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Abstract
In this paper we study the curvature term for the Lagrange and PPH (Amat et al. in
Found. Comput. Math. 6:193–225, 2006 and Ortiz and Trillo in Preprint,
arXiv:1811.10566, 2018) reconstruction operators in uniform and nonuniform meshes.
We also make a comparison between both curvature terms in order to obtain an
inequality which clearly shows that the PPH reconstruction presents a lower
curvature term. Presenting a low curvature term is crucial in some applications, such
as smoothing splines.
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1 Introduction
Reconstruction and subdivision operators have been studied, analyzed and implemented
in computer aided geometric design, giving rise to interesting applications in different
fields of science. Subdivision schemes provide easy and fast algorithms for the generation
of curves and surfaces from a coarse initial set of control points. They are closely related
to reconstruction operators.

Starting from a given set of data, the target of the reconstruction operators is to obtain
a piecewise function p(x) which interpolates or approximates the data, preserving certain
properties which are of interest because of some geometrical or physical reasons. One
particular case is given by smoothing splines (see [3, 7]) in a given interval [a, b]. They are
built through polynomial reconstruction pieces that are connected in a smooth way at the
control knots and satisfy the minimization problem

min
p∈∏

n
J(p) := min

p∈∏
n

∫ b

a
p′′(x)2 dx +

∑

j

μj
(
p(xj) – fj

)2, (1)

where
∏

n stands for the set of polynomials of degree less or equal to n. The considered
functional implies a balance, dominated by the weights μj, between a low curvature term
and a small value of the accumulated distance to the initial set of data (xj, fj).
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PPH reconstruction was firstly defined in [1], although as subdivision scheme was al-
ready introduced in [4]. Later the PPH reconstruction operator was extended to allow for
the use of nonuniform meshes [6], which is needed to link this reconstruction with gen-
eral splines. This reconstruction is inherently a nonlinear interpolatory technique that has
some remarkable characteristics. We mention those that are attractive for our purposes.
In particular, a fixed centered stencil is used to build each polynomial piece, fourth-order
accuracy is reached in smooth convex regions, reduction to second-order occurs at the
vicinity of singularities but the approximation order is not completely lost as it happens
in the linear case, and Gibb’s effect is avoided. Also we especially remark two more prop-
erties which are going to be crucial for this reconstruction: convexity preservation when
dealing with initial discrete set of convex data [6] and a low curvature term. The latter
property about the curvature is part of what is going to be proven in the following sec-
tions. More precisely, we study the curvature term of the functional (1) for the Lagrange
and PPH reconstructions, in the uniform and nonuniform cases. Then, due to these suit-
able properties, we think that connecting the PPH reconstruction with smoothing splines
could result in very interesting applications.

The paper is organized as follows: In Sect. 2, we analyze the curvature term for the
Lagrange and PPH reconstruction on uniform meshes. In Sect. 3, we study the case of
nonuniform meshes. Finally, in Sect. 4, we present some conclusions and future perspec-
tives.

2 Study of the curvature term in uniform meshes
Let us consider the set of values fj–1, fj, fj+1, fj+2 corresponding to subsequent ordinates at
the abscissas xj–1, xj, xj+1, xj+2 of a regular grid X with fixed grid spacing h = xj+1 – xj. The
set of polynomials p(x), which pass through the central points (xj, fj) and (xj+1, fj+1), can be
written in terms of two free variables A and B as follows:

p(x) := –
1
6

(x – xj)(xj+1 – x)
[

A
(

1 +
xj+1 – x

h

)

+ B
(

1 +
x – xj

h

)]

+
xj+1 – x

h
fj +

x – xj

h
fj+1. (2)

From now on, we will use the following definition of the local curvature term.

Definition 1 Given a polynomial p(x) in an interval [xj, xj+1], we define the local curvature
term as

C(p) :=
∫ xj+1

xj

p′′(x)2 dx. (3)

In order to compute the local curvature term in Definition 1 for the set of polynomials
given by (2), we proceed as follows. The difference between the evaluation of polynomial
(2) and the corresponding initial data at the abscissas xj–1, xj+2 is given by

p(xj–1) – fj–1 = h2(A – 2Dj), p(xj+2) – fj+2 = h2(B – 2Dj+1), (4)

where Dj and Dj+1 are the second-order divided differences

Dj =
fj–1 – 2fj + fj+1

2h2 , Dj+1 =
fj – 2fj+1 + fj+2

2h2 . (5)
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Computing the second derivative of the polynomial p(x) in (2) and introducing this com-
putation in the local curvature term of expression (1), we get

C(p) :=
∫ xj+1

xj

p′′(x)2 dx =
h
3
(
A2 + AB + B2). (6)

2.1 Curvature term for the Lagrange reconstruction
Let pL(x) be the third-degree Lagrange polynomial, which interpolates the data (xj+s, fj+s),
s = –1, 0, 1, 2. In order to write pL(x) in the form of polynomial (2), we look for the ap-
propriate values of the parameters A and B, which allow for the remaining interpolation
conditions to be satisfied:

pL(xj–1) = fj–1, pL(xj+2) = fj+2. (7)

Solving the last two equations, we get

AL = 2Dj, BL = 2Dj+1.

Thus, the defined curvature term (6) takes the form

CL := C(pL) =
4h
3

(
D2

j + DjDj+1 + D2
j+1

)
. (8)

2.2 Curvature term for the PPH reconstruction
Let now pH (x) be the PPH polynomial (see [1]). This fourth-order reconstruction based
also on the data (xj+s, fj+s), s = –1, 0, 1, 2, basically proceeds as follows: firstly, a modification
of either fj–1 or fj+2 is carried out in order to avoid the bad influence of a potential singu-
larity at [xj–1, xj] or [xj+1, xj+2], respectively; secondly, a third-order Lagrange interpolation
is applied to the modified data. Then, due to this intrinsically nonlinear nature, we need
to consider two different cases to carry out the curvature study for pH (x). This is done in
the following theorem.

Theorem 1 The curvature term associated with the PPH polynomial pH (x) in a uniform
mesh with grid spacing h is given by

CH =

⎧
⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎩

4hD2
j (D2

j –2DjDj+1+13D2
j+1)

3(Dj+Dj+1)2 if |Dj| ≤ |Dj+1| & DjDj+1 > 0,
4hD2

j
3 if |Dj| ≤ |Dj+1| & DjDj+1 ≤ 0,

4hD2
j+1(13D2

j –2DjDj+1+D2
j+1)

3(Dj+Dj+1)2 if |Dj| > |Dj+1| & DjDj+1 > 0,
4hD2

j+1
3 if |Dj| > |Dj+1| & DjDj+1 ≤ 0,

(9)

where Dj and Dj+1 are the second-order divided differences defined as

Dj =
fj–1 – 2fj + fj+1

2h2 , Dj+1 =
fj – 2fj+1 + fj+2

2h2 .

Moreover, for all cases CH satisfies CL – CH ≥ 0.
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Proof Depending on the absolute values of the second-order divided differences Dj and
Dj+1 in (5), we analyze the following two cases:

Case 1. |Dj| ≤ |Dj+1|, i.e., a potential singularity lies at [xj+1, xj+2].
In this case, in order to build the pH (x) in the form of polynomial (2), we need to impose

the following two conditions:

pH (xj–1) = fj–1, pH (xj+2) = f̃j+2, (10)

where f̃j+2 represents the modified value at xj+2, and it is computed by (see [1] for more
details)

f̃j+2 = fj+2 – 4h2
(

Dj + Dj+1

2
– D̃j

)

, (11)

where D̃j stands for the extended harmonic mean defined by

D̃j =

⎧
⎨

⎩

2DjDj+1
Dj+Dj+1

if DjDj+1 > 0,

0 else.
(12)

Solving equations (10) for the free parameters results in

AH = 2Dj, BH = 4D̃j – 2Dj.

Depending on the sign of the product DjDj+1, the parameter BH takes a different expres-
sion, and therefore the same happens for the curvature term CH defined by CH := C(pH ),
according to expression (6). We consider now the following new two cases:

Case 1.1. DjDj+1 > 0.
In this case the term BH reads

BH =
2Dj(3Dj+1 – Dj)

Dj + Dj+1
,

and thus

CH =
4hD2

j (D2
j – 2DjDj+1 + 13D2

j+1)
3(Dj + Dj+1)2 .

It is now interesting and, in fact, part of our objective with this computation to compare
the obtained curvature with the previous result (8) for the usual third-order Lagrange
polynomial. Performing this comparison, we reach to

CL – CH =
4hDj+1(Dj+1 – Dj)2(5Dj + Dj+1)

3(Dj + Dj+1)2 ≥ 0, (13)

which shows clearly that the curvature term CH for the PPH reconstruction is always lower
than the corresponding curvature CL for the Lagrange polynomial. This could be an inter-
esting property in practical applications related with manufacturing and graphical design.

We study now the other case.
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Case 1.2. DjDj+1 ≤ 0.
In this case the terms BH and CH read

BH = –2Dj, CH =
4hD2

j

3
.

Therefore the difference CL – CH is now

CL – CH =
4hDj+1(Dj + Dj+1)

3
≥ 0. (14)

Again we see that also in this case the curvature term CH for the PPH reconstruction is
lower than the corresponding curvature CL for the Lagrange polynomial.

Case 2. |Dj| > |Dj+1|, i.e., the potential singularity lies at [xj–1, xj]. In this second case, in
order to build the polynomial pH (x) in the form (2), we need to impose the following two
conditions:

pH (xj–1) = f̃j–1, pH (xj+2) = fj+2. (15)

where f̃j–1 is the modified value at xj–1. Its expression is given by (see [1] for more details)

f̃j–1 = fj–1 – 4h2
(

Dj + Dj+1

2
– D̃j

)

. (16)

Working in a similar way to Case 1, we obtain

AH = 4D̃j – 2Dj+1, BH = 2Dj+1,

and, depending on the sign of the product DjDj+1, we consider two subcases:
Case 2.1. DjDj+1 > 0.
Replacing D̃j by (12) in the expression of AH , we get

AH =
2Dj+1(3Dj – Dj+1)

Dj + Dj+1
,

and therefore from (6) we have

CH =
4hD2

j+1(13D2
j – 2DjDj+1 + D2

j+1)
3(Dj + Dj+1)2 .

Computing the difference between the curvature terms CL and CH , we obtain

CL – CH =
4hDj(Dj – Dj+1)2(Dj + 5Dj+1)

3(Dj + Dj+1)2 ≥ 0. (17)

Case 2.2. DjDj+1 ≤ 0. Replacing D̃j by (12) in the expression of AH , we get now

AH = –2Dj+1,
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and therefore from (6) this time we have

CH =
4hD2

j+1

3
.

Finally, the difference between both curvature terms writes

CL – CH =
4hDj(Dj + Dj+1)

3
≥ 0. (18)

�

We have just seen that for data in uniform grids, the curvature term in equation (1) asso-
ciated to PPH reconstruction operator remains below the value of the curvature associated
to Lagrange operator.

3 Study of the curvature term in nonuniform meshes
Let us consider the set of points fj–1, fj, fj+1, fj+2 corresponding to subsequent ordinates at
the abscissas xj–1, xj, xj+1, xj+2 of a nonuniform mesh X. Let be hj = xj – xj–1, hj+1 = xj+1 – xj,
hj+2 = xj+2 – xj+1. Similarly to the uniform case, polynomials p(x), which pass through the
central points (xj, fj) and (xj+1, fj+1), can be written as

p(x) := –
1
6

(x – xj)(xj+1 – x)
[

A
(

1 +
xj+1 – x

hj+1

)

+ B
(

1 +
x – xj

hj+1

)]

+
xj+1 – x

hj+1
fj +

x – xj

hj+1
fj+1. (19)

At the boundary points xj–1, xj+2 of the interval, the distance of the polynomial to the
initial data is:

p(xj–1) – fj–1 =
hj(hj + hj+1)

6hj+1

(
A(hj + 2hj+1) + B(hj+1 – hj) – 6Djhj+1

)
,

p(xj+2) – fj+2 =
hj+2(hj+1 + hj+2)

6hj+1

(
A(hj+1 – hj+2) + B(2hj+1 + hj+2)

– 6Dj+1hj+1
)
,

(20)

where Dj and Dj+1 are the general divided differences defined by

Dj =
fj–1

hj(hj + hj+1)
–

fj

hjhj+1
+

fj+1

hj+1(hj + hj+1)
,

Dj+1 =
fj

hj+1(hj+1 + hj+2)
–

fj+1

hj+1hj+2
+

fj+2

hj+2(hj+1 + hj+2)
.

(21)

Introducing the second derivative of (19) in the curvature term of (1), we get

C(p) =
∫ xj+1

xj

p′′(x)2 dx =
hj+1

3
(
A2 + AB + B2) =

hj+1

3
(
(A + B)2 – AB

)
. (22)
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3.1 Curvature term for the Lagrange reconstruction in nonuniform meshes
When p(x) is the Lagrange polynomial pL(x), it verifies

pL(xj–1) = fj–1, pL(xj+2) = fj+2. (23)

Previous conditions and Eq. (20) result in the following linear system for A and B:

AL(hj + 2hj+1) + BL(hj+1 – hj) = 6Djhj+1,

AL(hj+1 – hj+2) + BL(2hj+1 + hj+2) = 6Dj+1hj+1.
(24)

Solving this system, we obtain the parameters A and B for the Lagrange polynomial as

AL =
2[Dj(2hj+1 + hj+2) + Dj+1(hj – hj+1)]

hj + hj+1 + hj+2
,

BL =
2[Dj(hj+2 – hj+1) + Dj+1(hj + 2hj+1)]

hj + hj+1 + hj+2
.

(25)

It is convenient to observe that

AL + BL = 4Mj,

AL – BL =
6hj+1(Dj – Dj+1)
hj + hj+1 + hj+2

.
(26)

Plugging these values into expression (22), we get the curvature term CL = C(pL) for the
Lagrange reconstruction.

3.2 Curvature term for the PPH reconstruction in nonuniform meshes
The PPH reconstruction in nonuniform meshes is defined in the interval [xj, xj+1] by using
the data fj–1, fj, fj+1, fj+2 at the abscissas xj–1, xj, xj+1, xj+2 in the following way: depending
on the relative size of |Dj| an |Dj+1|, we substitute either fj–1 for f̃j–1 or fj+2 for f̃j+2. After this
replacement, Lagrange reconstruction is applied to the new set of data. We remark that
the initial substitution is made in order to adapt to the presence of potential singularities
and, at the same time, maintain the fourth-order accuracy of Lagrange reconstruction in
smooth convex areas.

In what follows, we present some expressions that we will need to derive the curvature
term. For more information about these expressions, see [6]. The mentioned substitutions,
depending on the relative size of |Dj| and |Dj+1|, take the form

f̃j–1 = fj–1 –
hj(hj + hj+1)

wj
(Mj – Ṽj), (27a)

f̃j+2 = fj+2 –
hj+2(hj+1 + hj+2)

wj+1
(Mj – Ṽj), (27b)

where Mj and Ṽj are weighted arithmetic and harmonic means of Dj and Dj+1, that is,

Mj = wjDj + wj+1Dj+1, (28)
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Ṽj =

⎧
⎨

⎩

DjDj+1
wjDj+1+wj+1Dj

if DjDj+1 > 0,

0 otherwise,
(29)

and the weights wj, wj+1 are defined by

wj =
hj+1 + 2hj+2

2(hj + hj+1 + hj+2)
,

wj+1 =
hj+1 + 2hj

2(hj + hj+1 + hj+2)
= 1 – wj.

(30)

From Eqs. (28) and (29) we obtain

Mj – Ṽj =

⎧
⎨

⎩

wjwj+1(Dj+1–Dj)2

wjDj+1+wj+1Dj
if DjDj+1 > 0,

Mj otherwise.
(31)

This expression will be used later.
The divided differences D̃j and D̃j+1 calculated with the PPH ordinates f̃j–1 and f̃j+2 are

now given by

D̃j =
f̃j–1

hj(hj + hj+1)
–

fj

hjhj+1
+

fj+1

hj+1(hj + hj+1)
,

D̃j+1 =
fj

hj+1(hj+1 + hj+2)
–

fj+1

hj+1hj+2
+

f̃j+2

hj+2(hj+1 + hj+2)
,

(32)

and their difference with (21) becomes

Dj – D̃j =
fj–1 – f̃j–1

hj(hj + hj+1)
=

Mj – Ṽj

wj
,

Dj+1 – D̃j+1 =
fj+2 – f̃j+2

hj+2(hj+1 + hj+2)
=

Mj – Ṽj

wj+1
.

(33)

We are now ready to compute the curvature term associated to PPH reconstruction p(x) =
pH (x).

Theorem 2 The curvature term associated to the PPH polynomial pH (x) in a nonuniform
mesh satisfies

(1.1) If |Dj| ≤ |Dj+1| & DjDj+1 > 0,

CL – CH =
12h3

j+1wjw2
j+1

(2hj + hj+1)2

(
wjDj+1 + wj+1Dj + Dj

(wjDj+1 + wj+1Dj)2

)

(Dj+1 – Dj)3

+ 4hj+1
(
M2

j – Ṽ 2
j
)
.

CL – CH ≥ 0.
(1.2) If |Dj| ≤ |Dj+1| & DjDj+1 ≤ 0,

CL – CH =
8Mjhj+1

(2hj + hj+1)2

(
2
(
h2

j + hjhj+1 + h2
j+1

)
Mj – 3h2

j+1Dj
)
,
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CL – CH ≥ 0, under one of these natural conditions:
(1.2.1) If Mj and Dj have different sign.
(1.2.2) If Mj and Dj have the same sign and

Mj

Dj
>

3h2
j+1

2(h2
j + hjhj+1 + h2

j+1)
.

(2.1) If |Dj| > |Dj+1| & DjDj+1 > 0,

CL – CH =
12h3

j+1w2
j wj+1

(hj+1 + 2hj+2)2

(
wjDj+1 + wj+1Dj + Dj+1

(wjDj+1 + wj+1Dj)2

)

(Dj – Dj+1)3

+ 4hj+1
(
M2

j – Ṽ 2
j
)
,

CL – CH ≥ 0.
(2.2) If |Dj| > |Dj+1| & DjDj+1 ≤ 0,

CL – CH =
8Mjhj+1

(hj+1 + 2hj+2)2

(
2
(
h2

j+1 + hj+1hj+2 + h2
j+2

)
Mj – 3h2

j+1Dj+1
)
,

CL – CH ≥ 0, under one of these natural conditions:
(2.2.1) If Mj and Dj+1 have different sign.
(2.2.2) If Mj and Dj+1 have the same sign and

Mj

Dj+1
>

3h2
j+1

2(h2
j+1 + hj+1hj+2 + h2

j+2)
.

Proof We need to consider two main cases.
Case 1. |Dj| ≤ |Dj+1|, i.e., the possible singularity is at [xj+1, xj+2] and

pH (xj–1) = fj–1, pH (xj+2) = f̃j+2. (34)

From previous conditions and Eqs. (20) and (27b), we get the following linear system in A
and B:

AH (hj + 2hj+1) + BH (hj+1 – hj) = 6Djhj+1,

AH (hj+1 – hj+2) + BH(2hj+1 + hj+2) = 6D̃j+1hj+1.
(35)

We observe that this system has the same form as the system for the Lagrange case (24),
except for D̃j+1. Its solution is

AH =
2[Dj(2hj+1 + hj+2) + D̃j+1(hj – hj+1)]

hj + hj+1 + hj+2
,

BH =
2[Dj(hj+2 – hj+1) + D̃j+1(hj + 2hj+1)]

hj + hj+1 + hj+2
,
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which can also be expressed as

AH =
6Djhj+1 + 4(hj – hj+1)Ṽj

2hj + hj+1
,

BH =
–6Djhj+1 + 4(hj + 2hj+1)Ṽj

2hj + hj+1
.

(36)

From (36) we can easily see that

AH + BH = 4Ṽj. (37)

We also point out that parameters AL, BL and AH , BH are related by

AH = AL –
(

2 –
6hj+1

2hj + hj+1

)

(Mj – Ṽj),

BH = BL –
(

2 +
6hj+1

2hj + hj+1

)

(Mj – Ṽj).
(38)

Taking into account Eqs. (22), (26), (37) and (38), we obtain the difference CL –CH between
Lagrange and PPH curvature terms as

CL – CH =
12h3

j+1(Mj – Ṽj)
(2hj + hj+1)2

(
2wj+1(Dj+1 – Dj) – (Mj – Ṽj)

)

+ 4hj+1
(
M2

j – Ṽ 2
j
)
. (39)

Introducing the expression (31) of the difference Mj – Ṽj in previous equation, the follow-
ing subcases appear:

Case 1.1. DjDj+1 > 0. Then

CL – CH =
12h3

j+1wjw2
j+1

(2hj + hj+1)2

(
wjDj+1 + wj+1Dj + Dj

(wjDj+1 + wj+1Dj)2

)

(Dj+1 – Dj)3

+ 4hj+1
(
M2

j – Ṽ 2
j
)
. (40)

On the one hand, as the sign of Dj equals to the sign of Dj+1, we get M2
j ≥ Ṽ 2

j .
On the other hand, since we are in the case |Dj| ≤ |Dj+1|, this implies that

(wjDj+1 + wj+1Dj + Dj)(Dj+1 – Dj)3 ≥ 0.

Thus, CL – CH ≥ 0.
Case 1.2. DjDj+1 ≤ 0. This time

CL – CH =
8Mjhj+1

(2hj + hj+1)2

(
2
(
h2

j + hjhj+1 + h2
j+1

)
Mj – 3h2

j+1Dj
)
. (41)

So CL – CH will be positive if Mj and 2(h2
j + hjhj+1 + h2

j+1)Mj – 3h2
j+1Dj have the same sign.

This happens in the following cases:
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Case 1.2.1. Mj and Dj (the lower divided difference in absolute value) have different sign.

Case 1.2.2. Mj and Dj have the same sign and Mj
Dj

>
3h2

j+1
2(h2

j +hjhj+1+h2
j+1) .

The latter conditions are not always satisfied. However, we can solve this situation by
paying proper attention to the following facts:

• Case 1.2 will only take place around inflection points on the underlying function.
Therefore, if we work with data corresponding to strictly convex or concave functions
this case will never happen.

• Case 1.2.2 will not occur around discontinuities except for extremely nonuniform
grids where wj ≈ 1, since Mj and Dj have the same sign if and only if |Dj+1

Dj
| < wj

wj+1
.

• Under the assumption that for the given data condition in Case 1.2.1 is not satisfied,
although this is a rare situation, we can consider the replacement at this concrete
interval of the original data fj–1 by f̃j–1 according to (27a) instead of fj+2 by f̃j+2 in order
to attain CL ≥ CH . This observation is easily proven because we go directly to
Case 2.2.1. Thus, we give priority to the minimization of the curvature instead to the
adaption to possible singularities. Notice that as mentioned in the previous point,
there should not be a singularity at the considered interval but for exceptional cases.

Case 2. |Dj| > |Dj+1|, i.e., the possible singularity is at [xj–1, xj]. Here

pH (xj–1) = f̃j–1, pH (xj+2) = fj+2. (42)

Previous conditions, together with Eqs. (20) and (27a), give the following linear system for
A and B:

AH (hj + 2hj+1) + BH (hj+1 – hj) = 6D̃jhj+1,

AH (hj+1 – hj+2) + BH(2hj+1 + hj+2) = 6Dj+1hj+1.
(43)

Its solution is

AH =
2[D̃j(2hj+1 + hj+2) + Dj+1(hj – hj+1)]

hj + hj+1 + hj+2
,

BH =
2[D̃j(hj+2 – hj+1) + Dj+1(hj + 2hj+1)]

hj + hj+1 + hj+2
,

(44)

which can also be expressed as

AH =
–6Dj+1hj+1 + 4(2hj+1 + hj+2)Ṽj

hj+1 + 2hj+2
,

BH =
6Dj+1hj+1 + 4(hj+2 – hj+1)Ṽj

hj+1 + 2hj+2
,

(45)

where we see that, as in Case 1,

AH + BH = 4Ṽj.



Trillo and Ortiz Journal of Inequalities and Applications          (2019) 2019:8 Page 12 of 13

We also point out that parameters AL, BL and AH , BH are related by

AH = AL –
(

2 +
6hj+1

hj+1 + 2hj+2

)

(Mj – Ṽj),

BH = BL –
(

2 –
6hj+1

hj+1 + 2hj+2

)

(Mj – Ṽj).
(46)

Taking into account Eqs. (22), (26), (37) and (46), we also reach in this case to the expres-
sion for the difference CL – CH , between Lagrange and PPH curvature terms, given by

CL – CH =
12h3

j+1(Mj – Ṽj)
(hj+1 + 2hj+2)2

(
2wj(Dj – Dj+1) – (Mj – Ṽj)

)

+ 4hj+1
(
M2

j – Ṽ 2
j
)
. (47)

Using expression (31) of the difference Mj – Ṽj in previous equation, we get the subcases:
Case 2.1. DjDj+1 > 0. Here

CL – CH =
12h3

j+1w2
j wj+1

(hj+1 + 2hj+2)2

(
wjDj+1 + wj+1Dj + Dj+1

(wjDj+1 + wj+1Dj)2

)

(Dj – Dj+1)3.

+ 4hj+1
(
M2

j – Ṽ 2
j
)
. (48)

On the one hand, DjDj+1 > 0 implies M2
j ≥ Ṽ 2

j .
On the other hand, since |Dj| > |Dj+1|, we get

(wjDj+1 + wj+1Dj + Dj+1)(Dj – Dj+1)3 ≥ 0.

Thus, CL – CH ≥ 0.
Case 2.2. DjDj+1 ≤ 0. Now

CL – CH =
8Mjhj+1

(hj+1 + 2hj+2)2

(
2
(
h2

j+1 + hj+1hj+2 + h2
j+2

)
Mj – 3h2

j+1Dj+1
)
. (49)

So CL – CH will be positive if 2(h2
j+1 + hj+1hj+2 + h2

j+2)Mj – 3h2
j+1Dj+1 has the same sign as

Mj. This occurs when
Case 2.2.1. Mj and Dj+1 (the lower divided difference in absolute value) have different

sign.

Case 2.2.2. Mj and Dj+1 have the same sign and Mj
Dj+1

>
3h2

j+1
2(h2

j+1+hj+1hj+2+h2
j+2) .

At this point, the same observations as in Case 1.2 can be stated. That is, the latter
conditions are not always satisfied. However, we can solve this situation by paying proper
attention to the following facts:

• Case 2.2 will only appear around inflection points. Therefore, the case is avoided if we
consider only data corresponding to strictly convex or concave functions.

• Case 2.2.2 will not occur around discontinuities except for extremely nonuniform
grids where wj+1 ≈ 1, since Mj and Dj+1 have the same sign if and only if | Dj

Dj+1 | < wj+1
wj

.
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• Under the assumption that for the given data condition in Case 2.2.1 is not satisfied,
albeit this is not a common situation, we can give priority, as it happened in
Case 1.2.2, to the minimization of the curvature instead to the adaption to possible
singularities. Then, we consider in this case the replacement at this particular interval
of the original data fj+2 by f̃j+2 according to (27b) instead of fj–1 by f̃j–1 in order to attain
CL ≥ CH . Again this observation is trivial to prove. �

4 Conclusions and perspectives
We have obtained some inequalities which demonstrate that PPH reconstruction operator
behaves better than usual linear Lagrange reconstruction operator regarding curvature is-
sues. This study complements other previous results [1, 2, 6] where it was proven that PPH
reconstruction preserves also the convexity properties of the initial data. This property is
also inherited by the associated subdivision scheme [5, 8].

This opens up a potential future work connecting PPH reconstruction with smoothing
splines in order to obtain a PPH-type reconstruction of class C2 in the whole interval with
interesting convexity-preserving properties and low curvature term. Notice that piecewise
PPH reconstruction is only continuous at the joint nodes.
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