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1 Statement of the problem and formulation of the results
In the present paper, we consider the system of nonlinear impulsive equations with a finite

number of impulse points

% =f(t,x) almost everywhere on [a,b] \ {T1,..., Ty}, (1.1)
a(v+) —x(u-) =L(x(w)) (=1,...,mq) (1.2)

with the general boundary value condition
h(x) =0, (1.3)

where a < 71 < -+ < 1, < b (we will assume 7y = a and 7,541 = b, if necessary), —oo <
a < b < +00, my is a natural number, f belongs to Carathéodory class Car([a, b] x R",R"),
I;:R" — R" ([ =1,...,my) are continuous operators, and /1 : Ci([a, b], R"; 1, ..., Tppy) = R”
is a continuous, vector functional, nonlinear, in general.

In the paper sufficient conditions (among them effective sufficient) are given for solvabil-
ity and unique solvability of the general nonlinear impulsive boundary value problem (1.1),
(1.2); (1.3). We established the Conti-Opial type theorems for the solvability and unique
solvability of this problem. Analogous problems are investigated in [1-5] (see also the ref-
erences therein) for the general nonlinear boundary value problems for ordinary differen-
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tial and functional-differential systems, and in [6—10] (see also the references therein) for
generalized ordinary differential systems.

Some results obtained in the paper are more general than known results even for the
ordinary differential case.

Quite a number of issues of the theory of systems of differential equations with impul-
sive effect (both linear and nonlinear) have been studied sufficiently well (for a survey of
the results on impulsive systems, see, e.g., [10—19] and references therein). But the above-
mentioned works, as is well known, do not contain the results obtained in the present
paper.

Throughout the paper the following notation and definitions will be used.

R =]-o00, +oo[, R, = [0, +00[; [4, b] (a,b € R) is a closed segment;

" with the norm

R is the space of all real # x m matrices X = (x;);}

n
IX1 = max > jayl;
J -
i=1

=1,...m

_|X|+X'
==

R = ()i = 0 (= Lemj=1,.om));

X1 = (lagl); e XD

RODIXm _ RIXH s R™ (m times);

R" = R"*! is the space of all real column n-vectors x = (x;)7; R” = R"*};

if X € R™", then X!, detX and r(X) are, respectively, the matrix inverse to X, the de-
terminant of X, and the spectral radius of X; [,,x, is the identity n x n matrix;

\/Z(X ) is the variation of the matrix function X : [a, b] — R"*"™, i.e., the sum of variations
of the latter’s components; V(X)(t) = (v(xlj)(t))zl’.r:”l, where v(x;)(a) = 0, v(x;)(¢) = \/Z(xij) for
a<t<b;

X(t-) and X(t+) are the left and the right limits of the matrix function X : [a, b] — R"*"
at the point ¢ (we will assume X(£) = X(a) for t < a and X(¢) = X(b) for ¢ > b, if necessary);

X115 = sup{ | X(2)

‘ (te [a,b]};

BV ([a, b], R"™) is the set of all matrix functions of bounded variation X : [a, b] — R"*™
(i.e., such that \/z(X) < +00);

C([a, b], D), where D C R™"*™ is the set of all continuous matrix functions X : [a, b] — D;

C([a,b],D;1,..., T,) is the set of all matrix functions X : [a,b] — D, having the one
sided limits X(7;—) (I =1,...,mg) and X(7;+) (I = 1,...,mq), whose restrictions to an arbi-
trary closed interval [¢,d] from [a, b] \ {11, ..., T, } belong to C([c,d], D);

Cs([a, b], R™™; 11,...,Ty,) is the Banach space of all matrix functions X € C([a,b],
R™™:11,..., Tyny) with the norm || X||;

C(la, b, D), where D C R™"™ s the set of all absolutely continuous matrix functions
X :[a,b] — D;

E’([a, bl,D;1i,..., Ty) is the set of all matrix functions X : [a,b] — D, having the one
sided limits X(7;—) (I =1,...,mg) and X(t;+) (I = 1,...,mg), whose restrictions to an arbi-
trary closed interval [c, d] from [a, b] \ {rk}ZiOl belong to E([c, d),D).
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If B; and B, are normed spaces, then an operator g : B — B, (nonlinear, in general) is
positive homogeneous if g(Ax) = Ag(x) for every A € R, and x € B;.

The inequalities between the matrices are understood componentwise.

An operator ¢ : C([a,b], R"™; 11,...,T,yy) = R” is called nondecreasing if for every
x%,9 € C(la, b], R™™; 11,..., Ty ) such that x(£) < y(¢) for t € [a, b] the inequality ¢(x) < ¢(y)
holds.

A matrix function is said to be continuous, nondecreasing, integrable, etc., if each of its
components is.

L([a, b], D), where D C R"*™, is the set of all measurable and integrable matrix functions

X :[a,b] — D.
If D; € R” and D, C R, then Car([a, b] x Dy, D,) is the Carathéodory class, i.e., the
set of all mappings F = (fi); ", : [a,b] x D1 — D, such that:

(a) the function fi;(-, %) : [a,b] — D, is measurable for every x € Dy;
(b) the function f;(¢, -) : D1 — D, is continuous for almost all ¢ € [, b], and

sup{|fi(-,x)| :x € Do} € L([a,b],R)

for every compact Do C Dy (k=1,...,mj=1,...,m).

Car’([a, b] x Dy,D,) is the set of all mappings F = (ﬁd)Z:JZ : [a, b] x D; — D, such that
the functions fi;(-,x(-)) (k =1,...,1; j =1,...,m) are measurable for every vector function
x: [a,b] — R" with bounded variation.

By a solution of the impulsive system (1.1), (1.2) we understand a vector function x €
(N,"([a, bl,R" 1y,...,Ty,), continuous from the left, satisfying both the system (1.1) a.e. on

[a,b] \ {11,..., T;, } and the relation (1.2) for every k € {1,...,mq}.

Definition 1.1 Let £ : Cs([a, b],R";1y,...,T;,) — R” be a linear continuous operator, and
let £y : Cs([a, b], R"; 14,...,Tyy) — R’ be a positive homogeneous operator. We say that
a pair (P, {JI}Z‘{), consisting of a matrix function P € Car([a,b] x R”,R"*") and a finite
sequence of continuous operators J; = (/;)%; : R” — R” (I = 1,...,my), satisfy the Opial
condition with respect to the pair (¢, £y) if:

(a) there exist a matrix function ® € L([a, ], R}?*") and constant matrices ¥; € R"*"
(I=1,...,mg) such that

|P(t,x)| < ®(t) ae.on[a,bl,xeR" (1.4)
and
)] < forxeR" (I=1,...,m); (1.5)
(b)
det(Dynn + G) #0  (I=1,...,mq) (1.6)

and the problem

% =A(t)x ae.onlabl\{t,....,Tm} (1.7)
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x(n+) —x(n=)=Gx(n) (=1,...,m); (1.8)
()] < Lo(x) (1.9)
has only the trivial solution for every matrix function A € L([a, b],R"*") and constant

matrices G; ([ =1,...,mjg) for which there exists a sequence y; € 6([&, bL,R™ T1y .y Tirg)
(k=1,2,...) such that

t t
klim P(r,yk(t)) dr = f A(t)dr uniformly on [a, b] (1.10)
and
kli)lpoofl(yk(fz)) =G; (=1,...,my). (L.11)

Remark 1.1 Note that, due to the condition (1.5), the condition (1.6) holds if
Wil <1 (I=1,...,mp).

Below, we will assume that f = (f;)/_; € Car([a, b] x R”,R") and, in addition, f(z;,x) can
be arbitrary forx € R” and [ =1,...,m,.

Theorem 1.1 Let the conditions

Hf(t,x) - P(t, x)x” < a(t, ||x||) a.e. onla,b]\{t,..., Ty },x €R", (1.12)

1LG) = 1| < Bi(llxll)  forx e R (I=1,...,mq) 1.13)
and

|h(x) = ()| < o) + & (Ixlls)  forx € Co([a,bL R 11, ... Ty ) (1.14)

hold, where € : Cy([a,b],R"; 11,...,Tpy) = R” and £y : Cs([a,b],R";11,..., Ty) = R} are,
respectively, linear continuous and positive homogeneous continuous operators, the pair
(P, {]1}72) satisfies the Opial condition with respect to the pair (£,4y); o € Car([a,b] X
R,,R,) is a function nondecreasing in the second variable, and B; € C(R,,R,) (I =
1,...,mo) and £; € C(R,,R") are nondecreasing, respectively, functions and vector func-
tions such that

! b “
pg@w;(uel(p)n + / a(t,p)dt+l§:ﬁz(p)> =0. (1.15)

Then the problem (1.1), (1.2); (1.3) is solvable.

Theorem 1.2 Let the conditions (1.12)-(1.14),

Py(2) < P(t,x) <Py(t) ae onla,bl\{n,...,Tmh,x€R” (1.16)
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and

Ju<hx) <Ju forxeR"(I=1,...,mo) (117)
hold, where P € Car®([a,b] x R",R™™"), P; € L([a,b],R™") (i = 1,2), J; € R™" (i =
1,2;1=1,...,mp), £: Cs([a,b],R"; 11, ...,Tpsy) = R" and £y : Cs([a, b],R"; 11,..., Tppy) —
R” are, respectively, linear continuous and positive homogeneous continuous operators;
a € Car([a,b] x R,,R,) is a function nondecreasing in the second variable, and p; €
C(la, b, R,) (I =1,...,mp) and £, € C(R,,R”") are nondecreasing, respectively, functions
and vector function such that the condition (1.15) holds. Let, moreover, the condition (1.6)

hold and the problem (1.7), (1.8); (1.9) have only the trivial solution for every matrix func-
tion A € L([a, b],R™") and constant matrices G; € R™" (I =1,...,myg) such that

Pi(t) <A(t) <Py(t) ae onla,b]\{n,...,Tm},x €R” (1.18)
and
Ju<G <]y forxeR"(I=1,...,my). (1.19)

Then the problem (1.1), (1.2); (1.3) is solvable.

Remark 1.2 Theorem 1.2 is interesting only in the case when P ¢ Car([a, b] x R”,R"*"),
because the theorem immediately follows from Theorem 1.1 in the case when P €
Car([a, b] x R",R"*"),
Theorem 1.3 Let the conditions (1.14),

[f(t,x) = Po()x| < Q@)|x| + g (¢, Ix]l)  a.e. om [a,b]\ {T1,..., Ty },x € R” (1.20)
and

|Li(%) = Jorx| < Hilx| + by(llxll)  forx e R" (I=1,...,myo) (1.21)
hold, where Py € L([a,b],R"™"), Q € L([a, b], R?*"), Jo; and H; € R"™" (I = 1,...,myq) are
constant matrices, £ : Cy([a,b],R";11,...,Tp,) = R" and £y : Cs([a, b, R 11,..., Tyy) —
R are, respectively, linear continuous and positive homogeneous continuous operators;

q € Car([a, b] x R,,R?”) is a vector function nondecreasing in the second variable, and h; €
CR,,RY) (I=1,...,mp) and £, € C(R,,R") are nondecreasing vector functions such that

1 b \-
pg@m;(nzl(m |+ f la(t, p)| dt + ;”h’(p) II) =0.

Let, moreover, the conditions

det(]nxn +]Ol) #O (l =1,.. .,mo) (122)
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and
| Hyll - || Unsen + o)™ || <1 (I=1,...,mq) (1.23)

hold and the system of impulsive inequalities

dx
— — Pyt
’dt o(t)x

< Qx| a.e ona,b]\{T1,..., Ty} (1.24)
|x(ri+) = x(ti=) = Jow())| < Hy|n(r)| (I=1,...,my) (1.25)

have only the trivial solution under the condition (1.9). Then the problem (1.1), (1.2); (1.3)
is solvable.

Corollary 1.1 Let the conditions

|[f(t,x) - P(t)x” < a(t, ||x||) a.e.on [a,b]\ {t1,..., T}, x €R”, (1.26)

||Il(x) —]1x|| < /3;(||x||) forxeR" (I=1,...,mp) (1.27)
and

||h(x) —£(x) || < y(||x||s) forx e Cs([a, b],R”;n,...,rmo) (1.28)

hold, where P € L([a, b],R™*"), J; e R"™" ([ =1,...,mq) are constant matrices, £ : Ci([a, b],
R™11,..., Tny) = R” is a linear continuous operator, a € Car([a, b] x R,,R,) is a function
nondecreasing in the second variable, and 8; € C(R,,R,) (I =1,...,mp) and y € C(R,,R,)

are nondecreasing functions such that

p—>+00 O

1 b -
lim — (y(p) + f alt, p)dt + Z ,31(,0)> =0. (1.29)
a =1

Let, moreover,
detlLnxp + /1) 0 (I=1,...,my) (1.30)

and the impulsive system

% =P(t)x a.e onla,bl\{t,...,Tm} (1.31)
x(t+) —x(v=) = Jie(r)  (I=1,...,mp) (1.32)

have only the trivial solution under the condition

£(x)=0.

Then the problem (1.1), (1.2); (1.3) is solvable.
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For every matrix function X € L([a, b], R”*") and a sequence of constant matrices Yy €
R™" (k =1,...,mgp) we introduce the operators
[(X, Yi,..., Ymo)(t)]0 =1, fora<t<bh,
[(X; Yl;--'JYmo)(a)]i:Onxn (i:1’27-“)7

[(X; Ylw---: Ymo)(t)]Hl (1‘33)

:/ XO[XYs, o, Y )] dr+ D Y[V, Yo ) (@),
a a<t<t

fora<t<b(i=0,1,...).

Corollary 1.2 Let the conditions (1.26)-(1.30) hold, where
b
) = / L) - x(0),
P e L([a,b],R™"), J; e R"™*" (I =1,...,mq) are constant matrices, L € BV ([a, b], R""),a €
Car([a, b] x R,,R,) is a function nondecreasing in the second variable, and p; € C(R,,R,)

(l=1,...,mp) and y € C(R,,R,) are nondecreasing functions. Let, moreover, there exist

natural numbers k and m such that the matrix
k-1 b
M=-Y / LW [P J) 0],
i=0 V4

is nonsingular and
r(Mim) <1, (1.34)

where the operators [(P, ]y, ..., m,)(t)]; (i = 0,1,...) are defined by (1.33), and

—

m—

Min = [(IPL VL s Uig )®)],,, + D _[(1PL AL s Voo ) B)],

i=0

b
x / AV (M L)) - [(1PL Vil Voo ) @)

Then the problem (1.1), (1.2); (1.3) is solvable.

Corollary 1.3 Let the conditions (1.26)-(1.30) hold, where
no
(x) =) Lix(ty), (1.35)
j=1

P e L([a,b],R"™), ]y e R™" (I =1,...,mq) are constant matrices, t; € a,b] and L; € R"*"
(j=1,...,n9), a € Car([a,b] x R,,R,) is a function nondecreasing in the second variable,
and B € CR,,R,) (I =1,...,mp) and y € C(R,,R,) are nondecreasing functions. Let,

Page 7 of 17
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moreover, the constant matrices J; (I = 1,...,mq) be pairwise permutable, and let the matrix
function P satisfy the Lappo-Danilevskil condition, i.e.

P(t)/tP(r)dr = /tP(r)dr -P(¢) forte[a,b],

a

and
P(t)];=],P(t) a.e.onla,b]l(l=1,...,mp).

Then the condition

det(Z Ejexp(P(tj)) . 1_[ (Lixcn +]l)> 70

j=1 ast<t;
guarantees the solvability of the problem (1.1), (1.2); (1.3).

Corollary 1.4 Let the conditions (1.26)-(1.30) and (1.35) hold, where P € L([a, b], R"*"),
Ji e R (I =1,...,mq) are constant matrices, tj € [a,b] and L; e R™" (j=1,...,n), @ €
Car([a, b] x R,,R,) is a function nondecreasing in the second variable, and B; € C(R,,R,)
({=1,...,mp) and y € C(R,,R,) are nondecreasing functions. Let, moreover, there exist
natural numbers k and m such that the matrix
ny k-1
M=) "3 " Li[(PoJi- - Jm) ()],

j=1 i=0

is nonsingular and the inequality (1.34) holds, where

m-1
Mk,m = [(|P|r ils-oes |]m0 |)(b)]m + < [(|P|’ Vils-oes |]mo|)(b)]l)
i=0

i=

no
< Y ML [P s Vg 1) @8],
j=1

Then the problem (1.1), (1.2); (1.3) is solvable.

Corollary 1.5 Let the conditions (1.26)-(1.30) and (1.35) hold, where P € L([a, b], R"*"),
Ji e R (I =1,...,myq) are constant matrices, tj € [a,b] and L; e R™" (j=1,...,n), @ €
Car([a, b] x R,,R,) is a function nondecreasing in the second variable, and B; € C(R,,R,)
(l=1,...,mp) and y € C(R,,R,) are nondecreasing functions. Let, moreover,

det (XO: L‘,) #0

j-1

hold and

r(Lo- V(A)D)) <1,
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where

Lo =Tuxn+

(&)

Then the problem (1.1), (1.2); (1.3) is solvable.

no b 0
Il and A:/ P(®)|de+ 3 Vil
o a I=1

Theorem 1.4 Let the conditions (1.22), (1.23),

If (8,%) = f(£,3) = Po(8)(x = 3)| < Q(&)lx —y|

a.e.on[a,b]\ {t,..., T}, %,y € R", (1.36)
|1;(x) = Ii(y) = Joi(x —y)| <Hjlx-y| forx,yeR"(=1,...,mp) (1.37)

and
|h(x) —h(y) - £(x —y)| <lolx—y) forxye BV([a, b],R”) (1.38)

hold, where P € L([a,b],R™"), Q € L([a,b],R"”"), Joi and H; € R*" (I =1,...,mq) are
constant matrices, £ : Cy([a,b],R";11,...,Tpy) = R” and £y : Cs([a, D], R"; 11, ..., Ty) —
R” are, respectively, linear continuous and positive homogeneous continuous operators. Let,
moreover, the system of impulsive inequalities (1.24), (1.25) have only the trivial solution
under the condition (1.9). Then the problem (1.1), (1.2); (1.3) is uniquely solvable.

2 Auxiliary propositions
Lemma 2.1 Let Y, Y, € BV([a,b],R"™"™) (k=1,2,...) be such that

klim Y(®)=Y(t) fortela,b]
and
|Ye@®) - Yio)|| <l + |g®) - g(0)|| fora<s<t<b(k=12,...),

where Iy > 0, [y — 0 as k — +00, and g : [a,b] — R" is a nondecreasing vector function.
Then

lim ||Yx-Y|s=0.
k—+00

The proof of Lemma 2.1 is given in [9].

Lemma 2.2 (Lemma on a priori estimates) Let the subsets S C L([a, b],R"*") and D C
RO>mxmo  and a positive homogeneous continuous operator g : Cy([a,b],R"; 1y, ..., Ting) =
R" be such that:

(a) there exist a matrix function ® € L([a, b], R}*") and a constant matrix ¥ € R such
that

’A(t)’ < ®(t) a.e onla,bl,xeR"
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foreveryA €S, and
Gl <V (I=1,...,mg) for & =(G))"S € D;

(b) the condition (1.6) holds and the system (1.7), (1.8) has only the trivial solution under

the condition

gx) =<0 (21)

for every matrix function A € S and constant matrices Gi,...,Gy, such that & =
(G, € D;

(0) ifAk €S (k=1,2,...), & = (le)z(i eD (k=1,2,...), A € L([a,b],R"™") and &
(G123 are such that

t t
lim Ak(r)drzf A(t)dt  uniformly on [a, b]
a

k—+o00 J,

and

lim GH:GI (121,...,1’1’10),

k—+00

then AeS and ® = (Gl);z({ € D. Then there exists a positive number py such that

%Il < po [H [¢@)], |

te [a,b]”

forxe C([a, bl R 11, ..., Ty ), A €S, 6 = (G)[ € D.

x(t)—x(a)—/ A(t)x(t)dt - Z Gx(t))

7 €lat]

+ sup{

Proof Let us assume that the statement of the lemma is not true. Then for every natural
k there exist a matrix function Ay € S, a constant matrix &; = (le);’f{ € D, and a vector

function x; € E’([a, bl,R"; 11,...,Tj,) such that

w(6) - xe(a) = / Ae(@)e(x) dx

llocills > k[n [g@0)], | + sup{

- > Guxiln)

T/€ [a,t]

.t e [a,b] ” (2.2)

Let
Xi(t) = ka(t) fort€la,b] (k=1,2,...),
llck |15
qr(t) =%.(¢) — A(®)%(¢) foraa.te[a,b]\{t,..., T} (k=1,2,...),

and

hy = Z(T+) = %p(1=) = G () (U=1,...,mp,k=1,2,...).

Page 10 of 17
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Let, moreover,

Bi(t) = /tAk(t)dt fortela,b] (k=1,2,...).

Then
%lls =1 (k=1,2,...), (2.3)
1
lle@], [ <7 k=12..) (2.4)
and
¢ 1
‘/a qr(t)dr + Z hyll < X
Tlé[a,t[
2

fort e [a,b] (k=1,2,...), and || iyl < X (l=1,...,mp;k=1,2,...). (2.5)

On the other hand, by the estimate (a) we have
t
’Bk(t) —Bk(s)| < / ®d(r)dt fora<s<t<b((k=12,...).
s

Therefore, by the Arzeld-Ascoli lemma we can assume without loss of generality that the
sequence By (k=1,2,...) converges uniformly on [4, b], and the sequence Gy (k=1,2,...)
converges for every [ € {1,...,mp}.

Let

B(t)= lim Bi(t) and lim Gu=G;, forte[a,bl(l=1,...,mp). (2.6)
k—+00 k—+00
It is evident that the matrix function B is absolutely continuous. Therefore,
t
B(t) = / A(r)dt fort € [a,b],

where A € L([a, b], R"*"). From this and (2.6), by the condition (c) we have A € S and
6= (GZ);Z({ eD.
According to (2.3) we can assume that the sequence %i(a) (k = 1,2,...) converges. It is
evident that the function %y is a solution of the system
dx

o =Ar()x+qi(t) ae.onla,bl\{t,...,Tme}s

x(t+) —x(1=) = Gx(t) + iy (I=1,...,mp)

for every natural k. Using now Theorem 1.2 of the paper [2], from the conditions (a), (2.5),
and (2.6) it follows that

lim ”35/( —-xls =0, (2.7)
k—+00
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where x is a solution of the system (1.7), (1.8) under the condition
x(a) = co,

and
co = kl_i)rfl@h(u).

Take into account (2.4) and (2.7), we conclude g(x) < 0. So that x is a solution of the
problem (1.7), (1.8); (2.1). Consequently, by the condition (b) we have x(¢) = 0. But this
contradicts the condition (2.3). The lemma is proved. d

3 Proof of the main results
Proofof Theorem 1.1 Let g(x) = |£(x)|—£o(x), S C L([a, b], R"") and D C R0 be, re-
spectively, the sets of all matrix functions A € L([a, b], R"*") and constant matrix-vectors
6= (Gk)znfl, satisfying the condition (1.6), such that the conditions (1.10) and (1.11) hold
for some sequence y; € C(la,b],R"; 1y, ..., Tmy) (1=1,2,...). By virtue of Definition 1.1 the
conditions (a), (b), (c) of Lemma 2.2 are fulfilled for the sets S and D.

Let po be the positive number appearing in the conclusion of Lemma 2.2. According to
the condition (1.15) there exists a positive number p; such that

b o
Po <||£1(p) |+ / a(t,p)dt + Zﬂz(M) <p forp>p. 3.1)

=1

Assume

q(t,x) =f(t,x) - P(t,x)x and H(x) = I;(x) - Ji(x)x

fort € la,bl,xeR" (I=1,...,mp); (3.2)
1 for 0 <t < py,

x@®)=412- ﬁ for p1 <t<2p, (3.3)
0 fort > 2p0;

€)= x (Ixlls) [€6x) = ()]s

p2 =2p1+ posup{ | Lo | + |1 (lylls) | : Iylls <201} (3.4)

U= {y € C([ﬂ, b],Rn;flwurng) Hiylls < ;02}

and consider the auxiliary boundary value problem

d.

d_: =P(t,y(@®)x+q(t,y(t)) ae on(abl\{t,....Tm}s (3.5)
x(t+) - x(m=) = i(y(@)x(w) + Hi(y(w)) (I=1,...,m0); (3.6)
£(x) = £(y) 3.7)

for everyy e U.
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According to the Opial condition the problem

% = P(t,y(t))x a.e.on [a,b]\ {t1,..., Ty }»
x(m+) —x(m-) = L(y(@)x(w) (U=1,...,mo);
£(x)=0

has only the trivial solution for every y € U.

Therefore, in view of Theorem 3.1 from [10] the problem (3.5), (3.6); (3.7) has a unique
solution x(¢) = w(y)(¢). In addition, by (3.5), (3.6), and (3.7), it follows from Lemma 2.2
that

ol = o]+ [ Taeoto)] a3 laat ).

From this, due to (1.12), (1.13), and (3.2)-(3.4) we have

lo®)|, < po <||F(y> |+ / ba(t, lylls) e + %ﬂz(llﬂh))- (3.8)

On the other hand, taking into account the inequalities (1.14) and (3.1), the condition (3.8)

implies
o), < posup{|[to@] + [&(llzlls) | : llzlls < 201}

b o
+ 0o (/ a(t lyls) dt + Zﬁz(llylh)) <p for|yls <2m
a =1

and

b o
low)], < po ( / a(t, llyll) dt + Zﬂz(ﬂylls)) <lylls < p2 for 201 < [ylls < pa.
a I=1

Thus w(f) C U. Further, due to Theorem 1 from [13] we conclude that the operator w :
U — U is continuous.
By (1.4), (1.5), (1.12), (1.13), and (3.2) we have

||a)(y)(t)—w(y)(s)|| 5[ wo(t)dT + Z Y, fora<s<t<b

s<ti<t

if y € U, where @o(t) = a(z, p2) + p2||P@) || and ¥ = Bi(p2) + p2||¥i||. So that, using the
Arzeld-Ascoli lemma on the every closed interval [7;3, 7] (/ =1,...,m() we conclude that
the set U is precompact.

According to the Schauder principle there exists x € U such that

x(t) =wx)(t) fora<t<bh.
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From this, by virtue of (1.14) and (3.2)-(3.4), it follows that the function x is a solution of
the system (1.1), (1.2) satisfying the conditions

0(x) = £(x) (3.9)
and
[0@)| < Lo(x) + & (l1xlls). (3.10)

Due to Lemma 2.2 and inequalities (1.12), (1.13), (3.1), and (3.10) we have

b o
nxnsspo<uel(||x||s)||+ / Ol(t,||x||s)dt+Zﬁl(||x||s)) and [xls<pr.  (3.11)
a =1

In fact, the first estimate immediately follows from Lemma 2.2 with regard to the condi-
tions (1.12), (1.13), and (3.10). Now, if we assume that ||x||; > p; then by (3.1), for p = || x|s,
it will be

Po(”&(llxlls) |+ /aba(t, Ixlls) d + %ﬂz(llxlls)) < lells.

The obtained inequality contradicts the first estimate of (3.11).

In view of the estimate (3.11) from (3.3) and (3.4) we have £(x) = £(x) — h(x). Conse-
quently, by (3.9) we conclude that the vector function x satisfies the condition (1.3). The
theorem is proved. d

Proof of Theorem 1.2 Let S be the set of all matrix functions A € L([a, b]; R"*") satisfying
the inequalities (1.18), and let D be the set all constant matrices & = (G;);" satisfying the
condition (1.6) and the inequalities (1.19). It is evident that the conditions of Lemma 2.2
hold for these sets and the operator g(x) = |£(x)| — £o(x).

Let pg be the number such that the conclusion of Lemma 2.2 is true. In view of (1.15)
there exists a positive number p; such that the estimate (3.1) holds. Consider the impulsive

system
% =Pi(t)x+ x (||x||)[f(t,x) —Pl(t)x] ae.onte[abl\{t,...,Tm ) (3.12)
x(m+) = x(t-) = Jux(r) + x (|«(@) | ) [L(x(w) - ux(m)] (U =1,...,my), (3.13)

where x is the function defined by (3.3). According to Theorem 1.1 the problem (3.12),
(3.13); (1.3) is solvable since the pair (Py, {J1;};.}) satisfies the Opial condition with respect
to the pair (¢, £y). Let x be an arbitrary solution of this problem. Then

&) = A0)x(t) = x (|«@) ) [f (&2@) - P(6,x(8))x()] ae.onte[ab]\ (..., Tm}
a(m+) — x(1-) = Ge(rr) = x (| 2(m) | ) [L () = Ji(x(m))x(z)] (U =1,...,mp),

where

AW =Pi@®) + x(|x@)]) [P(t:x(8)) - P1(8)],

Page 14 of 17
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and

Gr=Ju+ x(|x@) ) [i(x(x) —Ju]  (=1,...,mo).

On the other hand, by (1.16), (1.17), and (3.3) the matrix function A and constant matrices
G; (I =1,...,myp) satisfy, respectively, the inequalities (1.18) and (1.19). Therefore we have
A € S and & = (G));. Therefore, due to Lemma 2.2 and the inequalities (1.12)-(1.14) and
(3.1), the estimate (3.11) is valid. But by (3.3) every solution of the system (3.12), (3.13) sat-
isfying such an estimate is a solution of the system (1.1), (1.2), too. The theorem is proved.

O

Proof of Theorem 1.3 Let

x=@)Ly,  fE&x)=(fitX),,  altp)=(ate),,
Py(2) = (pOij(t))Zizl: Q) = (q‘7(t))Z/=1;
L(x) = (i), Jor = (Yoiiy)ija1 H; = (hi);j5

h(p) = (hi(p)),, (=1,...,mq).

Assuming

n -1 n
ni(t,x) = (Z (01| + (¢, 1%ll) + 1) (fi(t,x) - ZPOij(t)x/);

j=1 j=1

pij(t, x) = pOl](t) + ql](t)nl(t, x) Sgn x; (l’] =1..., I’l)

and

n -1 n
&ilx) = (Z (O] + R (111 + 1) (tli(x) - Z )/ohjx/),
=1

j=1

Vi (%) = oy + hig&u(x) sgnx;  (G,j=1,...,ml=1,...,my),

in view of (1.20) and (1.21), respectively, we find

nilt,%)| <1, }/i(t,x) = Pt )| < it llxll) +1,

Jj=1

poij(t) — q;j(t) < pi(t,x) < poy(t) +q(t) (i,j=1,...,n)

and

&i(x)| <1, < hy(Il=ll) +1,

ti(x) — Z Vi (x)x;

j-1

Youij — My < vig(%) < voug + hyy - (6j=1,...,ml=1,...,mq);


http://www.boundaryvalueproblems.com/content/2014/1/157

Ashordia et al. Boundary Value Problems 2014, 2014:157 Page 16 of 17
http://www.boundaryvalueproblems.com/content/2014/1/157

where

n

P(t, %) = (py(t,)) Py(£) = Po(t) - Q2),  Pi(e) = Po(t) + Q(2),

ij=1

Jix) = (ylij(x))zi=11 Ju=Ju-H,  Ju=Ju+H (=1,...,m),

and

a(t,p) =gt p)| +n and Bi(p) = |m(p)| +n

In addition, P € Car®([a, b] x R”,R"*"). On the other hand, the problem (1.7), (1.8); (1.9)
has only the trivial solution for every matrix function A € L([a, b];R"*") and constant
matrices G; € R™" (I =1,...,my), satisfying, respectively, the inequalities (1.18) and (1.19),
since the problem (1.24), (1.25); (1.9) has only the trivial solution. Therefore, the theorem
follows from Theorem 1.2. 0

Corollary 1.1 immediately follows from Theorem 1.3 if we assume therein Q(¢) = O«
and H; = Oy, (I=1,...,my).

To prove Corollaries 1.2-1.5 it is sufficient to show that the problem (1.31), (1.32) has only
the trivial solution under the condition £(x) = 0. But this fact is valid, respectively, due to
Theorem 3.2, Theorem 3.4, Theorem 3.5, and Corollary 3.2 from [10].

Proof of Theorem 1.4 The solvability of the problem (1.1), (1.2); (1.3) follows from Theo-
rem 1.3, because its conditions are fulfilled for

q(t, p) = |f(£,0)

, h(p) =|1(0)| (I=1,...,mo) and h(p)=h(0)|.

Let now x and y be two solutions of the problem (1.1), (1.2); (1.3). Then by (1.36)-(1.38) the
vector function z(£) = x(¢) — y(¢) will be a solution of the problem (1.24), (1.25); (1.9). But

this problem has only the trivial solution. Therefore, x(¢) = y(¢). The theorem is proved.
O
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