, L € S p=>1ande¢ >0,
the L,-dual mixed volume, V_,(K, L) of the K and L is defined by [3]

n V(K+_pe xL) — V(K)

_pV,p(K, L)= slgg (2.7)

&

The definition above and Hospital’s role give the following integral representation of
the L,-dual mixed volume [3]:

V_,(K, L) = rll / s1og (W) oy F (u)dS(u), (2.8)

where the integration is with respect to spherical Lebesgue measure S on §".
From the formula (2.8), we get

V_p(K, K) = V(K) = rll / o1 1 (W)dS(w). 2.9)

The Minkowski’s inequality for the L,-dual mixed volume is that [3]
Theorem 2.C. Let K,L € S}, p > 1, then

~ n+p p
V_p(K, L)=V(K) n V(L) n (2.10)
with equality if and only if K and L are dilates.

2.4 L,-Curvature image
For K € K}, and real p > 1, the L,-surface area measure, S,(K, -), of K is defined by [4]

s, (K, -

_ 1=
(K1) = (K, ). (2.11)

Equation (2.11) is also called Radon-Nikodym derivative, it turns out that the mea-
sure S,(K; -) is absolutely continuous with respect to surface area measure S(X; ).

A convex body K € K is said to have an L,-curvature function [3]f,(K, -): "1 5 R,
if its L,-surface area measure S,(K, -) is absolutely continuous with respect to spherical
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Lebesgue measure S, and

ik, = P

Let F}', F!, denote set of all bodies in K[!, KV, respectively, that have a positive con-
tinuous curvature function.

Lutwak [3] showed the notion of L,-curvature image as follows: For each K € F and
real p > 1, define AyK € S}, the L,-curvature image of K, by

P(AGK, Y = mm

fo(K, ).

Note that for p = 1, this definition differs from the definition of classical curvature
image [3]. For the studies of classical curvature image and L,-curvature image, one
may see [6,8-12].

3 L,-Dual geominimal surface area
In this section, we research the L,-dual geominimal surface area. First, we give a prop-
erty of the L,-dual geominimal surface area under the general linear transformation.
Next, we will complete proofs of Theorems 1.1-1.3.

For the L,-geominimal surface area, Lutwak [3] proved the following a property
under the special linear transformation.

Theorem 3.A. For K € K}, p > 1, if ¢ € SL(n), then

Gp(¢K) = Gp(K). (3.1)
Here SL(n) denotes the group of special linear transformations.
Similar to Theorem 3.A, we get the following result of general linear transformation

for the L,-dual geominimal surface area:

Theorem 3.1. For K € !, p > 1, if o € GL(n), then

~ n+p

G_p(¢K) = |detd | n G_y(K). (3.2)
Lemma 3.1. If K, L € Sland p > 1, then for ¢ € GL(n),

V_p(¢K, ¢L) = |detp |V_,(K, L). (3.3)
Note that for ¢ € SL(n), proof of (3.3) may be fund in [3].
Proof. From (2.6), (2.7) and notice the fact V (¢ K) = |deto|V (K), we have

_np V_p(¢K, ¢L) = lim V(¢K+—_pe x ¢L) — V(¢K)

€
o VIB(Ke_ e # 1)) = V(9K)
- slg)l* &
V(K+_pe x L) — V(K)

|det¢| lim
e—>0" &

| detgp |V_,(K, L).
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Proof of Theorem 3.1. From (1.4), (3.3) and (2.2), we have

o Zé_p(w) = inf {nV_, (4K, QV(Q) " : Qe k)
= inf (nldetlV_,(K, ¢~ QV(Q*) 1 : Q e KT}
— inf (nldetd|V_y(K, $”'QV(¢~9"Q") 1 : Q € k)
— inf (nldetd||det(9) " V_p(K, 9~ QV((67'Q)") " : Q € K}
 detd)" w0, "Gy (K).
This immediately yields (3.2). O
Actually, using definition (1.1) and fact [13]: I K, L € Kand p = 1, then for ¢ € GL
(n),
Vp(d)K, ¢L) = |detg [V (K, L),

we may extend Theorem 3.A as follows:
Theorem 3.2. For K € K, p > 1, if € GL(n), then

Go(¢K) = |det| 7 Gy(K). (3.4)

Obviously, (3.2) is dual form of (3.4). In particular, if ¢ € SL(n), then (3.4) is just
(3.1).

Now we prove Theorems 1.1-1.3.

Proof of Theorem 1.1. From (2.10) and Blaschke-Santal6 inequality (2.3), we have that

- P n+p P 2 n+p
V(K QV(Q*) n = V(K) n [V(QV(Q)] » z wy " V(K) 7.

Hence, using definition (1.4), we know

P 2 n+p
wp "G_p(K) = nw, " V(K) n,
this yield inequality (1.5). According to the equality conditions of (2.3) and (2.10), we
see that equality holds in (1.5) if and only if K and Q € K are dilates and Q is an ellip-
soid, i.e. K is an ellipsoid centered at the origin. O
Compare to inequalities (1.2) and (1.5), we easily get that
Corollary 3.1. For K € K]}, p > 1, then for n > p,

B X n+p
Gp(K) = (nen) " Gy(K) "7,

with equality if and only if K is an ellipsoid centered at the origin.
Proof of Theorem 1.2. Using the Holder inequality, (2.8) and (2.9), we obtain

Voo, Q) = ) [ ook g (s

1 T N e
- [l e 1 k] ¢ dst)

B p a-p
< V4K, QIV(K) 7,
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that is

1 1
(Vp(fc Q))” § (MK, Q))ﬂ (3.5)
V(K) - V(K) '

According to equality condition in the Holder inequality, we know that equality
holds in (3.5) if and only if K and Q are dilates.
From definition (1.4) of C,p(K), we obtain

1 n
( Gop(K)" )P it (Vp(K, Q))" Q)T e

n"V(K)"? V(K) V(K)
el (VK Q) QY
<inf ( V(K) ) VK) QeK! (3.6)
[ Gg(K)" ;
S\ mvE)™1)

This gives inequality (1.6).

Because of Q € K in inequality (3.6), this together with equality condition of (3.5),
we see that equality holds in (1.6) if and only if K € KI'. O

Proof of Theorem 1.3. From definition (1.4), it follows that for Q € K7,

_P - p
wn " Gp(K) < nV_p(K, QV(Q*) " n.

Since K € K, taking K for Q, and using (2.9), we can get

- P p
G_p(K) < ol V_p(K,K) V(K*) n

p , (3.7)
= now;y V(K) V(K*) " n.
Similarly,
. P p
G_p(K*) < nwp V(K*) V(K) n. (3.8)

From (3.7) and (3.8), we get

~ ~ 2p n—
Ep(K)Ey(K") = oy [V(K) V(K] 0

Hence, for n > p using (2.3), we obtain

~ ~ 2p n—
G_p(K)G_p(K*) < n*w," [w}] n =n’wp.

n

According to the equality condition of (2.3), we see that equality holds in (1.7) if and
only if K is an ellipsoid. O

Associated with the L,-curvature image of convex bodies, we may give a result more
better than inequality (1.5) of Theorem 1.1.
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Theorem 3.3. If K € F], p > 1, then
~ p—n n—p
with equality if and only if K € F_.
Lemma 3.2 [3]. If K € F}, p = 1, then for any Q € S},

nV_p(ApK, Q)

Vp(K, Q%) = ¢ V(AK)

(3.10)

Proof of Theorem 3.3. From (1.4), (3.10) and (2.4), we have that

_P - P
wn "G_p(ApK) = inf{nV_p(A,K, Q)V(Q*) n

1 Qe K7}

= inf {nw, 'V(A,K)V,(K, Q*)V(Q*)_ft :Q ek

> infno V(AK)V(K) # V(Q)nV(Q) " : Qe Kl
- inf e, V(AK)V(K) 7 )

= noo, V(AK)V(EK) .

This yields (3.9). According to the equality condition in inequality (2.4), we see that
equality holds in inequality (3.9) if and only if K and Q* are dilates. Since Q € K,
equality holds in inequality (3.9) if and only if K € KI'. O

Recall that Lutwak [3] proved that if K € Flland p > 1, then

AN 3.11
V(AK) <w, " V(K) n, (3.11)
with equality if and only if K is an ellipsoid.
From (3.9) and (3.11), we easily get that if K € Flland p > 1, then
- _p np
G_p(ApK) > nwy "V(AK) n (3.12)

with equality if and only if K is an ellipsoid.

Inequality (3.12) just is inequality (1.5) for the L,-curvature image.
In addition, by (1.2) and (3.9), we also have that

Corollary 3.2. If K € K[, p > 1, then

Cp(ApK) =

V(AyK) Gy (K),

with equality if and only if K is an ellipsoid.

4 Brunn-Minkowski type inequalities
In this section, we first prove Theorem 1.4. Next, associated with the L,-harmonic
radial combination of star bodies, we give another Brunn-Minkowski type inequality
for the L,-dual geominimal surface area.

Lemma 4.1. If K,L € S}, p > 1 and 2, u > 0 (not both zero) then for any Q € S,

. _r . _p 5 _p
Vop(AxK+_ppux L, Q) ™ > AV_(K, Q) ™ + uV_y(L, Q) " (4.1)
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with equality if and only if K and L are dilates.
Proof. Since -(n + p)/p <0, thus by (2.5), (2.8) and Minkowski’s integral inequality
(see [14]), we have for any Q € S},

. _p
Vop(A*xK+_ppu %L, Q) ™P

p
[1 Cnep

- f p(A* K+_ppx L, u)"?p(Q, u)_pdu] '
_n Sn—1

p

[1

Pt nmap T n+p
o [ G e L)o@ |
n Sn—l

2 _mp 7n§:p
! p
R /SH [(Ro(K, u)™" + uo(Lu) ")p(Q w)™]  du

p
n+p

zA[l | p(K,u)””’p(Q,u)_de]_
n Sn—l

p
1 N+, - 7”+p
cu o [ o @ il

- _F - _p
=AV_ (K, Q) ™P +uV_p(L, Q) ™P.

According to the equality condition of Minkowski’s integral inequality, we see that
equality holds in (4.1) if and only if K and L are dilates. O
Proof of Theorem 1.4. From definition (1.4) and inequality (4.1), we obtain
_P _P
[wn "G_p(A*x K+_ppux L)] ™
- p_°F
=inf{[nV_p(A * K+_pu+L,Q)V(Q*) " n] ™P :Q e K}

2

p p
=inf{[nV_p(A x K+_pux L, Q)] ™PV(Q*)"(+) : Q € K}

2

" _ P " _ P
> inf{[A(nV_p(K, Q)) " + u(nV_y(L, Q) ™ |V(Q*) ") : Q € KT)
p
> inf (A [nV_, (K, QV(Q") ] ™ : Q € K7}

Cinf ¥ (K, QV(QY) ] ™ - Qe KI)
_F _ P _r P
= Mon "Gp(K)| ™ + plwn "Gp(L)] ™.

This yields inequality (1.8).

By the equality condition of (4.1) we know that equality holds in (1.8) if and only if K
and L are dilates. O

The notion of L,-radial combination can be introduced as follows: For K, L € Shp>
1 and 4, ¢ = 0 (not both zero), the L,-radial combination, A o K+yu o L € S}, of K and
L is defined by [15]

p(AoKF puoL, )P = ap(K, ) + pup(L, ). (4.2)

Under the definition (4.2) of L,-radial combination, we also obtain the following

Brunn-Minkowski type inequality for the L,-dual geominimal surface area.
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Theorem 4.1. If K,L € KI', p > 1 and A, u > 0 (not both zero), then
G_p(r o Kipopp o L) = AG_p(K) + uG_p(L) (4.3)

with equality if and only if K and L are dilates.
Proof. From definitions (1.4), (4.2) and formula (2.8), we have

_P
wp "G_p(A o K¥pppolL)

=inf{nV_,(k o K¥npu oL, Q)V(Q*)_Z :QeKkh

—inf (A7 (K, Q) + u7-p(L, QIV(Q") " : Q € K7}
—inf{mV (K, QV(Q)  + nu¥_p(L QV(Q) " : Q € K7}
> inf(mV_(K, QV(Q") " : Q € K7}

~ p
+inf (¥ (L QV(Q) " : Q € K1)
p p
= w;")»é,p(K) + w;"/Lé,p(L).

Thus
G_p(h o Kingpp o L) = AG_p(K) + uG_p(L).

The equality holds if and only if A o K+t o L are dilates with K and L, respectively.
This mean that equality holds in (4.3) if and only if K and L are dilates. O
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