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Abstract
We consider the following second order impulsive differential equation with delays:

{
(Lx)(t)≡ x′′(t) +

∑p
j=1 aj(t)x

′(t – τj(t)) +
∑p

j=1 bj(t)x(t – θj(t)) = f (t), t ∈ [0,ω],

x(tk) = γkx(tk – 0), x′(tk) = δkx′(tk – 0), k = 1, 2, . . . , r.

In this paper we consider sufficient conditions of nonpositivity of Green’s function
for impulsive differential equation with nonlocal boundary conditions.

Keywords: Second order impulsive differential equations; Boundary value problems;
Sign-constancy of Green’s functions

1 Introduction
Impulsive differential equations have attracted an attention of a number of recognized
mathematicians and have applications in many spheres of science from physics, biology,
medicine to economical studies. The following well-known books can be noted in this
context [35, 41, 44, 54]. In Ref. [4], the concept of the general theory of functional differ-
ential equations was presented. In the frame of this concept finite fundamental system, the
Wronskian and Green’s functions can be introduced. On the basis of this concept nonoscil-
lation for the first order impulsive functional differential equations was considered in [10],
where positivity of the Cauchy and Green’s functions of the periodic problem was firstly
studied. Nonoscillation for the first order impulsive differential equations is also consid-
ered in the book [1]. The positivity of Green’s function of one- and two-point boundary
value problems for impulsive functional differential equations of the first order was con-
sidered in [10] and of the second order in [2, 11, 12, 14, 19, 24, 28, 29, 36, 38].

The study of nonlocal boundary value problems has its own history (see, for example,
its description in [8]). Multi-point and integral boundary conditions are widely studied
in the case of ordinary differential equations. Maybe the work by Picone [42], where the
multi-point boundary conditions are studied, is the first one. Note the review by Whyburn
[52] of 1942 on problems with the Stieltjes integral in boundary conditions. Note also the
works by Ma [37], Ntouyas [39], Webb and Infante [50, 51]. The positivity of solutions
to non-impulsive ordinary differential equations with nonlocal boundary conditions was
studied in Refs. [32, 50, 51]. The existence of positive solutions for nonlocal functional
differential boundary value problems was studied in [31] and then in [30]. For example, in
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[31] the nonlocal boundary value problem

x′′(t) + F
(
t, x(t)

)
= 0, t ∈ [0, 1], x(t) = ϕ(t), t ∈ [–δ, 0],

x(0) = 0, x(1) =
∫ t2

t1

x(s) dR(s), t1, t2 ∈ (0, 1),
(1.1)

was considered. Positivity of Green’s functions for the first order impulsive functional dif-
ferential equations with nonlocal boundary conditions was studied in [15–17]. Nonlocal
boundary value problems for systems of impulsive functional differential equations were
considered in [6]. Functional differential equations of second order with nonlocal condi-
tions were considered in [8].

Various applications with nonlocal problems for ordinary and partial differential equa-
tions were presented in the known works by Skubachevskii [45, 46]. Ordinary differential
equations with integral boundary conditions arise in the theory of turbulence [47], in the
theory of Markov processes [18], in heat flow problems [22, 25, 27, 48, 49], in the study
of the response of a spherical cap [3, 5, 40]. In the references in [7], one can find works
on applications of nonlocal problems in modeling of thermostats, beams and suspension
bridges.

Questions of representation solutions and solvability of nonlocal problems for func-
tional differential equations were considered in [4, 23, 33, 34]. The positivity of solutions
for nonlocal boundary value problems for ordinary differential equations was studied in
[20, 21, 50, 51, 53]. The method is to reduce nonlocal boundary value problems to the
Hammerstein integral equation and then scrupulous analysis of Green’s functions leads
researchers to estimates (of the norm or spectral radii in linear case and the fact of a
contraction in nonlinear one) of integral operators and conclusions about positivity of so-
lutions. It seems that some of these results can be generalized also on particular cases of
delay or functional differential equations, where Green’s functions of ordinary differential
equations could be used [1, 16, 17, 20, 21, 23]. For functional differential equations, forms
of Green’s functions are essentially more complicated. That is why quite a different ap-
proach was proposed for nonlocal problems with functional differential equations [1, 9],
where various results on positivity/negativity of Green’s functions were obtained. One of
the main ideas is to obtain a connection between sign-constancy of Green’s functions for
different problems with functional differential equations. This approach presents a basic
method for analysis of the solution’s positivity (see, for example, Theorem 15.3 in [1]). The
main results are obtained in the form of theorems about differential inequalities. Choosing
the test functions, researchers can get coefficient tests for positivity of Green’s functions.
Note that all these works concern positivity of solutions to nonlocal problems only for
scalar differential equations and not for systems. There are almost no results on positivity
of solutions of nonlocal problems in the case of systems. Among the results we can note
results on the existence [7, 26, 33, 34, 43] and results on the positivity of solution-vectors
in [26].

In our paper, we consider the following impulsive equation:

(Lx)(t) ≡ x′′(t) +
p∑

j=1

aj(t)x′(t – τj(t)
)

+
p∑

j=1

bj(t)x
(
t – θj(t)

)
= f (t), t ∈ [0,ω], (1.2)
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x(tk) = γkx(tk – 0), x′(tk) = δkx′(tk – 0), k = 1, 2, . . . , r,

0 = t0 < t1 < t2 < · · · < tr < tr+1 = ω,
(1.3)

x(ζ ) = 0, x′(ζ ) = 0, ζ < 0, (1.4)

where f , aj, bj: [0,ω] → R are summable functions and τj, θj: [0,ω] → [0, +∞) are mea-
surable functions for j = 1, 2, . . . , p, p and r are natural numbers, γk and δk are real positive
numbers.

Let D(t1, t2, . . . , tr) be a space of functions x: [0,ω] → R such that their derivative x′(t)
is absolutely continuous on every interval t ∈ [ti, ti+1), i = 0, 1, . . . , r, x′′ ∈ L∞, we assume
also that there exist the finite limits x(ti – 0) = limt→t–

i
x(t) and x′(ti – 0) = limt→t–

i
x′(t)

and condition (1.3) is satisfied at points ti (i = 0, 1, . . . , r). As a solution x we understand a
function x ∈ D(t1, t2, . . . , tr) satisfying (1.2)–(1.4).

In this paper we obtain new results on sign-constancy of Green’s functions of nonlo-
cal boundary value problems. Comparing our results with [25–27, 50, 51], we study an
essentially more general object: impulsive differential equations with delays. Note that
combining the approach of [25–27] and our results, nonlinear nonlocal impulsive func-
tional differential boundary value problems can be considered in future research. Thus,
the technique we proposed in this paper opens new opportunities in the study of positiv-
ity/negativity of solutions for a wide class of impulsive functional differential equations.

2 Preliminaries
The general solution of (1.2)–(1.4) can be represented in the form [10]

x(t) = ν1(t)x(0) + C(t, 0)x′(0) +
∫ t

0
C(t, s)f (s) ds, (2.1)

where
• ν1(t) is a solution of the homogeneous equation

(Lx)(t) ≡ x′′(t) +
p∑

j=1

aj(t)x′(t – τj(t)
)

+
p∑

j=1

bj(t)x
(
t – θj(t)

)
= 0, t ∈ [0,ω], (2.2)

x(tk) = γkx(tk – 0), x′(tk) = δkx′(tk – 0), k = 1, 2, . . . , r,

0 = t0 < t1 < t2 < · · · < tr < tr+1 = ω,
(2.3)

x(ζ ) = 0, x′(ζ ) = 0, ζ < 0, (2.4)

with the initial conditions x(0) = 1, x′(0) = 0.
• C(t, s), called the Cauchy function of (2.2)–(2.4), is the solution of the equation

(Lsx)(t) ≡ x′′(t) +
p∑

j=1

aj(t)x′(t – τj(t)
)

+
p∑

j=1

bj(t)x
(
t – θj(t)

)
= 0, t ∈ [s,ω], (2.5)

x(tk) = γkx(tk – 0), x′(tk) = δkx′(tk – 0), k = m, . . . , r,

0 = t0 < t1 < t2 < · · · < tr < tr+1 = ω,
(2.6)
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where m is a number, such that tm–1 < s ≤ tm,

x(ζ ) = 0, x′(ζ ) = 0, ζ < s, (2.7)

satisfying the initial conditions C(s, s) = 0, C′
t(s, s) = 1 and C(t, s) = 0 for t < s.

Below the following definition will be used.

Definition 2.1 We call [0,ω] a semi-nonoscillation interval of (2.2)–(2.4), if every non-
trivial solution having a zero of derivative does not have a zero on this interval.

In Ref. [11] for (1.2)–(1.4) the following assertion was proven.

Lemma 2.1 If
(1) bj(t) ≤ 0 for t ∈ [0,ω].
(2) The Cauchy function C1(t, s) of the first order impulsive equation

y′(t) +
p∑

j=1

aj(t)y
(
t – τj(t)

)
= 0, t ∈ [0,ω],

y(tk) = δky(tk – 0), k = 1, 2, . . . , r,

y(ζ ) = 0, ζ < 0,

(2.8)

is positive for 0 ≤ s ≤ t ≤ ω.
Then the Cauchy function C(t, s) of the second order impulsive equation (1.2)–(1.4) and its
derivative C′

t(t, s) are positive in 0 ≤ s ≤ t ≤ ω.

In the lemma below, we formulate the results of [10] on the conditions of positivity of
Cauchy function of the first order impulsive differential equation

y′(t) + a1(t)y
(
t – τ1(t)

)
= 0, t ∈ [0,ω],

y(tk) = δky(tk – 0), k = 1, 2, . . . , r,

y(ζ ) = 0, ζ < 0.

(2.9)

Lemma 2.2 Let 0 < δj ≤ 1 for j = 1, . . . , r and the following inequality be fulfilled:

1 + ln B(t)
e

≥
∫ t

m(t)
a+(s) ds, (2.10)

where B(t) =
∏

j∈Dt δj, Dt = {i : ti ∈ [t – τ1(t), t]}, a+(t) = max{a1(t), 0} and m(t) = max{t –
τ1(t), 0}. Then the Cauchy function of the first order impulsive differential equation (2.9) is
positive in 0 ≤ s ≤ t ≤ ω.

In the case when the number of terms with delays p > 1 the following sufficient condition
of nonnegativity of the Cauchy function C1(t, s), proven in [10], can be used.
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Lemma 2.3 Let aj(t) ≥ 0 for j = 1, . . . , p, 0 < δk ≤ 1 for k = 1, . . . , r and

∫ ω

0

p∑
j=1

aj(s) ds <
r∏

k=1

δk , (2.11)

then the Cauchy function of the first order impulsive differential equation (2.8) is positive
in 0 ≤ s ≤ t ≤ ω.

3 Sign-constancy of Green’s function for nonlocal boundary value problem in
the case of bj(t) ≤ 0

For (1.2)–(1.4) we consider the following nonlocal boundary conditions:

x(0) = 0, x(ω) = lx, (3.1)

where l : D(t1, t2, . . . , tr) →R
1 is a linear bounded vector-functional.

Let us consider the following particular case of boundary conditions:

x(0) = 0, x(ω) =
∫ ω

0
A(s)x(s) ds. (3.2)

If the boundary value problem (1.2)–(1.4), (3.2) is uniquely solvable, then its solution
can be represented as

x(t) =
∫ ω

0
G1(t, s)f (s) ds, (3.3)

where G1(t, s) is Green’s function of problem (1.2)–(1.4), (3.2).
Using general representation of the solution, the following formula for Green’s function

can be written:

G1(t, s) = C(t, s) – C(t, 0)
∫ ω

s A(r)C(r, s) dr – C(ω, s)∫ ω

0 A(r)C(r, 0) dr – C(ω, 0)
. (3.4)

For the boundary value problem (1.2)–(1.4), (3.2) the following lemma can be obtained.

Lemma 3.1 If the conditions (1) and (2) of Lemma 2.1 are fulfilled and A(t) for t ∈ [0,ω]
satisfies the conditions

A(t) ≥ 0,
∫ ω

0
A(t) dt < 1, (3.5)

and γk ≥ 1, δk ≥ 0, k = 1, 2, . . . , r, then the Green’s function G1(t, s) exists and there exists
an interval (0, εs), such that G1(t, s) < 0 for t ∈ (0, εs).

Proof It is clear that

G1(0, s) = –C(0, 0)
∫ ω

s A(r)C(r, s) dr – C(ω, s)∫ ω

0 A(r)C(r, 0) dr – C(ω, 0)
= 0. (3.6)
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According to Lemma 2.1, C(t, s) ≥ 0, then

G1
′
t(0, s) = –C′

t(0, 0)
∫ ω

s A(r)C(r, s) dr – C(ω, s)∫ ω

0 A(r)C(r, 0) dr – C(ω, 0)

= –
∫ ω

s A(r)C(r, s) dr – C(ω, s)∫ ω

0 A(r)C(r, 0) dr – C(ω, 0)
< 0. (3.7)

This means that there exists an interval (0, εs), such that G1(t, s) < 0 for t ∈ (0, εs). �

Remark 3.1 Let us assume that the functional l is positive, i.e. lx ≥ 0 if x ≥ 0, and can be
presented in the form of Stieltjes integral lx =

∫ ω

0 x(s) dR(s). In this case, a generalization
of Lemma 3.1 can be obtained by repeating the proof for problem (1.2)–(1.4), (3.1). For
this case, instead of the condition (3.5), the following ones can be used:

l : D(t1, t2, . . . , tr) → R
1 is positive functional and ‖l‖ < 1. (3.8)

Theorem 3.1 Assume that the following conditions are fulfilled:
(1) aj(t) ≥ 0, bj(t) ≤ 0 for t ∈ [0,ω].
(2) The Wronskian W (t) of the fundamental system of solutions of a homogeneous

equation (2.2)–(2.4) satisfies W (t) 
= 0, t ∈ [0,ω].
(3) The Cauchy function C1(t, s) of the first order equation (2.8) is positive for

0 ≤ s ≤ t ≤ ω.
(4) A(t) satisfies (3.5) for t ∈ [0,ω].
(5) γk ≥ 1, δk ≥ 0, k = 1, 2, . . . , r.

Then G1(t, s) ≤ 0 for t, s ∈ [0,ω].

In order to prove Theorem 3.1, we will need the following lemmas from [14].

Lemma 3.2 Assume that the following conditions are fulfilled:
(1) aj(t) ≥ 0, bj(t) ≤ 0, j = 1, . . . , p, t ∈ [0,ω].
(2) The Wronskian W (t) of the fundamental system of solutions of homogeneous

equation (2.2)–(2.4) satisfies the inequality W (t) 
= 0, t ∈ [0,ω].
(3) The Cauchy function C1(t, s) of the first order equation (2.8) is positive for

0 ≤ s ≤ t ≤ ω.
Then the interval [0,ω] is a semi-nonoscillation interval of (2.2)–(2.4).

Lemma 3.3 If aj(t) ≥ 0, bj(t) ≤ 0, then the following assertions are equivalent:
(a) The Wronskian W (t) of the fundamental system of solutions of a homogeneous

equation (2.2)–(2.4) satisfies W (t) 
= 0, t ∈ [0,ω].
(b) The Green’s function Gξ (t, s) with boundary conditions x(ξ ) = 0, x′(ξ ) = 0 is

nonnegative for t, s ∈ [0, ξ ] for every 0 < ξ < ω.

Proof of Theorem 3.1 Let us assume that G1(t, s) changes its sign. This means that there
exists a right-hand side f (t) ≥ 0 such that the solution x(t) changes sign (see Fig. 1). Ac-
cording to Lemma 3.1, x(t) < 0 for t which are close to 0. Thus, there exist the points η and
ξ , such that x(η) = 0, x′(ξ ) = 0, 0 < η < ξ < ω, and x(t) > 0 for t ∈ (η, ξ ).
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Figure 1 Solution x(t) of problem (1.2)–(1.4), (3.2)

The fact of the existence of such point ξ follows from the inequalities (3.5). Actually, if
there is no such point ξ , the solution is nondecreasing for t ∈ [η,ω], since the condition (5)
of Theorem 3.1 is fulfilled, and, in this case, the equality x(ω) =

∫ ω

0 A(s)x(s) ds is impossible.
The solution x(t) satisfies the conditions

x(ξ ) = α > 0, x′(ξ ) = 0. (3.9)

Consider now the problem (1.2)–(1.4) with the boundary conditions x(ξ ) = 0, x′(ξ ) = 0.
According to Lemma 3.3, its Green’s function Gξ (t, s) is nonnegative for t, s ∈ [0,ω].

It is clear that our solution x(t) of (1.2)–(1.4), (3.2) has the following representation:

x(t) =
∫ ξ

0
Gξ (t, s)f (s) ds + X(t), (3.10)

where X(t) is the solution of the homogeneous impulsive equation (2.2)–(2.4), satisfying
the conditions (3.9).

The first term
∫ ξ

0 Gξ (t, s)f (s) ds ≥ 0, since Gξ (t, s) ≥ 0, f (s) ≥ 0, t, s ∈ [0, ξ ].
We see that all the conditions of Lemma 3.2 are fulfilled. This means that the interval

[0,ω] is a semi-nonoscillation interval of (2.2)–(2.4). The solution X(t) of homogeneous
equation (2.2)–(2.4) cannot change its sign. Thus, the solution x(t) is nonnegative as the
sum of two nonnegative terms.

We got the contradiction with the assumption about changing sign of the solution x(t).
This proves that G1(t, s) should be nonpositive. �

Remark 3.2 The conditions (2)–(3) of Theorem 3.1 look very difficult for verification, but
the known previous results demonstrate that this is not the case. Lemmas 2.2–2.3 give
simple inequalities implying positivity of the Cauchy function C1(t, s). Tests of the non-
negativity of Green’s function Gξ (t, s) were obtained in [12, 14].

Remark 3.3 For boundary value problem (1.2)–(1.4), (3.1), an analogue of Theorem 3.1
can be formulated, where instead of the condition (3.5), the functional l satisfies the con-
dition (3.8).
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Example 3.1 Let us consider the following differential equation:

x′′(t) + x′(h(t)
)

– x
(
h(t)

)
= f (t), t ∈ [0, 1.6], (3.11)

with impulses (1.3), where r = 2 and

t1 = 0.4, γ1 = 1.2, δ1 = 0.7,

t2 = 1, γ2 = 1.3, δ2 = 0.95.
(3.12)

Let us assume that the deviation of the argument h(t) has the following form:

h(t) = tk , t ∈ [tk , tk+1), k = 0, 1, 2. (3.13)

According to [14], the Cauchy function of the first order impulsive equation

y′(t) + y
(
h(t)

)
= 0, t ∈ [0, 1.6], (3.14)

with impulses (1.3), where r = 2 and

t1 = 0.4, γ1 = 1.2, δ1 = 0.7,

t2 = 1, γ2 = 1.3, δ2 = 0.95
(3.15)

satisfies the inequality C1(t, s) ≥ 0, if

max
k=1,...,3

(tk – tk–1) < 1, (3.16)

where t0 = 0, t3 = 1.6.
In our example, the condition (3.16) holds. Solving the homogeneous impulsive equation

with the same left-hand side as in (3.11) with the initial conditions x1(0) = 1, x′
1(0) = 0 and

x2(0) = 0, x′
2(0) = 1, we obtain

x1(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t < 0,

0.5t2 + 1, t ∈ [0, 0.4),

0.508(t – 0.4)2 + 0.28t + 1.184, t ∈ [0.4, 1),

0.648(t – 1.0)2 + 0.845t + 1.296, t ∈ [1, 1.6),

(3.17)

x2(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t < 0,

–0.5t2 + t, t ∈ [0, 0.4),

–0.018(t – 0.4)2 + 0.42t + 0.216, t ∈ [0.4, 1),

0.22(t – 1.0)2 + 0.378t + 0.44, t ∈ [1, 1.6),

(3.18)

see Fig. 2(a).
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Figure 2 Calculating the Wronskian of the fundamental system of solutions of a homogeneous equation

Calculating the Wronskian, we obtain

W (t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t < 0,

–0.5t2 – t + 1, t ∈ [0, 0.4),

–0.218t2 – 0.262t + 0.577, t ∈ [0.4, 1),

–0.059t2 + 0.178, t ∈ [1, 1.6),

(3.19)

see Fig. 2(b).
Thus, the conditions (1)–(3), (5) of Theorem 3.1 are fulfilled. According to Theorem 3.1,

for each A(t), satisfying the condition (3.5), the Green’s function G1(t, s) is nonpositive.

4 Sign-constancy of Green’s function for nonlocal boundary value problem in
the case when bj(t) can change sign

For the case when bj(t) changes its sign, there can be considered an auxiliary impulsive
differential equation:

(
L–x

)
(t) ≡ x′′(t) +

p∑
j=1

aj(t)x′(t – τj(t)
)

+
p∑

j=1

b–
j (t)x

(
t – θj(t)

)
= z(t), t ∈ [0,ω], (4.1)

x(tk) = γkx(tk – 0), x′(tk) = δkx′(tk – 0), k = 1, 2, . . . , r,

0 = t0 < t1 < t2 < · · · < tr < tr+1 = ω,
(4.2)

x(ζ ) = 0, x′(ζ ) = 0, ζ < 0, (4.3)

where

b–
j (t) =

⎧⎨
⎩bj(t), bj(t) ≤ 0,

0, bj(t) > 0.
(4.4)

The solution for the boundary value problems (4.1)–(4.3), (3.2) can be written in the
form

x(t) =
(
G–

1 z
)
(t) ≡

∫ ω

0
G–

1 (t, s)z(s) ds. (4.5)
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The given equation (1.2) can be written as

(Lx)(t) =
(
L–x

)
(t) +

p∑
j=1

b+
j (t)x

(
t – θj(t)

)
= f (t), (4.6)

where

b+
j (t) =

⎧⎨
⎩bj(t), bj(t) > 0,

0, bj(t) ≤ 0.
(4.7)

After substituting (4.5) into (4.6) we obtain

z(t) +
p∑

j=1

b+
j (t)

∫ ω

0
G–

1
(
t – θj(t), s

)
χ[0,ω]

(
t – θj(t)

)
z(s) ds = f (t). (4.8)

Define the integral operator K : L∞ → L∞ by the equality

(Kz)(t) = –
p∑

j=1

b+
j (t)

∫ ω

0

[
G–

1
(
t – θj(t), s

)
χ[0,ω]

(
t – θj(t)

)]
z(s) ds. (4.9)

Let us denote its spectral radius by ρ(K).
We prove the assertion about the nonpositivity of the Green’s function of (1.2)–(1.4),

(3.2) without the assumption about the sign-constancy of bj(t).

Theorem 4.1 Assume that the following conditions are fulfilled:
(1) aj(t) ≥ 0, j = 1, . . . , p, t ∈ [0,ω].
(2) The Wronskian W (t) of the fundamental system of solutions of a homogeneous

equation (2.2)–(2.4) satisfies W (t) 
= 0, t ∈ [0,ω].
(3) The Cauchy function C1(t, s) of the first order equation (2.8) is positive for

0 ≤ s ≤ t ≤ ω.
(4) A(t) satisfies (3.5) for t ∈ [0,ω].
(5) γk ≥ 1, δk ≥ 0, k = 1, 2, . . . , r.
(6) The spectral radius ρ(K) of the operator K : L∞ → L∞, defined by (4.9), satisfies the

inequality ρ(K) < 1.
Then Green’s function G1(t, s) of the nonlocal problem (1.2)–(1.4), (3.2) is nonpositive for
t, s ∈ [0,ω].

Proof The conditions (1)–(5) of Theorem 4.1 correspond to all the conditions of Theo-
rem 3.1, so they imply that the Green’s function G–

1 (t, s) of the auxiliary boundary value
problem (4.1)–(4.3), (3.2) is nonpositive for t, s ∈ [0,ω].

We have noted above, in Eq. (4.7), that b+
j (t) ≥ 0. Together with the fact that G–

1 (t, s) ≤ 0,
this implies that the operator K is positive.

If the condition ρ(K) < 1 holds, then Eq. (4.8) can be written as follows:

z = (I – K)–1f =

[ ∞∑
j=0

Kj

]
f . (4.10)
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It follows from the inequality G–
1 (t, s) ≤ 0 that all operators Kj are positive and, conse-

quently, for this case, the operator
∑∞

j=0 Kj is positive.
The solution x(t) of the given boundary value problem (1.2)–(1.4), (3.2) can be written

in the form

x =

(
G–

1

∞∑
j=0

Kj

)
f , (4.11)

where the Green’s operator for the problem (1.2)–(1.4), (3.2) can be presented in the form

G1 = G–
1

∞∑
j=0

Kj. (4.12)

The operator G1 is nonpositive, if the condition ρ(K) < 1 holds. �

In order to verify the condition (6) we can use the results obtained in [13]. This condition
is satisfied when the following inequality is fulfilled:

ω∏r
k=1 δk

ess sup
t∈[0,ω]

p∑
j=1

∣∣aj(t)
∣∣

+ ω

( r∑
i=1

ti – ti–1∏r
k=i δk

∏i
k=1 γk

γi +
ω – tr∏r

k=1 γk

)
ess sup
t∈[0,ω]

p∑
j=1

∣∣bj(t)
∣∣ < 1. (4.13)

Example 4.1 Let us consider the following differential equation:

x′′(t) + 0.2x′(h(t)
)

– 0.2(t – 1)x
(
h(t)

)
= f (t), t ∈ [0, 1.6], (4.14)

with impulses (1.3), where r = 2 and

t1 = 0.4, γ1 = 1.2, δ1 = 0.7,

t2 = 1, γ2 = 1.3, δ2 = 0.95.
(4.15)

Let us assume that the deviation of the argument h(t) has the following form:

h(t) = tk , t ∈ [tk , tk+1), k = 0, 1, 2. (4.16)

According to [14], the Cauchy function of the first order impulsive equation

y′(t) + 0.2y
(
h(t)

)
= 0, t ∈ [0, 1.6], (4.17)

with impulses (1.3), where r = 2 and

t1 = 0.4, γ1 = 1.2, δ1 = 0.7,

t2 = 1, γ2 = 1.3, δ2 = 0.95,
(4.18)
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Figure 3 Calculating the Wronskian of the fundamental system of solutions of a homogeneous equation

satisfies the inequality C1(t, s) ≥ 0, if

0.2 max
k=1,...,3

(tk – tk–1) < 1, (4.19)

where t0 = 0, t3 = 1.6.
In our example, the condition (4.19) holds. Solving the homogeneous impulsive equation

with the same left-hand side as in (4.14) with the initial conditions x1(0) = 1, x′
1(0) = 0 and

x2(0) = 0, x′
2(0) = 1, we obtain

x1(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t < 0,

–0.1t3 + 1, t ∈ [0, 0.4),

–0.121t(t – 0.4)2 + 0.0224t + 1.203, t ∈ [0.4, 1),

–0.159t(t – 1.0)2 – 0.0202t + 1.613, t ∈ [1, 1.6),

(4.20)

x2(t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t < 0,

t, t ∈ [0, 0.4),

–0.048t(t – 0.4)2 + 0.7t + 0.2, t ∈ [0.4, 1),

–0.117t(t – 1.0)2 + 0.649t + 0.521, t ∈ [1, 1.6),

(4.21)

see Fig. 3(a).
Calculating the Wronskian, we obtain

W (t) =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, t < 0,

0.2t3 + 1, t ∈ [0, 0.4),

0.167t3 – 0.167t2 + 0.0536t + 0.832, t ∈ [0.4, 1),

0.211t3 – 0.528t2 + 0.423t + 0.951, t ∈ [1, 1.6),

(4.22)

see Fig. 3(b).
Let us verify, whether the condition ρ(K) < 1 is satisfied. For our example, after substitu-

tion into (4.13), this inequality has the form 0.965 < 1. Thus, the spectral radius ρ(K) < 1.
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Thus, the conditions (1)–(3), (5)–(6) of Theorem 4.1 are fulfilled. According to Theo-
rem 4.1, for each A(t), satisfying the condition (3.5), the Green’s function G1(t, s) is non-
positive.
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