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Abstract

In this paper we derive new exact solitary wave solutions and quasi-periodic traveling
wave solutions of the KdV-Sawada-Kotera-Ramani equation by using a method which
we introduce here for the first time. Firstly, we reduce the associated fourth-order
nonlinear ordinary differential equation (ODE) into a solvable first-order nonlinear
ODE to obtain new exact traveling wave solutions, including the solitary wave and
periodic solutions. Furthermore, using the new method we derive the quasi-periodic
wave solutions of this equation by assuming that the solutions of the corresponding
higher-order ODE are the sum of the solutions of two solvable first-order nonlinear
ODEs. This new method can be used to investigate the exact traveling wave solutions
and quasi-periodic wave solutions of a general class of higher-order wave equations.

Keywords: nonlinear wave equations; traveling wave solutions; sub-equation
method; quasi-periodic wave solutions

1 Introduction
In this paper we study the KdV-Sawada-Kotera-Ramani equation [1-16]

U + a(3u2 + uxx)x + b(ISLt3 + 15uut,, + uxxxx)x =0, 1.1)

which was used to theoretically study the resonances of solitons in a one-dimensional
space by Hirota and Ito [13]. Equation (1.1) is reduced to the KdV equation when b = 0
and to the Sawada-Kotera equation when a = 0; thus, it is a linear combination of the KdV
equation and the Sawada-Kotera equation. The existence of conservation laws for this
equation was proved by Konno [14]. Some traveling wave solutions were derived in [16] by
the (G'/G)-expansion method. In [15], the traveling wave solutions of (1.1) were studied by
using the generalized auxiliary equation method. Unfortunately, too many undetermined
coefficients were involved in this method and some conditions on these coefficients were
ignored, and thus some wrong results were given in [15], which can be checked by Maple.

We aim to investigate the traveling wave solutions of the KdV-Sawada-Kotera-Ramani
equation (1.1) in the form u(x, t) = y(§) = y(x — ct), where c is the wave speed. Under the
traveling wave coordinates, (1.1) is transformed to the nonlinear ordinary differential equa-
tion of the independent variable . By integrating the transformed ODE once with respect
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to &, we obtain

d*y a\ d*y ; 3a, c
@+(15y+z>d—§2+15y Y —Zy+g:0, 1.2)

where g is a constant of integration. Clearly, u(x,t) = y(§) = y(x — ct) is a traveling wave
solution of (1.1) if and only if y(§) satisfies (1.2) with the wave speed ¢ and any arbitrary
constant g. Since the reduced ODE (1.2) is a fourth-order nonlinear equation which is
equivalent to a four-dimensional system, it is very difficult to investigate (1.2) from the
point of view of dynamical systems.

There are two classes of solitary waves, namely, embedded solitons and gas solitons that
have been studied by many researches in the fields of nonlinear optics and water wave the-
ory [2, 17-20]. In fact, soliton solutions are typically presented by homoclinic solutions
to saddle-center equilibrium and saddle-saddle equilibrium, respectively, of the associ-
ated ODEs which describe traveling waves of the model PDEs. By using the method of
dynamical systems and Congrove’s results [21], Li and Zhang [1] investigated the exact
explicit gap soliton, embedded soliton, periodic, and quasi-periodic wave solutions of the
KdV-Sawada-Kotera-Ramani equation.

4

Notice that (1.2) contains 22

p ZTZJZ', and a polynomial of y. Clearly, the general form of

(1.2) is given by

d* d?
EZ+(Ay+B)d_$JZl +DyY* +Ey* +Fy+G=0, (1.3)

which is actually a special case of the equation

d'y d’y dy
22+ (Av + B —2 =
d$4+(y+ )d$2+c(d§

2

) +Dy +Ey* +Fy+G=0 (1.4)
with C = 0. In fact, there exist a lot of nonlinear wave equations and some time-fractional
nonlinear wave equations whose corresponding ODEs or their reduced ODEs are special
cases of (1.4). See for example [1, 3, 9, 22, 23].

Recently by using the sub-equation method and dynamical system analysis, the bifurca-
tion and exact solutions of (1.4) were studied in [22, 23]. Following the idea and the results
in [22], the bifurcations and exact traveling wave solutions to the KdV-Sawada-Kotera-
Ramani equation are obtained in Section 1. The sub-equation method has been proposed
and well applied in studying the exact solutions of nonlinear differential equations [6-11].
The main idea of the sub-equation method is to assume that the solutions to higher-order
ODEs are polynomials of some functions satisfying a simpler equation. However, we ob-
serve that a family of solutions to (1.3) can be the sum of two solutions to a second-order
ODE which can be reduced to a first-order nonlinear ODE. By using the exact solutions
and bifurcations of this sub-equation which was derived in [23], some new traveling wave
solutions and quasi-periodic traveling wave solutions of the KdV-Sawada-Kotera-Ramani

equation are derived in Section 2.
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2 A family of exact traveling wave solutions of the KdV-
Sawada-Kotera-Ramani equation

2.1 Preliminaries

Equation (1.3) is a special case of (1.4), which is (1.6) in [22] with C = 0. Thus, from The-

orem 2.1 and Theorem 2.2 in [22], we have the corresponding theorems regarding (1.3).

Theorem 2.1 Suppose that D < 3A%/40. The function y = y(§) solves the fourth-order dif-
ferential (1.3) if it solves equation

I\ 2
(é) = a3y’ + ary® + ayy + ao, (2.1)

where

34+ /942 -120D

“ 30
3Bas + 2E
ay=———,
15(13 +2A (2 2)
2(Bay + a3 + F) .
ag=——>=>—
! 9as + A
Bai + mas + 2G
ag=———"-—"—+.

6613

Note that all the denominators in (2.2) are assumed to be nonzero. If the denominator
of a; in (2.2) is zero, then a; can be arbitrary constant provided the numerator is also zero.
Theorem 2.2 Leth. = W% and y* = %ﬂ, where A = a3 —3aias > 0, then
the following conclusions hold:

(1) For ap = 2h,, (2.1) has a bounded solution approaching y} as & goes to infinity, which
can be expressed as

Y= M—Qsechz[%ﬁ(s—éo)], (2.3)

3613 as

a constant solution

—d2+\/z
Y=

2.4
30, (2.4)
and an unbounded solution
- VA A 1
U= VA + —csch2|:—A‘1¥(f;‘—§-‘0)j|, (2.5)
3&3 as 2

where & is an arbitrary constant.
(2) For ag € (2h_,2h.), ifas > 0, then for any y3 € (M, _“2_*/K),

3a3 3as

1
y=ys—5 (Sys + Z—j + /A_+> sn® (2, (5 - &), k), (2.6)

Page 3 0of 12
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. . . . 3342 ys+ gk No
is a family of smooth periodic solutions of (2.1). Here k, = 2ﬁ Q= x
V=3asys — as + as/A, and A, ) -3y3 - %yg - 42—;.
Ifas <0, then, for any y, € (“ZT;/_, %—),
1 a
Yy=n- 5 (3)’1 + ﬂ_2 Y A) sn2(97($ - %-0)¢k—)’ (27)
3

3 2 2a al
is a family of smooth periodic solutions of (2.1). Here k_ = 27'y1+“3y1+, Q=L x
3y1+— +J/AZ 4
V-3asy1 —ar —az /A and A_ = (%2)” - 3y] - 22y, - 4L,
(3) For ag € (—00,2h_] U (2h,, +00), (2.1) has no non- trlvml bounded solutions. When

ao = 2h_, an unbounded solution is given by

5o _@tVA i_gz secz[%Ai(g _ 50)} (2.8)

3613

and a constant solution

y= —%. (2.9)
2.2 Afamily of exact traveling wave solutions of (1.1) obtained from

Theorems 2.1 and 2.2
By letting A = 15, B = a/b, D =15, E = 3a/b, F = —c/b, and G = g, (1.3) is reduced to
(1.2). Clearly D = 15 < 3A2/40. Thus from Theorem 2.1, we know that y = y(&) solves
(1.2) if it solves the first-order nonlinear ODE (2.1) with a3 = -1, ay = —a/(5b), a; =
(4a® +25bc)/(75b%), and ay = (375b%g + 8a® + 50abc)/(1,125b3). Note that g in (1.2) is an ar-
bitrary constant, so a4y is also an arbitrary constant. Consequently, we obtain the solutions
of (1.2) from Theorem 2.2 provided a3 — 3a;a3 = (a® + 5bc)/(5b%) > 0, i.e., ¢ > —a®/(5b) for
b>0orc<—-a*/(5b) for b<O0.

Theorem 2.3 The KdV-Sawada-Kotera-Ramani equation (1.1) has the following traveling
wave solutions with the wave speed c satisfying a* + 5bc > 0:
(1) It has a bounded solitary wave solution,

_a V/5(a? + 5bc) N /5(a? + 5bc) W2 1 (az +5bc
Y= " 150 1505 50| AL

) ’ (x—ct— 50)} (2.10)

where & is an arbitrary constant.

(2) For gny yl e (_ \/M zm

5t 156 15b 15D
1
Y=y — (3y1 + = A -/ A1> sn? (Ql(x —ct— Eo),kl) (2.11)

is a family of smooth periodic traveling wave solutions of the KdV-Sawada-Kotera-Ramani

N / 12y%+8 214 4—“§5+b225bc
equation (1.1). Here Q) = Tz‘/?)yl + 5+ /A k= ,and Ay = -3y? —

3y3+ 25 +v/A1

2 3a%c+164> +100bc
5pY1 T 7562
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(3) It has two classes of unbounded solutions,

a  /5(a+5bc) _ V/5(a? + 5bc) csch2|:1 <“2 + 5bc) ! (x —ct - go):l (2.12)

Y=T5h T 1508 50| A
and
1
a /5@ +5bc) /5(a+5bc) ,[1[a®+5bc\*
- - - —ct-%)|. (13
TR S PAN- Y A

3 Exact quasi-periodic traveling wave solutions of the KdV-
Sawada-Kotera-Ramani equation
In this section, we obtain a new family of exact traveling wave solutions of the KdV-

Sawada-Kotera-Ramani equation (1.1), which includes the quasi-periodic solutions.

3.1 A new family of exact solutions and quasi-periodic solutions of (1.3)
Let y=U + V, then (1.3) is reduced to

d'u + (AL[+B)d2U +DUP + EU? + FU +
dg d2 ra

@ AV B)d2 DV3+EV?+ K,V
+| =+ +B)—— + + + +
dgt dg? 2 e

d*u
+ V(Ad—éz +3DU% + EU + (F—Fz))

arv )
+U Ad—$2+3pv +EV+(F-F))=0, (3.1)

where F) and F, are some constants to be determined later, g; and g, are arbitrary con-
stants. Clearly, y = U + V solves (1.3) if there exist some values of F; and F, such that U
and V satisfy

A”;TLZ’+3DU2+EU+(F—F2):O,

diu d2u 3 2 _ (3-2)
e +(AL[+B)F +DU° +EU"+ U+ g4 =0,

and
AfT‘z’ +3DV2+EV +(F-F)=0, 63
‘;%/ + (AV+B)‘2—‘{ +DV3+EV2+ BV +g =0,

respectively.

Suppose U satisfies the first equation of system (3.2). Multiplying it by fi—? and integrat-
ing once, we obtain

au\* 2D ., E , _F-F
Z :_7u —Zu -2 v U+ G, (3.4)
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where Gj is an integral constant. By letting as = —2D/A, a; = —E/A, and a1 = -2(F — F,)/A,
from Theorem 2.1, we know that U solves system (3.2) if and only if

2D -3A+V 9A2 -120D

A 30
E  3Bay+2E 65
A 15a3+24° ’
F-F,  2(Bay+a;+F)
A 9as +A

Solving the first equation of system (3.5) for D gives D = A%/15 and thus a3 = ~24/15. By
substituting the value of a3 into the second equation and solving for E, we have E = AB/5
and a, = —B/5. Then substituting the values of a3 and a4, into the third equation of (3.5)
gives F — Fy + 5F) = 4B2/5. In the same way, from system (3.3), we can obtain F — F} + 5F, =
4B?/5. Consequently, we can determine the two undetermined constants F; and F, as
F| = F, = B%/5 — F/4. We thus have the following theorem.

Theorem 3.1 Suppose that the coefficients of (1.3) satisfy D = A%/15 and E = AB/15. Then
y(&) = U(&) + V(&) solves (1.3) if U and V satisfy equation

¢ 1 ., 1 5 1,
F_—gAqs —gB¢—(aF—aB ) (3.6)

Obviously, (3.6) is equivalent to the first-order ODE

AN 240 g (Sp_Lp
(%> =549 - - Bo —<8AF—10AB )¢+G 3.7)

ifdp/dé # 0 except for the case when ¢ = (—B &= v/5B2 — 25F)/(2A). Here G is an arbitrary
integral constant. From (3.7), we can obtain the solutions of (1.3).

3.2 Exact solutions and quasi-periodic solutions of the
KdV-Sawada-Kotera-Ramani equation (1.1)

It is easy to see that the associated ODE (1.2) of the KdV-Sawada-Kotera-Ramani equation

is the fourth-order ODE (1.3) with A =15, B=a/b, D =15, E = 3a/b, F = —c/b, and G = g.

Clearly, the coefficients of (1.2) satisfy the conditions of Theorem 3.1, that is, D = A?/15

and E = AB/5. Thus Theorem 3.1 implies that (1.2) admits the solutions y = U + V, where

U and V are determined by

d*¢ , a 4a®+25bc
TR e (38)
or
dp\* 26— L 2 4a’ + 25bc¢ e (3.9)
ds ) 5b 15052 ‘ '

Note that G is an arbitrary constant, I and V are not constants except —a ++/5a2 + 25bc/
(30b). Consequently, we know that when the wave speed ¢ satisfies at +5bc> 0, ie.,
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¢ > —a®/(5b) for b > 0 or ¢ < —a?/(5b) for b < 0, (3.8) admits the following six classes of
solutions for different values of G; and Gs:

—a++/5a% + 25bc

B ’ 1
#1(8) 20 (3.10)
—a—~/5a% + 25bc
¢2(E): ; (3'11)
30b
sgn(b)a + /542 + 25bc
$3(8) = - 3
015
/542 + 25bc 1/a®+5bc\ 1
BT R b -%)|; 12
* 10|b| sec |:2< 552 ) (& ‘50)] (3.12)
sgn(b)a + /542 + 25bc
P4(8) = -
3005|
/542 + 25bc 1/a®+5bc\ 1
T b -0 |; 1
00 ¢ [2< 52 ) (& fo):| (3.13)
¢ (%-) _ Sgn(b)ﬂ—«/m
oI 300b]
V5a2 +25bc  ,[1 (a*+5bc i
T 100 2 - |; 14
o |:2( 552 ) (& 50):| (3.14)
For any 6  (~2peshe, —unlbia gebeloshe),
1 a
06,0020 5 (30 505 V32 ) (2266 - ). ), 3.15)

where 2,(0,0) = 22./60 + £ + 23/Ag, ky(0,0) = Lo T BT 1d Ay(6,0) = ~367 -

; 36+ 155 +v/A2
a 194 +100b¢
559 * 30012

According to the above analysis and Theorem 3.1, we obtain the solutions of (1.2) and
consequently the exact traveling wave solutions of the KdV-Sawada-Kotera-Ramani equa-
tion (1.1). We have the following theorem.

Theorem 3.2 The KdV-Sawada-Kotera-Ramani equation (1.1) admits the following trav-
eling wave solutions: y;;(x, t) = ¢;(§,¢) + ¢;(§,¢), i,j € {1,2,3,4,5,6}, with & = x — ct. Here ¢;s
are determined by (3.10)-(3.15), respectively, and the wave speed c satisfies a> + 5bc > 0.

In fact, from Theorem 3.2, we can obtain the following three classes of solitary wave so-
lutions; two families of periodic wave solutions, a family of quasi-periodic wave solutions,
and some unbounded solutions.

(1) For any constant c satisfying a® + 5bc > 0,

sgn(b)a + v'5a + 25bc
15|b|

/542 + 25bc ,[1(a*+5bc i
+—— """ gech (x—ct—&) |,

515 2\ 52

y33(x,2) = 2¢p3(8) = -

(3.16)
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Figure 1 The solitary wave solution y33 of the
KdV-Sawada-Kotera-Ramani equation (1.1) with
a=1,b=1,andc=1.
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S

=

sgn(b)a + v/5a? + 25bc
155

3%, £) = p1(§) + P3(8) =

V5a2 +25bc  ,[1(a®+5bc i
+T|b|sech [5(451)2 ) (x—ct—éo):|, (3.17)
and
y23(%,2) = P2 (&) + ¢3(8)
1
a N5a?+25bc  ,[1(a>+5bc\*
_—E+le|sech [5(75b2 ) (x—Ct—go)] (318)

are three classes of solitary wave solutions of the KdV-Sawada-Kotera-Ramani equation.
The phase portrait of solution (3.16) with @ =1, b =1, and ¢ = 1 is shown in Figure 1. Note
that solution (3.16) is the same as solution (2.10) obtained earlier in Section 2, solution
(3.17) is a new solitary wave solution and solution (3.18) is the solitary wave solution (76)
obtained in [24].

(2) For any 6 € (
5bc> 0,

—sgn(b)a+v5a2+25bc  —sgn(b)a+2~v/5a2+25bc
30]b] ’ 3015

), and any constant c satisfying a® +

—a + ~/5a? + 25bc 9
— +
306

- 1(39 b \/Kz) sn? (2 (x — ct — &), ky) (3.19)

y16(x1 t) = ¢1(E) + ¢6($)9) =

2 105

and

—a—~/5a? +25b
Y26(%,£) = o () + pe(£,0) = % +0

1
-3 (39 b \/Az) s (Qx — et — &), k) (3.20)
are two families of periodic wave solutions of the KdV-Sawada-Kotera-Ramani equation.

1292+4%9_4a2+225bc )
Here @, = V2 6o 4 Su_b + 20, ky = —Vm,and Ay = —360% - Sa_bg + 19a%+100bc

4 30+ 1% +v/ A2 30062
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Figure 2 The quasi-periodic wave solution ygg of
(1.1)witha=1,b=1,c=1, 60, =-1/30 + 4/30/20,
and 6, =-4/110(1/5 - 34/30/10)/60.

(3) For any constant c satisfying a? + 5bc > 0 and two arbitrary constants 6; and 6, sat-

. . —sgn(b)a+v5a2+25bc  —sgn(b)a+2v/5a%+25bc -
isfying 0; € (= ( )30|b‘ , —sen®) SoTHl ), i=1,2, we have

Yoo (%, t) = P6(£,01) + P6(£,62)

=0 - %(391 + ﬁ - A2(91)) sn® (Qa(61)(x — ct — &), ka (61))

10, - % (392 ; & - \/A2(92)> S0 (D (02)(x — ct - £0) ko(62)),  (3.21)

2 aa . 4a’+25bc
1207 +4 530, — =5~

7562 2
VIV 77 and As(6;) = —362 -
39[+£7+ A (6;) an 2( l) t

where Q,(6;) = %\/69,' + 25 + 24/ 82(0)), ko () =

a 1942+100bc
5b Oi + 30052

solutions (2.11), which were obtained in Section 2. However, (3.21) is a family of quasi-

, 1 =1,2. Note that (3.21) with 6; = 6, is a class of periodic traveling wave

periodic traveling wave solutions when 6; # 6, and Q25(61)/23(6,) is irrational.
The phase portrait of (3.21) witha =1, b =1, c =1, 6, = -1/30 + 4/30/20, and 6, =
—+/110(1/5 - 34/30/10)/60 is shown in Figure 2.

_ J5aZi25b - V52 o
(4) For any 6 € ( Sg“(b)“st)l bs‘“ +25be Sg"(h)”gg‘ bls”’ +250¢y and any constant ¢ satisfying a® +

5bc >0,

365, ) = B3 (E) + do(£,6) = _sgn(b)a + v/5a? + 25bc y

3005|
N /542 + 25bc sech? 1 a® + 5bc %(5 &)
10(5| 2\ 5p2 0
1
— 5 (39 + ﬁ - Az) snz(Qz(x —ct— So),kz) (322)

is a family of bounded wave solutions of the KdV-Sawada-Kotera-Ramani equation (see

i V2 P 12644 & 0 dee3gbe o
Figure 3). Here Q; = *2,/60 + 5 + 2/ Ag, ky = s and Ay = -362 - 26 +

1942+100bc¢
30052
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() )

Figure 3 The bounded wave solution y36 of (1.1) witha=1, b=1, and c = 1. (a) Three-dimensional
portrait; (b) overhead view with contour plot.

(5) For any constant c satisfying a® + 5bc > 0,
y ying

sgn(b)a — v/5a2 + 25bc
15|

V5a2 +25bc  ,[1(a®+5bc i
— —————csch (x—ct—&) |;

10(| 2\ T

sgn(b)a + v/5a2 + 25bc
15|b|

/5% + 25he csch? ! (42 + 5be %(x t—&)
_ Vg T aoue 1 e ;
10|b| 552 0

Yl 1) = $1(8) + hul€) = -

(3.23)

Y24 (%, 1) = 1(§) + Pal§) = -

2 (3.24)

sen(b)a — v/5a2 + 25bc
15|b|

V/5a? + 25bc sec? 1 (a2 +5bc %( )
T 106 S\ T2 X —ct— ;
10|b| 552 0

5%, ) = p1(&) + ¢s(8) = —

2 (3.25)

sen(bla
15|b]

V5a2 +25bc [ 1 (a®+5bc i
T @—ct—&)|;

10| 2\ " 5p2

sgn(b)a + v/5a2 + 25bc
151b|
2 2 %
R et

5|b| 2 552

_sgn(b)a—m
1510]
V5a2+25bc 1 (a*+5bc i
T (& -0 |5

5|b| 2 552

Y25 (%, 1) = 2 (§) + ps5(8) = —

(3.26)

Yaa(x, £) = 24 (8) =

(3.27)

Ys5(x, £) = 2¢5(8) =

(3.28)
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sgn(b)a
15|

Ya5(x, ) = pa(§) + ¢5(&) = -

5a* + 25b 1/ a+5bc\
_%(050h2+8602)[5<%) (g—fo):| (3.29)

are unbounded solutions of the KdV-Sawada-Kotera-Ramani equation. Note that solu-
tions (3.24) and (3.25) are the solutions (2.12) and (2.13), respectively.

4 Conclusion and discussion

In this paper, we studied the exact traveling wave solutions to the KdV-Sawada-Kotera-
Ramani equation (1.1) via the sub-equation in the form (dy/d&)? = azy® + a»y* + a1y + a.
The sub-equation of similar form, namely (dy/d&)* = P,,(y), where P,,(y) is a polynomial
of y, has been applied to investigate some nonlinear wave equations [4—11]. In all these
papers, the solutions to the original equations are usually the polynomial functions of
the solutions to the sub-equations. However, by using the new method introduced in this
paper (the sum of two solutions to sub-equations), we obtained many new exact traveling
wave solutions to the KdV-Sawada-Kotera-Ramani equation (1.1). Especially, some quasi-
periodic wave solutions were derived by using this new method. Furthermore, we obtained
a very general class of exact solutions of the KdV-Sawada-Kotera-Ramani equation (1.1),
which included the solitary wave solutions, periodic and quasi-periodic traveling wave
solutions and some unbounded traveling solutions as well. Our results are more general
than those obtained previously in the literature. For example, the solutions (12) and (14) in
[16] actually can be rewritten as our solutions (3.16) and (3.27), respectively. Unfortunately,
(18) and (20) in [16] do not satisfy (1.1) and hence are not the solutions of (1.1).

It is well known that not only the exact solutions but also the bifurcations of the dy-
namical systems can be investigated by using the dynamical system theorem [24, 25]. The
planar dynamical system method has been well applied in studying the traveling wave so-
lutions of various nonlinear wave solutions [1, 22, 23, 26—-31]. However, it is usually very
difficult to study the systems in a higher-dimensional space unless they can be reduced
to a two-dimensional space. Normally, the higher-order differential equations can be re-
duced to a lower-dimensional space provided that their first integrals can be derived [1,
21, 28]. Unfortunately, it is usually intractable to derive their first integrals. In this paper,
we reduced the higher-order ODE into planar dynamical system by finding its lower-order
sub-equation. Whether there are any other kinds of sub-equations possessed by this class
of equations is still an open problem.

The method proposed in this paper can be applied to other nonlinear wave equations,
especially to higher-order nonlinear wave equations. This might pave the way to the study
of the exact traveling wave solutions of higher-order nonlinear wave equations. However,
whether and how this method can be used to investigate the multiple-wave solutions of

higher-order nonlinear wave equations will be the topic of our future study.
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