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Abstract

We study the mode and dispersion properties of graphene-dielectric nonlinear plasmonic waveguide considering
the dual nonlinearity of dielectric and graphene. For TM polarization, the mode distribution, the permittivity
distribution, and dispersion relation were obtained by numerically solving the Maxwell equations. Compared with
the case considering only the nonlinearity of dielectric, the initial field intensity to excite plasmon modes reduces
obviously when introducing the dual nonlinearity. In addition, the influence of dual nonlinearity on dispersion
relation is discussed, and we find that the graphene’s nonlinearity affects strongly the dispersion properties. The
introduction of dual nonlinearity leads to the decrease of the initial field intensity, which has potential application
in all-optical switches with low threshold.
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Background
The graphene plasmonics have attracted widespread at-
tention [1–4] due to the unique electronic and optical
features of graphene compared with metals. At THz and
far-infrared frequency range, the intraband transition of
electrons dominates and graphene behaves like a metal.
Therefore, the surface plasmon polaritons (SPPs) could
be supported by graphene. For the graphene-dielectric
multilayer composite structure, the modes excitation,
coupling, and propagation of SPPs have been investi-
gated. The quasi-transverse electromagnetic mode was
found in a graphene parallel-plate waveguide [5]. The
coupling of SPPs were studied [6, 7] in a graphene-
dielectric multilayer structure. For the monolayer gra-
phene sheet periodic array structure, strong coupling be-
tween SPPs emerges when the graphene sheets are
arranged tightly.
Considerable efforts have been devoted to investigat-

ing the optical properties of graphene-dielectric

nonlinear composite structures [8–12] for their great po-
tential in controlling light propagation at the micro-and
nano-scales. For the single layer graphene case, the sur-
face plasmons at the interface between graphene and
kerr-type nonlinear substrate were discussed [8]. It is
shown that the wavelength of graphene plasmons can be
tuned by adjusting the nonlinear permittivity of sub-
strates. For the graphene-nonlinear dielectric multilayer
structure, the propagation and localization properties of
graphene plasmons were explored, and the exact disper-
sion relations for TM surface plasmons of a graphene
parallel plate waveguide were obtained [11]. The propa-
gation and localization length are remarkably affected by
adjusting nonlinear permittivities. Recently, the disper-
sion relation for the symmetric and antisymmetric plas-
mon modes has been derived in a graphene-coated kerr
slab structure [12]. Except for the typical forward-
propagating mode, the symmetric, and antisymmetric
modes were found.
Based on the graphene’s strong nonlinearity, several

nonlinear optical effects have been predicted [13–17].
Nesterov et al. [15] studied the nonlinear propagation of
light in a graphene monolayer, and found that graphene
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monolayer can supports TE and TM spatial optical soli-
ton at optical frequencies due to the intrinsic nonlinear-
ity of graphene. More recently, replacing monolayer
graphene by multilayer graphene, Smirnova et al. [16]
investigated the nonlinear properties of a multilayer
stack of graphene sheets, and derived the nonlinear
equations describing spatial dynamics of the nonlinear
plasmons. The previous studies mainly focused on the
influence of single nonlinearity on control of light prop-
erties in graphene-dielectric structures. The idea of dual
nonlinearity control was introduced in the graphene-
based photonic superlattices [18, 19], in which the elec-
trical and all-optical control of photonic beams with
deep-subwavelength accuracy was achieved. However,
the dual nonlinearity control of mode and dispersion
properties in graphene-dielectric plasmonic structure
still leaves open many questions. Therefore, in this paper
we consider the graphene’s and dielectric’s nonlinearity
simultaneously in the graphene-dielectric-graphene
waveguide, and study the influence of the dual nonline-
arity on modes coupling and dispersion properties.

Methods
The graphene-nonlinear dielectric plasmonic waveguide
is schematically illustrated in Fig. 1, a graphene parallel
plate with a conductivity σg is placed at x = ± d/2, where
the dielectric is a kerr-type medium with a permittivity
ε = εL + α|E|2. In our analysis, the graphene is treated as
a boundary due to its thickness in one atom scale. Con-
sidering a transverse-magnetic(TM) SPPs that propagate
along z direction with a propagation constant β and ex-
ponentially decays along the x direction into the air and
nonlinear medium, respectively.
For the TM polarization, we know that there are three

field components Ex, Ez, and Hy. The magnetic field H =
Hyy and electric field E = Exx + Ezz satisfy the equations

dEz

dx
¼ iωμ0Hy þ iβEx ð1Þ

iβHy ¼ −iωε0εEx ð2Þ
dHy

dx
¼ iωε0εEz ð3Þ

where ε0 and μ0 are the electric permittivity and mag-
netic permeability of vacuum. From Eq. (2) and ε = εL
+ α|E|2 we can get

ε2E2
x ¼

β2

ω2ε20
H2

y ð4Þ

E2
x ¼ ε−εL−αE2

z

� �
=α ð5Þ

Substituting Eq. (5) into Eq. (4) we have

ε3− εL þ αE2
z

� �
ε2−

αβ2

ω2ε20
H2

y ¼ 0 ð6Þ

For cubic equation [20, 21]

x3 þ bx2 þ cxþ d ¼ 0 ð7Þ
The discriminant of Eq. (7) is

Δ ¼ b2c2−4c3−4b3d þ 18bcd−27d2 ð8Þ

Setting b ¼ − εL þ αE2
z

� �
; c ¼ 0 , and d ¼ −αβ2H2

y=

ω2ε20
� �

, it is easy to demonstrate that the discriminant of
Eq. (6) meets

Δ ¼ − εL þ αE2
z

� �3 αβ2

ω2ε20
H2

y−27
α2β4

ω4ε40
H4

y < 0 ð9Þ

Δ < 0 means that the Eq. (6) only has one real solution.
From Cardano’s method [20], we know that for the cubic
equation Eq. (7) it’s real root is

x ¼ −
b
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þ
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ð10Þ
where p = c − b2/3, q = d − bc/3 + 2b3/27. Using Eq.

(10) we can obtain the ε. Replacing the ε in Eq. (2) and
(3) by the real solution, the ordinary differential equa-
tions can be solved numerically by a relaxation method.

Results and Discussions
From continuity requirements of Ez and Hy, the bound-
ary conditions at x = ± d/2 satisfy E1z = E2z and H2y −H1y

= σgEz. The surface conductivity of graphene σg is gov-
erned by the Kubo formula [22] including the interband
and intraband transition contributions. In the THz and
far-infrared frequency range, the intraband transition

Fig. 1 Schematic diagram of nonlinear graphene-dielectric-graphene
plasmonic waveguide
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contribution dominates and the surface conductivity can
be simplified to a simple Drude type as [23]

σg ¼ e2μc
πℏ2

i
ωþ iτ−1

ð11Þ

where e is the electron charge, μc is the chemical po-
tential of graphene, ω is the frequency, and τ is the mo-
mentum relaxation time. This model is applicable in low
temperature limit (kBT < < μc) at low frequency (ℏω ≤ μc).
For the strong field condition, the nonlinear part of the
conductivity must be considered and the total conduct-
ivity of graphene reads [16]

σg ¼ σL þ σNL Eτj j2 ð12Þ

where Eτ is the tangential component of the electric
field and σNL denotes nonlinear conductivity [16]

σNL ¼ −i
3
8

e2

πℏ2

eνF
μcω

� �2 μc
ω

ð13Þ

where νF = 0.95 × 108cm/s is the Fermi velocity.
For the graphene, only in THz and far-infrared fre-

quency range can its surface conductivity be simplified
to a simple Drude type; therefore, we choose the inci-
dent wavelength as λ = 10 μm. Other parameters are
fixed to the values ε1 = 1, εL = 2.25, α = 5 × 10− 16(m/v)2

[24] EF = 0.27 ev, τ = 1.5 ps. It is well known that there
are two modes in graphene-dielectric-graphene linear
structures, which are symmetric and antisymmetric
modes, respectively. In the following, we will discuss the
influence of nonlinearity on modes distribution in the
graphene- dielectric composite structures.
Setting H0 as the initial magnetic field component at

incident interface, by solving Eqs.(1, 2, and 3) numeric-
ally, the dependence of initial magnetic field intensity H0

on the propagation constant β is given in Fig. 2. The
normalized propagation constant kF ¼ ffiffiffiffiffiffi

πn
p

is in units
of Fermi momentum [25], where n = 6 × 1012cm− 2 is
carrier density. The solid curves represent the case that
only the nonlinearity of dielectric is considered, while
the dashed curves denote the case that the nonlinearity
of dielectric and graphene are considered simultan-
eously. From Fig. 2 we find that the modes properties
for both cases are the same. There are three branches
which means the nonlinear plasmonic waveguide can
support three modes. However, compared with single
nonlinearity case, the initial field intensity reduced ap-
parently for the dual nonlinearity case. Although the
graphene nonlinear plasmonic waveguide can support
three modes, it is impossible to distinguish which branch
denotes symmetric, antisymmetric or asymmetric mode.
In order to determine the mode properties of each
branch, we plot electric field and magnetic field

distribution associated with A, B, C, and D in Fig. 3,
respectively.
For the branch of black dashed curve, the correspond-

ing permittivity and fields associated with A are plotted
in Fig. 3a, b, in which the distribution of the permittivity
and the electric field Ez is symmetric. Therefore, this
branch represents the symmetric mode. For the branch
of red dashed curve, the permittivity and fields associ-
ated with B are given in Fig. 3c, d. Distribution of per-
mittivity is still symmetric; however, the distribution of
electric field Ez is antisymmetric which implies this
branch is an antisymmetric mode. The distribution of
permittivity and field associated with C and D are plot-
ted in Fig. 3e–h. It is noted that the distribution of cor-
responding magnetic field and electric field associated
with C and D is asymmetric; therefore, the branch of
blue dashed curve represents asymmetric mode. Mean-
while, the asymmetric distribution of electric field leads
to the asymmetric distribution of permittivity.
Next, we turn our attention to discuss the influence of

nonlinearity of dielectric and graphene on dispersion re-
lation. Figure 4 shows the dispersion relation for a fixed
initial magnetic field (H0 = 300 A/m) and different chem-
ical potential and nonlinear coefficients of dielectric. In
Fig. 4a–c, the influence of nonlinear coefficient of dielec-
tric on dispersion relation is shown, where only the non-
linearity of dielectric is considered. When both the
nonlinear coefficient and the nonlinear conductivity
equal to zero (α = 0, σNL = 0), the nonlinear structure de-
generate into a linear structure. In Fig. 4a, for the linear
case, only symmetric and antisymmetric modes exist.
The black solid curve and the red solid curve represent
the symmetric and antisymmetric modes, respectively.
When the nonlinear coefficient is nonzero, an

Fig. 2 The initial magnetic intensity versus the propagation
constant. For the solid curves: α = 5 × 10− 16(m/v)2, σNL = 0; for the
dashed curves: α = 5 × 10− 16(m/v)2, σNL = 2.19 × 10− 20i, the horizontal
black solid line is an auxiliary line
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asymmetric mode as the branch III shown in Fig. 4b, c
appears in the structure. As the nonlinear coefficient in-
creases furtherly, the influence of the coefficient on dis-
persion properties becomes weak.

In the following, we introduce simultaneously the non-
linearity of dielectric and graphene, and discuss the in-
fluence of nonlinearity of graphene on dispersion
relation with a fixed nonlinear coefficient of dielectric α

a

c

e

g

b

d

f

h

Fig. 3 The permittivity and modes distribution for magnetic component Hy and electric component Ez. a and b correspond the point A (H0 =
300,β = 6.94 × 10− 2kF) marked in Fig. 2 for symmetric modes, c and d correspond the point B (H0 = 300,β = 7.81 × 10− 2kF) marked in Fig.2 for
antisymmetric modes, e and f correspond the point C (H0 = 300,β = 8.36 × 10− 2kF) marked in Fig. 2 for asymmetric modes, and g and h
correspond the point D (H0 = 700,β = 8.07 × 10− 2kF)

Jiang et al. Nanoscale Research Letters  (2017) 12:395 Page 4 of 6



= 5 × 10− 16(m/V)2. The results are shown in Fig. 4d-f.
Compared Fig. 4d with Fig. 4c, it is noticed that the
fold-back phenomenon of dispersion relation appears in
all three branches. From Eq. (13), we know that the gra-
phene’s nonlinearity can be controlled by adjusting the
chemical potential. As the nonlinearity of graphene fur-
ther increases from μc = 0.27 eV to μc = 0.16 eV, as
shown in Fig. 4e, the fold-back point of dispersion re-
lation moves up. For a larger nonlinearity of graphene
(with small chemical potential μc = 0.10eV), as shown
in Fig. 4f, only the symmetric mode appears and
forms a closed loop. From Fig. 4, we know that con-
sidering only the nonlinearity of dielectric, the disper-
sion relation shows three branches which are almost
unchangeable as the nonlinear coefficient of dielectric
increases. However, when we further introduce the
nonlinearity of graphene, the fold-back phenomenon
of dispersion relation appears. For the specified initial
magnetic field H0 and chemical potential the disper-
sion relation only shows a symmetric mode with a
closed loop.

Conclusions
In summary, we have investigated the mode and disper-
sion properties of graphene-dielectric nonlinear plas-
monic waveguide. The mode distribution, permittivity,
and dispersion relations were obtained by numerically
solving Maxwell equation for TM polarization. Com-
pared with the case considering only the dielectric’s non-
linearity, the initial field intensity reduced apparently
when considering the nonlinearity of dielectric and gra-
phene simultaneously. In addition, the dual nonlinearity
affects the dispersion properties of the waveguide signifi-
cantly. Especially, as the graphene’s nonlinearity in-
creases, the antisymmetric and asymmetric modes
merge into one and gradually disappear. Therefore, only
the symmetric mode can be found in the case of strong
nonlinearity.
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Fig. 4 The dispersion relation for a fixed initial magnetic intensity (H0 = 300 A/m) and for various nonlinear coefficient(a–c) and for various
chemical potential(d–f). a α = 0, μc = 0.27eV, σNL = 0, b α = 5 × 10− 17(m/V)2, μc = 0.27eV, σNL = 0, c α = 5 × 10− 16(m/V)2, μc = 0.27eV, σNL = 0, d μc
= 0.27eV, α = 5 × 10− 16(m/V)2, (e) μc = 0.16eV, α = 5 × 10− 16(m/V)2, and f μc = 0.10eV, α = 5 × 10− 16(m/V)2
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