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Abstract

Let H(D) denote the space of all analytic functions on the unit disc D of the complex
plane C, ¥y, 1, € HD), and ¢ be an analytic self-map of D. In this paper, we
characterize the boundedness and compactness of a Stevi¢-Sharma operator Ty, v, ¢
from Hardy spaces H” (with 1 < p < 00) to the logarithmic Bloch spaces Biog.
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1 Introduction
We begin with a brief review of relevant concepts and results in one complex variable. Let
D = {z € C: |z|] < 1} be the open unit disc in the complex plane C, H(D) the class of all
analytic functions on the unit disc.

For 0 <r<1,f € H(D), we set

1/p

21
My(f,r) = <$/0 [f(rei0)|pd9) , 0<p<oo,

Moo(f,7r) = JJmax [f(reie) |

For 0 < p < 00, the classical Hardy space H? is the space of all analytic functions f on the
unit disk D such that

Ifllezr = sup My (f,r) < oo. 1.1)

0<r<1

It is well known that with the norm (1.1) the H” space is a Banach space if 1 < p < oo, for
0 < p <1, H? space is a nonlocally convex topological vector space, and d(f,g) = |If — gl
is a complete metric for it. Let H* denote the space of all f € H(D) for which ||f] . =
sup,cp lf (2)| < co. For more information about the H” space, one may see, for example,
[1,2].

The logarithmic Bloch space is defined as follows [3, 4]:

Biog = {f € HD): ||| = sup(1 - |z|*) log N 2 If'(2)] < oo}.
zeD - |z|
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The space Biog is a Banach space under the norm |[f||310g =[f(0)| + IIf]l. Let Biogo denote
the subspace of Bj,, consisting of those f € B, such that

2
lim (1-|z*) 1o ()| =0
IZH( |z%) S If'(2)|
It is obvious that there are unbounded By, functions. For example, consider the function
f(2) =loglog ;%,. There are also bounded function that they do not belong to Bjog. Partic-
ularly consider the inner function S(z) = eyg, where y € (0,1) and n € 9. Then
1oz 2yRe@) ] _ |2 2

= 2]/@_ lz=n2 g lz=n> — og .
-zl lz=n> " 1-l

|S/(z)|(1 - |z|2) log 1

Ifletz — nonthe horocycle 1oz |‘2 =c,wegetS ¢ Bjog. Actually this is not the only bounded

function which does not belong to Blog. Consider an interpolating Blaschke product. That
:= B(z), where {z} C D such that ) ., (1 - |z) < oo and sat-

Z—2
1-zxz

is a product [];-,

isfies the following property. There exists § € (0,1) such that [ ], | 411 kaZZ’ | > 6, for each
j€{1,2,...}. Then we observe that for each j,

B'(z)|(1-|z|? log > §log .

| 4 |( / |21 1 ZkZ] - |zl 1- |zl

So, it is obvious that the interpolating Blaschke products do not belong to Bjog but to H*
(5, Theorem 15.21]. It is easily proved that for 0 < & <1, Bf G Biogo & Bo and B* & Bieg &
B, here B is the little a-Bloch space and B“ is the a-Bloch space.

The space Bjog arises in connection to the study of certain operators with symbol. Arazy

n [6] proved that the multiplication operator M, is bounded on the Bloch space if and
only if Yy € H* N Bog. In [7], Brown and Shields extended this result to the little Bloch
space. Li and Stevi¢ in [8, Theorem 2.5] proved that I, : Z — Z is bounded if and only if
g € H® N Bog, here Lf (2) = [ f/(£)g(€) d&.

The space Bjog appeared in the study of the boundedness of the Hankel operators on the
Bergman space. Attele in [9] proved that for f € L%(D), the Hankel operator Hy : L}, (D) —
L'(D) is bounded if and only if ||f|| Byog < 00, thus giving one reason, and not the only reason,
why log-Bloch-type spaces are of interest. Ye in [3] proved that Beg is a closed subspace
of Bog. For some recent papers on some operators on Bj,, see, for example, [4, 10-18].

The composition, multiplication, and differentiation operator on H(DD) are defined as
follows:

(Cof)(2) = (f 0 9)(2) =f((,0(Z)), ze Dy
Myf)(2) = ¥ (2)f (2), zeDj
Df(z) =f'(z), zeD.

The differentiation operator is typically unbounded on many analytic function spaces.
For wl’ ¢2 € H(D), let

Ty naf @) = 1@ (0(2) + V2 (2)f (¢(2)), f € HD).
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The operator Ty, y,,, was studied by Stevi¢ and co-workers for the first time in [19, 20],
also see [21]. This operator is related to the various products of multiplication, composi-
tion, and differentiation operators. It is clear that all products of composition, multipli-
cation, and differentiation operator in the following six ways can be obtained from the
operator Ty, v, , by fixing ¥, Y. More specifically we have

MyCoD=Toye;  MyDCy=Toyy e CoMyD =Toyop,e;

DMy Cy =Ty yg,43 CoDMy = Tyrop,yg,05 DCoMy = Tyropg! (yop)e',p-

Product-type operators on some spaces of analytic functions on the unit disk have been
the object of study for several recent years (see, for example, [22—38] and also related refer-
ences therein). Ohno in [39] devoted most of the paper to finding necessary and sufficient
conditions for C,D to be bounded as well as for C,D to be compact on the Hardy space
H?. The operator DC,, was studied for the first time in [40], where the boundedness and
compactness of DC, between Bergman and Hardy spaces are investigated. Li and Stevi¢ in
[23, 27, 28, 41] studied the boundedness and compactness of the operator DC,, between
Bloch-type spaces, weighted Bergman spaces A% and B%, mixed-norm space and B* as
well as the space of bounded analytic functions and the Bloch-type space. Liu and Yu in
[31] studied the boundedness and compactness of the operator DC,, from H* and Bloch
spaces to Zygmund spaces. Yang in [42] studied the same problems for operators C,D and
DC, from Qg (p,q) space to B, and B, . Stevic¢ in [35] studied the boundedness and com-
pactness of the products of differentiation and multiplication operators DM, from mixed-
norm spaces to weighted-type spaces. Liu and Yu in [30] studied the operators DM, from
H? to Zygmund spaces. Yu and Liu in [43] investigated the same problems for operators
DM, from mixed-norm spaces to Bloch-type spaces. Zhu in [44] completely character-
ized the boundedness and compactness of linear operators which are obtained by taking
products of differentiation, composition and multiplication operators, and which act from
Bergman-type spaces to Bers spaces. Kumar and Singh in [45] investigated the same prob-
lem for operators DC,M,, acting on A%, and used the Carleson-type conditions. They also
found the essential norm estimates of M,,DC, in the spirit of the work by Cuc¢kovi¢ and
Zhao in [46]. Liang and Zhou in [47] investigated boundedness and compactness of the
operators C,D" between B* and 3# and formulas for the essential norms were derived.
Liang and Zhou in [48] found a new estimate of essential norm of composition followed
by differentiation between Bloch-type spaces. Ye in [49] estimated the norm and the es-
sential norm of composition followed by differentiation from logarithmic Bloch spaces to
H®. Hyvirinen and Nieminen in [50] investigated the behavior of DuC, : B* — BB, that
is, the product of a weighted composition operator #C,, and the differentiation operator D,
between Bloch-type spaces with standard weights. Further information on some related
product-type operators on spaces of holomorphic functions on the unit ball are treated,
for example, in [51-62].

Inspired by the above results, the purpose of the paper is to study the boundedness and
compactness of the operator Ty, y,, from Hardy spaces H” (with 1 < p < 00) to the loga-
rithmic Bloch spaces Bj,,. Throughout the paper, the letter C denotes a positive constant
which may vary at each occurrence, but it is independent of the essential variables.

The paper is organized as follows. Section 2 contains lemmas needed to prove Theo-
rem 3.1, Corollary 3.2, Corollary 3.3, Theorem 3.4, Corollary 3.5, Corollary 3.6, Theo-
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rem 4.1, Corollary 4.2, Corollary 4.3, Theorem 4.4, Corollary 4.5, and Corollary 4.6. Sec-
tion 3 considers the boundedness of the operator Ty, y, ¢ : H? — Biog(Blogo). Section 4
considers the compactness of the operator Ty, y, ¢ : H? — Blog(Blog0)-

2 Auxiliary results
For a better understanding, in this section we list up the following four auxiliary results
that are needed to prove our main results. The following lemma is folklore (see, e.g, [1, 2]).

Lemma 2.1 Assume that p € (0,00) and f € HP. Then for each n € Ny, there is a positive
constant C independent of f such that

lf(n)(z)| < ( Cllf I 2eD.

1— |Z|2)n+1/p’

The following lemma in [1, p.65] plays an important role in characterizing the bound-
edness and the compactness of the operators under consideration in this paper.

Lemma 2.2 Assume that p > 1, Then there is a positive constant C(p) independent of f
such that

2 de C
f < ®) zeD.
0

1-zlp = (1- |22

The following criterion for the compactness follows by standard arguments (see, e.g.,
the proofs of the corresponding lemmas in [63, Proposition 3.11] or [64, Lemma 2.10]).
The details will not be pursued here.

Lemma 2.3 Let Y, » € H(D), ¢ denotes an analytic self-map of D. Then Ty, y, , : HP —
Biog is compact if and only if Ty, y, o : H? — Biog is bounded and for every bounded se-
quence {f,} in H? which converges to zero uniformly on compact subsets of D as n — oo, we
have || Tl//m//z,wﬁt”Blog — 0asn— 0.

The following lemma can be proved similar to Lemma 1 in [65] (see, also [66]). The
details are omitted.

Lemma 2.4 A closed set K in Blog is compact if and only if it is bounded and satisfies

lim sup(1 - |z|2) log [f’(z)’ =0.

A1 ek 1-|dl
3 The boundedness of the operator Ty, y, , : H? — Biog(Biogo)
First we consider the boundedness of the operator Ty, y, ¢ : H? — Biog.

Theorem 3.1 Let Y, Y, € H(D), ¢ denote an analytic self-map of D. Then the following
statements are equivalent.

(@) Tyy e : HY — Biog is bounded;

(b)

(1-|21*)log 191 (2
su <00,
b (- lp@P)P
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N |21*) log 175 1¥1(2)¢' (2) + ¥3(2))| . 52)
b (1 o)) '

and

su (1- |21*) log 25 [ (2)¢' (2)) oo (3.3)
Wb 0 @R ' |

Proof (b) = (a). First assume that (3.1), (3.2), and (3.3) hold. Then for every z € D, f € H?,
by Lemmas 2.1 and 2.2, we have

(1- 1zl )log |(va1 vaaf) (@)

=(1-1z%) log 7 [v1 (2)f (¢(2))

—| |
+ (V12)¢' (2) + I/fz(Z))f "(9(2) + ¥2(2)¢' )" (0(2))|

<(1-1 )1og !1/f1( )| (0@)]
+(1-12%) log 7 |1/f1(2)<ﬂ’(2) + 93| |f (0)|
+(1-21*) log |w2 (2)¢'(2)f" (¢(2))|

1-
(1 - |Z| )lOg 1-|z| |W1( )|
(1-lo(2)2)r
(1— |21 log i ¥2(2)¢' ()]
(1 - lp(z)[2)>VP
< Clfllze- (3.4)

(1= |z log 25 1¥1(2)¢' (2) + ¥5(2)|
(1-lg(2)2)11lp

< Clif llur + ClIf | e

+ CIIf ll 1w

On the other hand, by Lemma 2.1 we have

((Tyr0ma$)O)] = [¥1(0)f (0(0)) + ¥2(0)f' (¢(0)) |

[¥1(0)] [¥2(0)]
C
= ((1— N AREIOR)

1+1/p> I Nl 222 (3.5)

Applying conditions (3.4) and (3.5), we deduce that the operator Ty, y, , : H? — Biog is
bounded.

(a) = (b). Now assume that Ty, y,  : HY — Bjog is bounded. That means that there exists
a constant C such that

I Ty1,p2.0f 1Bog < CIlIf ll12s

for all f € H?. For f(z) =1 € H?, we have

2
K :=sup(1 - |z|*) log |¥1(2)| < o0. (3.6)
zeD 1-1z|

For f(z) = z € H?, we have

sup(1—[2I") log 1= [V{(@)¢(2) + ¥1(@)¢' (@) + ¥3(2)| < o0, 3.7)

zeD
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By (3.6), (3.7), the triangle inequality, and the fact that ||¢| o <1, we obtain

2

Ky :=sup(1 - |z|*) log
zeD 1-

= [v1(2)¢' (2) + Y3 (2)]| < 0. (3.8)

For f(z) = 22 € H?, we get

sup(1 - le) log ——|¥{(2)(p(2))”
zeD - |Z|
+2(V1(2)¢' (2) + ¥3(2)) @(2) + 292(2)¢ (2)| < 00. (3.9)

From (3.6), (3.8), (3.9), the triangle inequality, and the boundedness of the function ¢(z),

we have

Ks:= sup(l - |z|2) log 2

[¥2(2)¢ (2)| < o0. (3.10)
zeD 1- |Z|

For a fixed w € D and constants a, b, we consider the following test functions:

al—w)  A-wP)?  bA-|wP)

Jul2) = A —wz)"lpr ~ (1—wz)2lp + (1 —wz)3+p’ (3.11)

By the elementary inequality (s + £} < C(s” + t*) (s > 0, t > 0) and Lemma 2.2, one has

1 2 .
M) = o | £, (re®)[” do

IA

C/”(Iﬂl"(l—IWIZ’)" (1-|w?)> Ibl"(l—IWIz)S")de
0

|1 — wret |1+p |1 — wreit |1+2p |1 — wret |1+3p

IA

C(Iﬂl”(l— wl*) s (1= [w?)? s |blP(1 - |W|2)3”)
A-lwiryp A -lwlr? 1= |wlr)*>

hence f,, € H? and

sup [[fwllwr < C. (312)

welD

A straightforward calculation shows that

—IwP - w*)? —lwl2)?
G W(aélf (V_tz)zm//"’) - Iél(zl'p—(IWzJ:ﬂ/z bi?f’i(lw,z)lﬂp) ) (3.13)
and
f(z) = (W)? (ﬂAl,pAzf(l —w?) ~ Az,pA&él _ |w|2)2>
w (1 —wz)3+lp = o
o <bA3g%%(zl);l|’1: = > (3.14)

where A;, =j+1/p,j=1,2,3,4.
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If taking a = 2” b AZ” in (3.11), then we have f (w) = f,/(w) = 0,

Gi(p)

(=P’

fw(W) =
where Ci(p) =a + b—1+#0. Thus for w € D, we have

C =1 Tyy,ys0fom llmr

> Sup(l - |Z| ) log |(T1/f1,1/f2,§0_f§0(w))/(z)’

zeD | |

—sup(l—IZI)log le @f o) (9(D) + (V19 (2) + ¥3(2)f;, (¢(2))

zeD

+ ¥2(2)0 (@) 0 (so(Z))|
> (1 - |w|2) (log

+ Ya (W)’ W)y (W) |

1G@)IA - W) (og ) 1Y (W)
) (L~ lg(w)[2)P

)wfl W (000)) + (Y2 (90 () + P30} ()

, (3.15)

from which we get (3.1).
For a fixed w € D, set

A-wP) - wP)? dl-w?)?

g2 = - (1 — wz)l+lp + (1 — wz)>p + (1 —wz)3p’ (3.16)
It is easy to see that
“Ap,(1=|w?)  cAr,(1—|w]?)?  dAs3,1-|w?)3
g, @) =w l,p(_ wl®) ¢ 2,p(_ [w|*) S,p(_ [w|*) , (3.17)
w 1- WZ)2+1/p a- WZ)3+1/p a- WZ)4+1/p

() = () —ApAzp(1- W) . Az pAsp(1= W)
(1 _ WZ)3+1/P (1 _ WZ)AHI/p

+ ()2 (dAS"’A‘*”’(l _ 'W|2)3>. (3.18)

(1 _ WZ)5+1/1’

By using the same argument in the above, we also have g,, € H” and sup,,.p llgwllmr < C
with a direct calculation. We can take two constants ¢ and d in (3.16) such that g, (w) =
g (w) =0, then

Cy(p)w

&)= oy

Hence, for w e D,

C = 1T y,v2.080m) L7

_ A= wP)og ) W (w)e/ (W) + 3wl lg(w)

a (1 - |p(w)[2)1+1p (3.19)
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Using (3.19) we have

(1= [w*)(log T [ (W)@’ (W) + Y3 (w)|

Lol A lpmPe
(1= [wI*)(log ) [¥1(w)e' (W) + Y ()l e (W)
<2 sup
%<‘¢(W)|<l (1 - |¢(W)|2)1+1/p
e [wi?)(log =50 [¥a(W)e' (w) + s (W) lp(w)]
i ¢ (1= lpw) PP
<2C<oo. (3.20)

According to (3.8), one has

(1= [w*)(log 1) [¥1 (W)@’ (W) + Y3 (w)]

sup
lpw)l<1 (A =lpmPye
4 1+1/p 2
<(3)" s o) g2 Yo+ vin
o<} ~Iwl
4 1+1/p
< <§) K5 < o0. (3.21)

Thus combining (3.20) and (3.21) we get the condition (3.2).
Next, we prove that (3.3). To see this, for a fixed w € D, put

el-w?)  fU-wPP  A-wP)P

(@)= = = ; 3.22
@ (1-wz)+lr ~ (1 -wz)2Vp (1 —wz)3+lp (3.22)
then
/ _ = eALp(l - |W|2) fAZ,p(l - |W|2)2 A3,p(1 - |W|2)3
hw(z) = W( (1 — wz)2+ip + (1L —wz)P+p - (L= wz)p (3.23)
and
1 e eAl,pAZp(l - |W|2) fAz,pAg'p(l — |W|2)2
)= (o (Laefeel D) SO
o (AspAsy(1—w?)?
2 3.p24p

We have h,, € H” and sup,,.p, ||/ [|lm» < C. We can take two constants e and f in (3.22)
such that 4, (w) = i, (w) = 0, then

Cs(p)(w)?

h;'//(w) = (1 _ |W|2)2+1/p'

Thus for w € D, we have

C = 1Ty, pa0hom) 1 Biog

N (1= [wl*)(log =) V2 (W)e' (W)l p(w)|*

N (1= g (w)|2)2+1p (325)
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By (3.25), we have

(1= [w*)(log =) [¥2(w)e' (W)
(1= lpw)[2)>1p

sup
3 <low)l<1

(1= [wI*)(log =) Y2 (W)e’ W)l lp(w) [
(1= lo(w)[2)>1p

sup
3 <lopw)l<1

gy A w08 ) 2000 ()0
=5 (1 |p(w)[)2 1P
<4C < o0, (3.26)

(1~ [w2)(log 2, ¥2(w)¢/ (w)
(A= [pw) 221

sup
low)| <1

2+1/p
< (é) sup (1 - |W|2> (lOg 2 > |1//2(W)<P/(W)|
lp

3 i<} 1wl

we 1-|w|

2+1/p 2
< <§) sup(1- |w|2)(log—>|1//2(w)¢’(w)|
< CK3 < 0. (3.27)
Combining (3.26) with (3.27) we get (3.3). That ends the proof of Theorem 3.1. O

The following corollary follows by setting v1(z) = ¥ (z) and ¥»(z) = 0 in Theorem 3.1 at

once.

Corollary 3.2 ([10, Theorem 4.1]) Let ¢ € H(D), ¢ denote an analytic self-map of D, then
the weighted composition operator Wy, , : H? — By, is a bounded operator if and only if

(1 -z log 125 1¥/'(2)|
X =Su
IR - le@P

and

(1-|z*) log 25 ¥ (2)¢' (2)|
= Su < Q.
T T Al

The following corollary follows by setting v1(z) = ¥'(z) and ¥,(z) = ¥ (2)¢(2z) in Theo-

rem 3.1 at once.

Corollary 3.3 Let v € H(D), ¢ denote an analytic self-map of D, then the weighted com-
position followed by differentiation DWy, , : H? — Blog is a bounded operator if and only

if

w (1- |z log 35 1¥"(2)|
b (- lp@P
(1 - [z1*) log 75 1V (2)(¢'(2) + 9(2)) + ¥ (2)¢' (2)]

Ssu <X
3 (1— @) P)1p

< 00,

Page 9 of 19
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and

o L) og ¥V @99 ()] .
e R ‘

By using the density of the set of all polynomials in H”, we can characterize the bound-
edness of Ty, y, ¢ : H? — Blogo.

Theorem 3.4 Let Y, Y, € H(D), ¢ denote an analytic self-map of D, then Ty, y, , : H? —
Biog,0 is a bounded operator if and only if Ty, y, , : H? — Biog is a bounded operator and

2

Il‘iglu — |z[*) log 0 l¥1(2)| =0, (3.28)
2

li}inl(l — |z|*) log - [¥1(2)@' (2) + ¥3(2)| =0, (3.29)

: 2 2 ’ _

lim (1—|2f°) log 7=~ [¥2(2)¢' ()] = 0. (3.30)

Proof For the first half of the theorem we may assume that Ty, y,, : H? — Biogo is
bounded, it is clear that Ty, y,, : H? — Blog is bounded. For f € H?, Ty, y, of € Biogo-
Taking f(z) = 1 € H?, we have

2
1-1z|

|l\iin1(l — |zI*) log [¥i(2)| =0,
that is, (3.28) holds. Taking f(z) = z € H?, we get

2
lim (1-|z*) 1o
|Z‘1—>1( |Z| ) g 1- |Z|

Y1 (2)e(2) + ¥1(2)¢' (2) + Y5 (2)| = 0. (3.31)

By (3.31), (3.28), the triangle inequality, and ||¢|lc <1, we have

2
1-1z]

lim, (1 [¢f*) log [¥1(2)¢'(2) + ¥5(2)] = 0,

that is, (3.29) holds. Taking f(z) = z2 € H”, one has

2
1-1z]

ll‘il_l}l(l — |z|*) log ¥{(2)(¢(2))”

+2(V1(2)¢' (2) + ¥3(2)) () + 292(2)¢'(2)| = 0. (3.32)

Using (3.28), (3.29), (3.32), the triangle inequality, and the boundedness of the function

¢(z) we have

2
1-z|

lim, (1 [¢f*) log [¥2(2)¢'(2)] = 0.

Hence (3.30) follows. The proof of the first half of Theorem 3.4 is thus complete.
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As for the proof of the second half, we let Ty, y, , : H” — Bj,; be bounded and (3.28),
(3.29), and (3.30) hold. Then for each polynomial L, one has

2 /
(1-2I?)log e (T 000D ()]
2

1-z|

= (1-|zI*) log [¥1(2)L(0(2)) + (V1(2)¢'(2) + ¥5(2)) L' (¢(2))

+Y2(2)¢' (D)L (9(2))|

2
= (1= 12f") log 7= [¥i(@)|[L(¢()|
(U= ) log 1 (112 6) + 3@ [ (0|
2
+(1-21*) log T h [v2(2)¢'(2)||L” (¢(2)|
= (1= 12*) log 1 _2|Z| [V @|IL ]I
+(1-121*) log 1 —2|z| [v1(2)¢'(2) + v ()| | L]
(1= 12F) log i@ @ 1] .

—0 as|z|—>1,

from which it follows that T'y, y, L € Biogo. Since the set of all polynomials is dense in H?,
thus for each f € H?, there is a sequence of polynomials {L}ken, such that

lim || Ly —fllw» =0,
k—o0
o

I Tyrs0Llic = Tyrnaf 1Big < 1 Ty liLi = fllwr — 0 as k — oo.

Since Biog,o is the closed subset of By,s, we see that Ty, y, of € Biogo, and consequently
Ty prp,0(HP) & Biogo, the boundedness of the operator Ty, y,, : H? — Biog implies that
Ty e : H? = Biogo is bounded. This ends the proof of Theorem 3.4. O

According to Theorem 3.4 we immediately get the following.

Corollary 3.5 ([10, Theorem 5.1]) Let ¢ € H(DD), ¢ denotes an analytic self-map of D,
then the weighted composition operator Wy, : H? — Biog 0 is bounded if and only if Wy, :
H? — Blog is bounded, v € Blog, and

2
1-|z|

lim (1 [2f*) log [¥(2)¢'(2)| = 0.

Corollary 3.6 Let y € H(D), ¢ denotes an analytic self-map of D, then the weighted com-
position followed by differentiation DWy, , : H? — Biog is a bounded operator if and only
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if DWy o : HP — Blog is bounded and

2

. 2 ” _
|l\1g1(1 — |2*) log - [v"(2)| = 0,
2
lim (1~ 12f°) log — ” V' (2)(¢'(2) + 9(2) + ¥ (2)¢'(2)| = 0,
2
L e

4 The compactness of the operator Ty, y, , : H? = Biog(Biogo)
Now we are in a position to prove compactness.

Theorem 4.1 Let Y1,y € H(D), ¢ denote an analytic self-map of D, then the following
statements are equivalent.

(@) Tyy e : HY — Biog is compact;

(b) Ty, yse : H? — Blog is bounded and

(1|2 log 2 [ (2)]

o A-lp@P)7P O D
mHu—mm%ﬁmmw¢@+%muQ 42)
lp@I—>1 (1~ lp(z))r+1p
i AP log p (@@l 3)
lp(@I—>1 1~ lg(2)|?)>+1p

Proof (b) = (a). Suppose that Ty, y, , : H” — Bjog is bounded, (4.1), (4.2), and (4.3) hold.
To prove that Ty, y, . : H” — Biog is compact, for any bounded sequence {f;} in H? with
fi = 0 uniformly on compact subsets of D, let ||f¢||z» < 1, it suffices, in view of Lemma 2.3,
to show that

| T’/flﬂ/fz,wﬁ”lﬁlog — 0 ask— oo.
By (4.1), (4.2), and (4.3), we have for any ¢ > 0, there exists p € (0,1) such that

(1 - Iz1*) log 135 11 (2)|
1~ lp() VP
(1 - Iz1*) log 135 1¥1(2)¢' (2) + Y5 (2)]
1~ lp(z))t+t/p

<&, (4.4)

<& (4.5)

and

(1~ I21*) log 175 1¥2(2)¢' (2)]

-l <° o

for p < |¢(2)| < 1. From the boundedness of the operator Ty, y, , : H? — Bj,g and the proof
of Theorem 3.1, (3.6), (3.8), and (3.10) hold. Since f; — 0 uniformly on compact subsets
of D, Cauchy’s estimate shows that f and f;’ converge to 0 uniformly on compact subsets
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of D, there exists a Ky € N such that k > K, implies that

[(Tyrimefi)(O)] + sup (1-12/?) log
lp(@)<p

< [¥1(0)fi ((0)) + ¥2(0)f; (¢(0)) |
2 /
1-— |Z| ‘WI(Z” lﬁ(((/)(z))}

2
1-|z| |(T¢'1,¢z,<pfk)/(z)|

+ sup (1— |z|2) log
lp(2)l=p

+ sup (1— |z|2) log
lp@)|<p

@@+ 16 ()]

+ sup (1-1zl*)log
lp@)I=p

2 / 1
- [V2(2)0' )| | (¢(2))]

< [¥10)[[fi((0)) | + [¥2(0)f (¢(0))]
+K; sup [fk(go(z))|+1<2 sup [fk(go(z))|+1<3 sup |f{ (¢(2)]

lp(2)<p lp2)I<p

< Ces.

When k > Ky, from (4.4), (4.5), (4.6), (4.7), Lemmas 2.1 and 2.2, one has

I Tlhﬂ#zy(ﬂﬁ( I Biog

= ’(Tllfllllfz,wﬁ()(o)’ + Su]g(l - |Z|2) log |(Tw1,w2,¢ﬁ(),(z)|

2
1-|z|

= <|(va1,wz,wﬁ<)(0)| + sup (1-1z )log
lp(2)<p | |

|(T¢1,¢2,¢fk)/(z)|

| (T‘/flﬂlev(ﬂﬁ(),(z) |>

+ sup (1 — || )log
p<lp(z)|<1 | |
<Ce+2C sup (- |Z|2)10g1—_\2||¢1/(z)|
p<le(z)|<1 (1 - |<P(Z)|2)1/p

(1 -1z log 175 1¥1()9'(2) + ¥3(2)

kllmp

I
+C s
o - PP Vel
c (1 - I21*)log 1 ¥2(2)¢' ()] 7l
+ sup k|| HP
p<le(z)|<1 (1 - |¢(z)|2)2+1/p
<5Cs,

it follows that the operator Ty, y,,¢ : Blog = Blog is compact.

Page 13 of 19

(@) = (b). It is clear that the compactness of Ty, y, , : H” — Bjog implies the bounded-
ness of Ty, y, o : H? — Biog. If |¢llo < 1, it is clear that the limit in (4.1), (4.2), and (4.3)
is vacuously equal to zero. Hence, assume that ||¢|« =1, let {zx} be a sequence in D such

that |p(zx)] — 1 as k — oo. We can use the test functions
ﬁ((z) :f(p(zk)(z):

fw here is defined in (3.11). Equations (3.12), (3.13), and (3.14) tell us that

sup [|fillwr < C
keN
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and

C ,
Si(o(z0)) = (1_“;(%, Sile@) =f (¢(zx) = 0.

We see that f; converges to 0 uniformly on D, hence f; converges to 0 uniformly on com-
pact subsets of . Then f; is a bounded sequence in H?” which converges to 0 uniformly
on compact subsets of D. By Lemma 2.3, we obtain

Hm (| Ty, s,0fk | B = O-
k— 00

From (3.15) and the compactness of Ty, y, , : H? — Blog, We get

LI~ |z *)(l0g 157 1v (2]
(1~ lp(z) )P

= ”Tllflﬂ//z«pﬂ”Blog — 0 ask— oo.

This proves (4.1).
Next, let

8k(2) = gy(z) (),

where g,, is defined in (3.16). By a direct calculation, we find that g; converges to 0 uni-

formly on compact subsets of I, gx € H?, and sup;y |Ig«||ln» < C. By Lemma 2.3, we have

lim I Ty1,v5.08k 1 B0 = O-
k—o00

Note that from (3.16), (3.17), and (3.18), one has gi(¢(zx)) = g (¢(zi)) = 0,

Cy(p)e(zi)

&20) = e

From (3.19) and using the compactness of the operator Ty, y, , : H? — Blog, we get that

|C2(p)I(1 = |zi*) (log 7)1 (209 (z4) + W3 (20l ()|
A~ lp(z)|?) P

= ”T‘//ln/fz,wgk”lﬁlog — 0 ask— oo. (4.8)

By (4.8) and |¢(zx)| — 1, we have

; (1 lze|*)(log )1V (2 (z) + Y3zl .
S (1= lp(z) PP I

it implies that (4.2) holds.
Analogously, (4.3) can be proved by choosing the test function /(z) = /1,(;,)(2), k1, here
is defined in (3.22), and that proves Theorem 4.1. O
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From Theorem 4.1 we can get the characterization of the compactness of the weighted
composition operator Wy, : H¥ — By, and the operator DWy, , : H? — Biqg.

Corollary 4.2 ([10, Theorem 4.2]) Let € H(D), ¢ denote an analytic self-map of D, then
the weighted composition operator Wy, : H? — By, is compact if and only if Wy, , : HP —

Biog is bounded and
(1~ lz*) log 5519 (2)]
m =V,
le@—1  (1—|p(2)2)VP
o A-1zP)log 24 1¥ () (2)]
lim l2 =
lp(@)—1 (1-p(z)2)+Vp

Corollary 4.3 Let € H(D), ¢ denote an analytic self-map of D, then the weighted com-
position followed by differentiation DWy, , : H? — Blog is a compact operator if and only if
DWy o : H? — Biog is bounded and

(1= Iz log 25 ¥ (2)]

B i P 15 I
(1= lzP)log 5 1Y (2)(¢'(2) + 9(2) + ¥ (2)¢' (2)]
lim =0,
lp(2)|—>1 (1 - |o(z)[?)+Vp
(1~ |z")log ;¥ ()¢ (2)]
wa1 (- lp@PP

Next we consider the compactness of Ty, y, , : H” — Biog0. The compactness of opera-
tors of which the range is in Bjog has a close relation with Lemma 2.4.

Theorem 4.4 Let Y1, Y, € H(D), ¢ denote an analytic self-map of D, then the following
statements are equivalent.
(@) Ty, yne : HP — Bogo is compact;

(b)
(=21 log 175 v (2)]
o v T )
i L lEPlog S @' + Y3 @) (10)
Ei 1~ e i '
and

o Al tog T V22e' ()]
A (- l@PE

(4.11)

Proof (b) = (a). Suppose that (4.9), (4.10), and (4.11) hold. By Theorems 3.1 and 3.4, it is
clear that Ty, y, o : H” — Biog is bounded. Taking the supremum in inequality (3.4) over
all f € H? such that ||f||g» <1 and letting |z| — 1, yields

lim sup (1- |z|2) log |(T,/,1,,1,2,¢f)/(2)| =0.

=1 )l <t 1-z|

Therefore, by Lemma 2.4, we have Ty, y, o : H” — Biog is compact.
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(@) = (b). Assume that Ty, y,,» : H” — Biogo is compact. Firstly, it is obvious Ty, y, . :
HP — Bjog is compact. By Theorem 4.1, ¥, ¥, and ¢ satisfy conditions (4.1), (4.2), and
(4.3). It follows that for every ¢ > 0, there exists p € (0,1) such that (4.4), (4.5), and (4.6)
hold for p < [@(z)| < 1. On the other hand, since Ty, y, : H? — Biogo is compact, then
Ty 2 : HP = Biogo is bounded. By Theorem 3.4, Y, 3, and ¢ also satisfy conditions
(3.28), (3.29), and (3.30). Thus for ¢ > 0, there exists y € (0,1) such that

2

(1-121%)log - lvi(2)| < (1- pz)llps, (4.12)
(1-12)log ; _2|Z| @' @) + ()| < (1= ) e, (4.13)
(1-1z*) log : —2|z| [V2(2)¢' (2)] < (1= ,02)2”/[’8, (4.14)

for y < |z| < 1. Next, we prove that (4.12) and (4.4) imply (4.9). The proof of (4.10) and
(4.11) is similar, hence it will be omitted.

From (4.4), one has, when y < |z] <1 and p < |p(2)] <1,

(1|2 log 121 (2)|

(ErERE (419
By (4.12), we get, when y < |z| <1 and |¢(2)| < p,
(1 - I21*) log 175 ¥ (2)]
1 - lp(2)|2)1p
_ A- 1) log v (2)] @16)

(- p2)

Having in mind (4.15) and (4.16) we conclude that (4.9) holds. This finishes the proof.
O

Due to Theorem 4.4, the characterization of the compactness of the weighted compo-
sition operator Wy, : H? — Bjog and the operator DWy, , : H? — Bogo are now obvi-

ous.

Corollary 4.5 ([10, Theorem 5.2]) Let ¢ € H(D), ¢ denote an analytic self-map of D, then
the weighted composition operator Wy, , : H? — Biog 0 is compact if and only if

(1 - [2*) log 5 1Y (2)]
A A-le@P)

and

(1-z*) log ;¥ ()¢ (2)]
Ao (- le@P

Corollary 4.6 Let y € H(D), ¢ denote an analytic self-map of D, then the weighted com-
position followed by differentiation DWy, , : H? — Blog is a compact operator if and only
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(1= |z log 519" (2)]

T e Y

o A le)tog v @' () + () + ¥ (' (@) 0

ot (T~ @R -
and

; (1- |21 log 1Y (e ()¢’ (2)] o

ER 1= lp@P)>P -
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