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1 Introduction
In 1938, A.M. Ostrowski [13] pointed out the following inequality which gives an approx-
imation of the integral ;- f: f(t)dt:

p(x)__ff(tdt' [_+(( )](b a|f ..

for all x € [a, b], where f : [a,b] — R is continuous on [a,b] and differentiable on (a, b)

with a bounded derivative. Since the Ostrowski inequality can be proved by using the

1 x ) b /
_a</a (t_a)f(t)d”fx (t—b)f(t)dt),

in this paper we use the weighted Montgomery identity to obtain certain generalizations

Montgomery identity

1 b
f(x)=m£f(f)dt+b

of Ostrowski type inequalities. The weighted Montgomery identity (see [14]) is defined by

b b
f) = f w(e)f () dt + / Puo 0 (0) dt, W)
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where

t
[, wu) du, a<t<ux,

Pw(xjt): ¢
Lwu)du-1, x<t<b,

2)

is the weighted Peano kernel, f : [a,b] — R is differentiable on [a, ], f’ : [a,b] — R is
integrable on [a, ], and w : [a,b] — [0, 00) is a normalized weighted function, i.e., an in-

tegrable function satisfying

/ab w(s)ds = 1.

Over the last decades, Ostrowski type inequalities have been largely investigated in the
literature since they are very useful in numerical analysis and probability theory. Agli¢
Aljinovi¢ et al. considered some weighted Ostrowski type inequalities via the Montgomery
identity and the Taylor formula, and applications in numerical integration (see [2, 3] and
the references cited therein). Certain Ostrowski type bounds for the Chebyshev functional
and applications to the quadrature formulae can be found in papers [4, 5, 9, 10], and [16].
In [12] and [15], Ostrowski type inequalities for continuous functions with one point of
nondifferentiability and applications in numerical integration are presented. Some other
Ostrowski type inequalities can be found in [6, 7], and [8].

Throughout the paper, the symbol C"[4, ], n € N, denotes the set of n times continu-
ously differentiable functions on the interval [a, b]. It is well known that the function f is
called # times continuously differentiable iff it is # times differentiable and its nth order
derivative f is continuous.

The main purpose of this note is to consider new generalizations of weighted Ostrowski
type inequalities for functions presented by a Hermite interpolating polynomial. Since a
special case of the Hermite interpolating polynomial is the two-point Taylor polynomial,
in this way we generalized results from paper [3], where Ostrowski type inequalities are
established by using the Taylor formula. For this purpose, let us introduce notations and
terminology used in relation to the Hermite interpolating polynomial (see [1, p. 62]).

Let —oo<a<b<ooanda <aj<ay---<a, <b, r>2,be the given points. Hermite

interpolation of the function f € C"[a, D], n > r, is of the form
f(2) = Py(t) + en(2),

where Py is a unique polynomial of degree (1 — 1) satisfying any of the following Hermite
conditions:

Pg)(aj) =f(i)(aj); 0<i<k;l §j§r,2k/+r=n. (3)
j=1

The polynomial Py is known in literature as a Hermite interpolating polynomial of the
function f. Further, the error ey(f) can be represented in terms of the Green function
Grn(t,s). Let K be the square a < t,s < b; the same square with straight lines of the form
s = aj rejected be Ky and Ky with rejected diagonal ¢ = s be K. Then the Green function
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has the following fundamental property:
2"t =0,
2Na)=0, 0<i<k,1<j<r,

in 1(1 .

Theorem 1 (cf. [1, pp. 73-74]) Let f € C"[a,b], and let Py be its Hermite interpolating
polynomial. Then

S(&) =Py (t) + en(t)
;K

ZZH,,(t)f (@) + f Grin(t,s)f " (s) ds, (4)

j=1 i=0

where Hj; are the fundamental polynomials of the Hermite basis defined by

ki—i
1 o) L1 gk <(t—a,)k/+1) .
Hy(t — ) ——| —— t—a), 5
() = e ZO e s t:a,( ) ()
where
o) = [t -a)h, (6)
j=1
and Gy, is the Green function defined by
Gt = | 2 T 5” eI CH0,  ss @)

a—s n—i—
Z/ I+1 Zz =0 (In i—1)! Hl](t) s>t
foralla;<s<ay1,1=0,...,r,withay = a and a,,; = b.

Hermite conditions (3) in particular include the following (m,n — m) type conditions
(r=2,a1=a,a,=b,1<m<n-1,ki=m-1,ky=n-m-1):

In this case,

m-1 n-m-1 b
£ =3 n@r @+ > e+ [ Gt o)ds, ®)
=0 =0 4

where

_1 [ t-b Ly m+k— —a\¥
- (1) S o) (e, .
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_ m n—-m-1-1 k— _b k
Pl(t)=%(t—b)l<2_z> ) (””k 1)(5) (10)

k=0

and the Green function G,,, is of the form

Z [Zm 1 l(n m+p— 1)(t—a ¥]

(t-aY(a —S)"/l(u)nm s<t
Gm,n(t,S) _ Jl(n —j-1)! N b-a - = (11)
n—m Hn—m— i — —
S () (et
bi(b n i-1
e l')(}fl zsl (ltw d)m sz L.

Since we deal with an n-convex function, let us recall the definition of the divided dif-

ference (see [17, p. 15]).

Definition 1 Let f be a real-valued function defined on the segment [4, b]. The divided
difference of order # of the function f at distinct points xy, ...,x, € [a, ] is defined recur-

sively by
flxl=f(x), (=0,...,n)

and

f[xlx 1xn _f[xO;---’xn—l]

Xn — X0

flx0s... %] =

The value f[xo, ..., %,] is independent of the order of the points x, ..., x,.

The definition may be extended to include the case that some (or all) of the points coin-

cide. Assuming that U=V (x) exists, we define

f ()
G-

flx....x] =

Jj-times

Also, the divided difference of order # of the function f can be represented as

flxo, .. %,] = Zv(x

where v(x;) = H?:O,j Ji (x;—x;). With these observations in mind, Popoviciu defined #-convex

function as follows (see [18]).
Definition 2 A function f : [a,b] — R is said to be n-convex on [a,b], n > 0, if for all

choices of (1 + 1) distinct points xy,...,%, € [4,b], the nth order divided difference of f
satisfies

f[xO) »xn et >0.

Page 4 of 14
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If n = 0, then a convex function f of order 0 is a nonnegative function, a 1-convex func-
tion is a nondecreasing function, while the class of 2-convex functions coincides with the
class of convex functions. It is well known that if the nth order derivative f exists, then
the function f is n-convex if and only if f* > 0 (see for example [17, p. 16 and p. 293]).

The paper is organized as follows. After this introduction, in Sect. 2, we establish
weighted generalizations of the Montgomery identity constructed by using the Hermite
interpolating polynomial and the Green function. In Sect. 3, we derive Ostrowski type
inequalities for differentiable functions of class C”. As a special case, we consider results
for (m, n — m) interpolating polynomial. Further, in Sect. 4, we give some new bounds for
the remainder of identities previously obtained by using the Chebyshev functional and
certain Griiss type inequalities for this functional. Finally, in Sect. 5, applying the proper-
ties of n-convex functions and generalizations of the weighted Montgomery identity, we
obtain inequalities for the class of n-convex functions.

Throughout the paper, it is assumed that all integrals under consideration exist and that
they are finite.

2 Generalizations of the weighted Montgomery identity
In this section, applying the weighted Montgomery identity (1) and the Hermite interpo-
lation polynomial of the # times continuously differentiable function f, (4), we derive new

generalizations of the weighted Montgomery identity.

Theorem 2 Suppose that f € C"[a,b], w: [a,b] — [0,00) is some normalized weight
function and Hy is defined by (5). Then, for —oco <a <aj <ay---<a, <b<oo,r>2,
Z;zl ki + r = n— 1, the following identity holds:

b rk b
flx) = / w)f O de+» > f1V(a) / P, (x, t)Hy(t) dt

j=1 =0

b b
+ f ( / Pw(x,t)GH_n_l(t,s)dt)j(”)(s)ds. (12)

Proof By applying (4) with f’ € C"[a, b] instead of f, we obtain

r b
0= Y Hier @)+ [ G5 (13)
j=1 =0 a
By inserting (13) into the weighted Montgomery identity (1), we derive (12). O

Theorem 3 Let f € C"[a,b], w: [a,b] — [0,00) be some normalized weight function, and
let Hyj be defined as (5). Then, for -oco<a <a;<ay---<a,<b<oo,r>2, Z;:1kj+r=”:
the following identity holds:

b r ki b
f@x) = / wt)f(e)dt+ Y > fO(ay) / Py, (x, O)H(t) dt

j=1 1=0

b b 9
_ (n)
+/; </a Pw(x,t)atGH,n(t,s)dt>f (s) ds. (14)
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Proof Multiplying identity (4) by w(z) and integrating with respect to ¢ from a to b, we
obtain the following identity:

fab t)dt—ZZf”) / t)Hy;(t) dt

j=1 [=0
/ / )Gy (L, s)f ") (s) ds dt. (15)

If we subtract (15) from identity (4) stated for the variable x instead of ¢, we get

f) - / WO (O dt—ZZf (@) (Hl,m / (t)Hz;(t)dt>

j=1 [=0

b b
+ / (GH,n(x,s)- / w(t)GH,n(t,s)dt)ﬂ")(s)ds. (16)

By applying the weighted Montgomery identity (1) for Hj(x) and Gp,,(x, s), we obtain the
following identities:

b b
Hlj(x):/ w(t)Hlj(t)dt+/ Pw(x,t)Hl//(t)dt (17)
a a
and
b b
Gun(09) = [ WOG 69 dt+ [ Puts 05 Gu(t5) . (18)
a a
Finally, inserting (17) and (18) into (16), we obtain (14). O

3 Ostrowski type inequalities

In this section, we use identity (12), identity (14), and Holder’s inequality to prove some
sharp and best possible inequalities for the functions whose higher order derivatives be-
long to L, spaces, 1 < p < 00. As a special case, we discuss results for (1, 7 — m) interpo-
lating polynomial.

In what follows, (p,q) is a pair of conjugate exponents if 1 < p,q < co and p% + % =1,
with the convention % =0 and (—1) = o0o. The symbol L,[a,b], 1 < p < oo, denotes the
space of p-power integrable functions on the interval [a,b] equipped with the norm
Il = ( f: [f ()P dt)P, and L [a, b] stands for the space of all essentially bounded func-
tions on the interval [a, b] with the norm ||f|loc = esssup,c(,  [f (£)]-

Further, we denote

b
A(s) :/ Py (x, )Gy _1(t,5)dt, s € [a,b] (19)

and

b
£2,,(s) :/ (X, t) 9 GH,,(L‘ s)dt, se€la,b], (20)

where the Green function Gy, is as defined in (7).
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Theorem4 Suppose that all the assumptions of Theorem 2 hold. Additionally, assume that
(p,q) is a pair of conjugate exponents 1 < p,q < 0o and f" € L,[a, b]. Then the following
inequality holds:

b r K b
P(x)— [ wiertrae- 351" a) [ putworyodr

j=1 1=0

<l Awllg [ (21)

p1

where A, is defined by (19). The constant on the right-hand side of (21) is sharp for 1 <p <
oo and the best possible for p = 1.

Proof By applying Holder’s inequality to (12), we obtain (21). For the proof of the sharp-
ness of the constant || A, |4, let us find a function f for which the equality in (21) is ob-
tained.

For 1 < p < 00, take f to be such that

F0(s) = sgn Ay (s)| Au(s)| 7.

For p = 00, take f(s) = sgn A,,(s).
For p = 1, we prove that

b
< max ‘Aw(s)}(/ [f(”)(s)| ds) (22)

s€(a,b)

b
/ Aw(s)f(”) (s)ds

is the best possible inequality. Suppose that | A,,(s)| attains its maximum at so € [a, b]. First,

we assume that A, (so) > 0. For ¢ small enough, we define f;(s) by

0, a<s<sp,
fe(s) =1 Zi(s—s0)", S0 <s<Sp+é,

en!

=50, so+e<s<b

Then, for ¢ small enough,

b
f Ay ()" (s) ds

so+e 1
/ A, (s)—ds
I3

S0

1 so+e
=— / A, (s)ds.
&

50
Now, from inequality (22) we have

1 [so+e s0+e 1
! / Anls)ds < Au(so) / L s = Autso).
s &

€ 0 S0

So+e

1
lim — Ay(s)ds = Ay(so),
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the statement follows. In the case A, (sg) < 0, we define f;(s) by

1 -1
nl)](s_so_g)n ) ﬂSSSSO,
fel) =1 -mab-s0-¢)",  soss<so+e,
0, So+e<s<b,
and the rest of the proof is the same as above. d

Theorem 5 Suppose that all the assumptions of Theorem 3 hold. Additionally, assume that
(v,q) is a pair of conjugate exponents 1 < p,q < oo and f" € Lyla,b). Then the following
inequality holds:

'/(x) / (e)f (£ dt - ZZﬂ“ f (o6, ) Hj () dt

j=1 1[=0

< lI2ullgf*™],

(23)

where $2,, is defined by (20). The constant on the right-hand side of (23) is sharp for 1 <p <
00 and the best possible for p = 1.

Proof By applying Holder’s inequality to (14), we obtain (23). The proof of the sharpness
of the constant ||£2,, ||, is analogous to the proof of Theorem 4. O

By using (m1, n—m) type conditions, we obtain the following generalizations of Ostrowski
type inequalities as special cases of Theorem 4 and Theorem 5, respectively.

Theorem 6 Let w: [a,b] — [0,00) be some normalized weight function, f € C"[a, b], and
(p,q) be a pair of conjugate exponents. Let 0y, p;, and G, be given by (9), (10), and (11),
respectively. Then the following inequality holds:

b
'/(x) . / w(e)f (6) i -

n-m-1

m b
- > ) / P, (x, £)p}(£) dt

1=0

Y1) [ Pt tymi(e) di
| o

l

< IKullg lF*] (24)

where

b
]
K, (s) =/ P, (x, t)gGm,n(t,s) dt.
a

Proof Thisisaspecial case of Theorem5forr=2,a1 =a,a,=b,1 <m<n-1,k; =m-1,
ky=n-m-1. O

Corollary 1 Let w: [a,b] — [0, 00) be some normalized weight function, f € C*[a,b), and
(v, q) be a pair of conjugate exponents. Then the following inequality holds:

b B b
P(x)— f w(t)f(t)dt+]%< / Pw(x,t)dt>

< Ikl 1],



Kvesi¢ et al. Journal of Inequalities and Applications (2020) 2020:176 Page 9 of 14

where

b
Ky(s) = / Py t) - Gralt ) de

and
Gt | T s=h
1,2\0,8) =
(S_f,)(t_“)’ s>t
—a
Proof This is a special case of Theorem 6 for n = 2. O

Remark 1 By applying Corollary 1 to the uniform weight function w(¢) = ﬁ, t € [a,b], we

deduce
px /f f(ﬂ) f(b)< ﬂ+b>‘ "
b-a
where
(s—a)(2x—b-s) <
I<(S) = (s—bz)((z;f)a—s) Lo
T -a) ? X <s.

Corollary 2 Let w: [a,b] — [0,00) be some normalized weight function, f € C3[a,b), and
(v, q) be a pair of conjugate exponents. Then

b b
}/(x)— f W(t)f(t)dt—ﬁ[f/(a) / (b— )P, 0)dt

b
1 (b) / (- a)P, (1) dt]‘ -

11!

where

b
VW(S):/ Pw(x,t)GLz(t,S)dt.

Proof This is a special case of Theorem 4 for n =3, r =2, a; =a, and a; = b. O

Remark 2 By applying Corollary 2 to the uniform weight function w(t) = ﬁ, t € la,b], we

obtain

1 [t A (b-x)?
yo- 5 [r0a-ra(te-a- 52

/ 1 (x_a)Z 11/
-f (b)<g(b—a) - 2(b—a))‘ =1Vl
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where
(s—a) [(s—b) (s—a)?
a8~ 3
52 @+ D) 5L 4 abx - s)] - B2, s<x
Vis) =
(s=b) [(x*a)3
(b-a)? 3

+ [% —(a+ b)szg’“2 +ab(s—x)]-(s—a) (5_31’)2 l, s>«

4 Griiss type inequalities
We start this section by observation about the Chebyshev functional and certain inequal-
ities for the Chebyshev functional. These inequalities are very useful in numerical inte-
gration, some recent results can be found in papers [9, 10], and [16]. For that reason,
we consider some new bounds for the remainder of identities (12) and (14) by using the
Chebyshev functional and Griiss type inequalities for this functional.

For two real functions f, 4 : [a,b] — R such that f,h,f - h € Ly[a, b], Chebyshev func-
tional [11] is defined by

b b b
S(f,h)zﬁ/‘ f(t)h(t)dt—ﬁ/ f(t)dtﬁ/ h(t) dt. (25)

In [5], Cerone and Dragomir established the following inequalities for the Chebyshev
functional.

Theorem 7 (cf. [5, Th. 1]) Let f : [a,b] — R be an integrable function, h : [a,b] — R be
an absolutely continuous function, and g : [a,b] — R, defined by g(t) = (t —a)(b—t)[H (£)]?,
such that g € L,[a, b). Then the following inequality holds:

b 2
IS(f, h)| < %[ﬁsgm f (t—a)(b—t)(h’(t))zdti| : (26)

Remark 3 The constant % in (26) is the best possible.

Theorem 8 (cf. [5, Th. 2]) Suppose that h: [a,b] — R is monotonically nondecreasing
on a,b] and f : [a,b] — R is absolutely continuous with f' € Ly|a, b]. Then the following
inequality holds:

b
IS(, )| < z(bl_a) 17 / (¢ = a)(b — ) dh() (27)

Remark 4 The constant % in (27) is the best possible.

Now we use the above theorems and the results proved in the previous sections to obtain
certain Griiss type inequalities.

Theorem 9 Let —co<a<aj<ay---<a, <b<oo,r>2,letf:[ab] - R be such that
f € C"[a, b, and let the functions Hy, [ = 0,...,k;, j=1,...,r, Ay, §2,, and the functional
S be given by (5), (19), (20), and (25), respectively.
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(W) I3 ki+r=n—1,then
b
s~ [ wieytas

ro Kk b
=ZD(1+1)(aj)/ P, (x, t)Hy;(t) dt

j=1 1=0

FUD @) - f"D(a)
* b-a

+RM(f;a,b), (28)

b b
/ / P, ) Grar (t,5) dt ds
a a

where the remainder R; (f; a, b) satisfies the estimation

1
2

b
|Ri(f;a,b)|§|:b%aS(Aw,Aw) / (s—a)(b—s)(f(””)(s))zds] . (29)

(i) If 3, kj+r=n,then

b
f(x)—/ w(t)f (¢) dt
ro ki b
=22 @) f P, O H(0)di

j=1 =0

FOD@) - " D(a)
* b-a

+R%(f;a,b), (30)

b b 3
/ / P, (x,t)—Gp,(t,s)dt ds
a Ja ot

where the remainder Rfl (f; a, b) satisfies the estimation

b- b 2
IR2(fa,b)| < [T“S(Qw, 2.) / (s a)(b— ) (f"*V(s))* ds] . (31)
Proof
(i) By applying Theorem 7 to A,, in place of f and f* in place of 4, we obtain the

following:

L o) Lo LI
'b—a/a Ay(s)f (s)ds—b_a/a Aw(s)ds-b_a/a‘f (s)ds

2

< — —S(Aw A )/ (S—ﬂ)(b—s)(f(” 1)(5)) ds
b-a T a
Since

b
/ Ay ()" (s)ds

S DB) - " Va
- b-a

b
) / A(s)ds + R (f:a,b),
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from identity (12) we obtain (28). Further, the remainder R.(f;a, b) satisfies
estimation (29).
(i) Analogous to (i). O

Theorem 10 Let ~co<a<aj<ay---<a, <b<oo,r>2,letf:[a,b] - R be such that
f € C"a,b) with f**V) > 0 on [a,b), and let A,, 2,, be defined in (19) and (20). Then
we have representations (28) and (30) and the remainders R.(f;a,b), i = 1,2, satisfy the

bounds

[R,(fa.0)| <[4, [l%“ (@) + @) P B) 40 <a>] (32)
and

IAGTAIES e [l%“ (") + 1N @) D b) +f<“)(a)}. (33)

Proof By applying Theorem 8 to A,, in place of f and f) in place of /, we deduce

1 [t 1 b 1t
_— (n) - . (n)
‘b—a,/a Aw(s)f"(s)ds b—a/a A,(s)ds b—a/a f(s)ds

1
2(b —a)

=<

b
[ f (s—a)(b - s)f " V(s)ds. (34)

Since
b b
/ (s—a)(b-s)f"V(s)ds = / [25 - (a + B)]f"(s) ds
=-a[f" V) +/ V@] -2[f"P®) - P @],

using identity (12) and (34), we obtain (32). Similarly, from identity (14) we get inequality
(33). d

5 Inequalities for n-convex functions
The aim of this section is to consider certain inequalities for n-convex functions. This will
be done by using the properties of n-convex functions and generalizations of weighted
Montgomery identity obtained in Sect. 2.

Theorem 11 Let —-co<a<aj<ay---<a,<b<oo,r>2, Z;Zlkj+r:n—1,andletthe
Sfunctions Hy, 1 =0,...,k;, j=1,...,r, and Gy ,_1 be defined as (5) and (7), respectively. If
f:la,b] > Ris n-convex and

b
/ P, (x,t)Gpy-1(t,s)dt >0 foralls € [a,b], (35)
then
b rk b
fla) - / w(e)f (O dt - Y 1 V(a) / P,,(x, )Hy(t) dt > 0. (36)
a j=1 1=0 a

If the inequality in (35) is reversed, then the inequality in (36) is reversed, too.
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Proof Since the function f is n-convex, therefore, without loss of generality, we can assume
that f is n-times differentiable and f"(¢) > 0, ¢ € [a, b]. Using this fact and assumption
(35), by applying Theorem 2, we obtain (36). O

Theorem 12 Let —co<a<ay;<day---<ad, <b<oo, r>2, Z;:1/</+V=”, and let the
Sfunctions Hj, 1 =0,...,k;, j=1,...,r, and Gy, be defined as (5) and (7), respectively. If

f:la,b] - Ris n-convex and

b
/ P, (x, t)%GH,y,(t, s)dt >0 forallsel[a,b], (37)
then
b ro Kk b
flx) - / w)f@dt-Y > fOa) / Py, (x, t)H(t) dt > 0. (38)
a j=1 =0 “

If the inequality in (37) is reversed, then the inequality in (38) is reversed, too.

Proof The proof is similar to the proof of Theorem 11. g

6 Conclusion

In this paper, new generalizations of Ostrowski type inequalities are obtained. The meth-
ods used are based on the classical real analysis, application of the Hermite interpolating
polynomials and the weighted Montgomery identity. The obtained results and the Cheby-
shev functional are then applied to establish new upper bounds for the remainder of gener-
alized Montgomery identity. Also, certain inequalities for the class of n-convex functions
are derived. In our future work, we will investigate some applications of the above results

in numerical analysis and probability theory.
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