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The (G/G)-expansion method is one of the most direct and effective method for obtaining exact solutions of
nonlinear partial differential equations (PDEs). In the present article, we construct the exact traveling wave solutions
of nonlinear evolution equations in mathematical physics via the (2 + 1)-dimensional breaking soliton equation by
using two methods: namely, a further improved (G/G)-expansion method, where G(¢) satisfies the auxiliary ordinary
differential equation (ODE) [G'(6))? =p G2(€) + q GHE) +r G%(6); p, g and r are constants and the well known
extended tanh-function method. We demonstrate, nevertheless some of the exact solutions bring out by these two
methods are analogous, but they are not one and the same. It is worth mentioning that the first method has not
been exercised anybody previously which gives further exact solutions than the second one.
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Introduction

Nonlinear evolution equations play a significant role in
various scientific and engineering fields, such as, optical
fibers, solid state physics, fluid mechanics, plasma physics,
chemical kinematics, chemical physics geochemistry etc.
Nonlinear wave phenomena of diffusion, reaction, disper-
sion, dissipation, and convection are very important in
nonlinear wave equations. In recent years, the exact solu-
tions of nonlinear PDEs have been investigated by many
researchers (see for example (Abdou 2007; Ablowitz &
Clarkson 1991; Akbar et al. 2012a; Naher et al. 2012; Akbar
et al. 2012b; Chen & Wang 2005; El-Wakil et al. 2010;
Fan 2000; He & Wu 2006; Hirota 1971; Darvishi & Najafi
2012; Kawahara 1972; Kudryashov 1990; Kudryashov
1991; Kudryashov 2009; Liu et al. 2001; Lu et al. 2009; Lu
2005; Miura 1978; Parkes 2010; Rogers & Shadwick 1982;

* Correspondence: ali_math74@yahoo.com

'Department of Applied Mathematics, University of Rajshahi, Rajshahi,
Bangladesh

2School of Mathematical Sciences, Universiti Sains Malaysia, Penang, Malaysia
Full list of author information is available at the end of the article

@ Springer

Bekir 2010; Wang & Zhang 2007; Wang & Zhou 2003;
Wang & Li 2005a; Wang & Li 2005b; Wang et al. 2007;
Wang et al. 2005; Ma et al. 2009; Wang et al. 2008; Wazwaz
2008a; Wazwaz 2008b; Inan 2010; Wazzan 2009; Yomba
2008; Naher et al. 2011; Yusufoglu & Bekir 2008; Zayed
et al. 2004a; Zayed et al. 2004b; Zayed et al. 2007; Akbar &
Ali 2011; Akbar et al. 2012¢; Zhang et al. 2002; Akbar & Ali
2011; Akbar & Ali 2012; Zhang & Xia 2008; Zhang & Xia
2007; Zhang et al. 2008a; Zhang et al. 2008b)) who are
concerned in nonlinear physical phenomena and many
powerful and efficient methods have been offered by
them. Among non-integrable nonlinear differential
equations there is a wide class of equations that referred to
as the partially integrable, because these equations become
integrable for some values of their parameters. There are
many different methods to look for the exact solutions of
these equations. The most famous algorithms are the trun-
cated Painleve expansion method (Kudryashov 1991), the
Weierstrass elliptic function method (Kudryashov 1990),
the tanh-function method (Abdou 2007; El-Wakil et al.
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2010; Fan 2000; Wazwaz 2008b; Wazzan 2009; Zayed et al.
2004b; Zhang & Xia 2008) and the Jacobi elliptic function
expansion method (Chen & Wang 2005; Liu et al. 2001; Lu
2005; Yusufoglu & Bekir 2008; Zayed et al. 2004a; Zayed
et al. 2007). There are other methods which can be found
in (Kawahara 1972; Wang & Zhang 2007; Wang & Zhou
2003; Wang & Li 2005a; Wang & Li 2005b; Wang et al.
2007; Wang et al. 2005). For integrable nonlinear dif-
ferential equations, the inverse scattering transform
method (Ablowitz & Clarkson 1991), the Hirota method
(Hirota 1971), the truncated Painleve expansion method
(Zhang et al. 2002), the Backlund transform method (Miura
1978; Rogers & Shadwick 1982) and the Exp-function
method (Naher et al. 2012; He & Wu 2006; Naher et al.
2011; Akbar & Ali 2011; Akbar & Ali 2012) are used
for searching the exact solutions.

Wang et al. (2008) introduced a direct and concise
method, called the (G'/G)-expansion method to look
for traveling wave solutions of nonlinear PDEs, where
G = G(§) satisfies the second order linear ODE G"(§) +A G’
(&) +pu G(€)=0; A and p are arbitrary constants. For
additional references see the articles (Akbar et al. 2012a;
Akbar et al. 2012b; El-Wakil et al. 2010; Parkes 2010;
Akbar & Ali 2011; Akbar et al. 2012¢; Zhang et al. 2008a;
Zhang et al. 2008b).

In this article, we bring in an alternative approach,
called a further improved (G'/G)-expansion method to
find the exact traveling wave solutions of the breaking
soliton equation, where G = G(¢) satisfies the auxiliary
ODE [G' (O =p G*E) + q G*&) +r G°(&); p, g and r are
constants. Recently El-Wakil et al. (2010) and Parkes
(2010) have shown that the extended tanh-function
method proposed by Fan (2000) and the basic (G'/G)-
expansion method proposed by Wang et al. (2008) are
entirely equivalent in as much as they deliver exactly
the same set of solutions to a given nonlinear evolution
equation. This observation has also been pointed out
recently by Kudryashov (2009). In this article, we assert
even though the basic (G'/G)-expansion method is
equivalent to the extended tanh-function method, the
further improved (G'/G)-expansion method presented
in this letter is not equivalent to the extended tanh-
function method. The method projected in this article
is varied to some extent from the extended (G'/G)-
expansion method.

The objective of this article is to show that the further
improved (G'/G)-expansion method and the celebrated
extended tanh-function method are not identical. Fur-
ther novel solutions are achieved via the offered fur-
ther improved (G'/G)-expansion method. It has not
been used by somebody previously. This approach will
play an imperative role in constructing many exact
traveling wave solutions for the nonlinear PDEs via the
(2 + 1)-dimensional breaking soliton equation.
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The further improved (G'/G)-expansion method
Suppose we have the following nonlinear partial differential
equation

F(”autauxvuyyuttauxtvuyh ) = 07 (1)

where u = u(x, y, t) is an unknown function, F is a poly-
nomial in u = u(x, y, £) and its partial derivatives in
which the highest order derivatives and the nonlinear
terms are involved. In the following we give the main steps
of the further improved (G G)-expansion method.

Step 1: The traveling wave variable,
u(x,yt)=u(ll) =x+y-Vt, (2)

where V' is the speed of the traveling wave, permits us
to convert the Eq. (1) into an ODE in the form,

P(u,u',u" u”,---) =0, (3)

wherein / = d%.

Step 2: Assume the solution of the Eq. (3) can be
expressed by means of a polynomial in (G7G) as follows:

u(é) = im (%) (4)

i=0

where a,(i=1,2, 3, --) are constants provided a,, # 0 and
G = G(¢) satisfies the following nonlinear auxiliary
equation,

(GO = pGHE) + gGH(&) + rGo(&), (5)

Where p, g and r are random constants to be
determined later (Table 1).

Step 3: In Eq. (4), # is a positive integer to be
determined; typically this involves balancing the highest
order nonlinear term(s) with the linear term(s) of the
highest order come out in Eq. (3).

Step 4: Substituting Eq. (4), into Eq. (3) and utilizing

Eq. (5), we obtain polynomials in G'(¢) and G/(¢) G' (£)
(i=0,%1,£2,+3,--). Vanishing each coefficient of the
resulted polynomials to zero, yields a set of algebraic
equations for a,, p, g, , Vand constant(s) of integration, if
applicable. If the original evolution equation contains
some arbitrary constant coefficients, these will, of course,
also appear in the system of algebraic equations. Suppose
with the aid of symbolic computation software such as
Maple, the unknown constants a,,, p, g, r and V can be
found by solving these set of algebraic equations and
substituting these values into Eq. (4), new and more
general exact traveling wave solutions of the nonlinear
partial differential Equation (1) can be found.
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Table 1 The general solutions of Eq. (5) are as follows (Yomba 2008; Zhang & Xia 2007)

No G(§) =
1 [ *Dqsechz(\/_e’) or *pqcschz(\/gg) 1 )
|a-pr (1= tanh(VFZ)) F-pr (1= coth(54))
- ) ;
—_ 2p
2 i\/ZCosh(Z\/ﬁg),q:| ,p > O,A >0 5
Y L
3 _i\/Kcos(2\/:55)*q:| or [iﬁsin(z\/:ﬁg),qil ,p<0,A>0 )
[ 3
-2
4 i\/:[sinh(Z\/Eg),q:| ,p > 0,A <0 9
- ] .
i Sem?(\/ﬁi) : pcsch7(\/5§) 2
5 _qi2\/ﬁtaﬂh(\/5§) or a£2 /prcoth(yp<) ,p>0, r>0 10

) sec2 \/_g -p cscz(ﬁf) g
q+2\/~pr tan \/_g :| |:qi2ﬁcot(\/7p5) » P < O’ r>0
et VPi—4q) 64pr:| p>0

1

2(1 =+ tanh( ff))} or{7§(1 + coth(} \/‘g‘))] >0,A=0

1
+p et VR 2
Gfp,eim} p>0,g=0

{
{ e
5
[

iﬁ,pzo,r:O

where A = g% - pr.

Application

In this section, we bring to bear the further improved
(G'/G)-expansion method to the (2 + 1)-dimensional
breaking soliton equation which is dreadfully important
nonlinear evolution equations in mathematical physics
and have been paid attention by a lot of researchers and
the extended tanh-function method to compare the so-
lutions obtained by the two methods.

On solving the (2 + 1)-dimensional breaking soliton
equation by the projected method

We start with the (2 + 1)-dimensional breaking soliton
equation (Darvishi & Najafi 2012; Bekir 2010; Ma et al.
2009; Inan 2010) in the form,

Upp=d Uy y U =2 U Uy = Uiy = 0. (6)

This equation was first introduced by Calogero and
Degasperis in 1977. The breaking soliton equation describe
the (2 + 1)-dimensional interaction of the Riemann wave
propagation along the y-axis with a long wave propagation
along x-axis (Ma et al. 2009). In the recent years, a consider-
able amount of research works on the breaking soliton equa-
tion have been accomplished. For example, its solitary wave
solutions, periodic and multiple soliton solutions are found
in (Inan 2010). Let us now solve the Eq. (6) by the proposed
further improved (G'/G)-expansion method. To this end, we
perceive that the traveling wave variable (2) permits us in
converting Eq. (6) into an ODE and upon integration yields:

Vu' +3) +u" =0 (7)

with zero constant of integration. Considering the homoge-
neous balance between the highest order derivative and the
nonlinear term come out in Eq. (7), we deduce that D(x')? =
D(u""), where D(u')? stands for degree of (#')* and so on.
This yield # = 1. Therefore, the solution (4) turns out to be

u() = <%) + ag (8)

Substituting (8) together with Eq. (5) into (7), we ob-
tain the following polynomial equation in G:

arq(V +4p)G* + (Bafqz +32arp+2Vayr+ 6a1q2) G*

©)

Setting each coefficient of the polynomial Eq. (9) to zero,
we achieve a system of algebraic equations which can be
solved by using the symbolic computation software such as
Maple and obtain the following two sets of solutions:

+12a;rg(ay +4)G® + 120, (a1 +4)GE =0

The set 1.

ay = -4, ag = ao, (10)

q=2pr, V=-4p,

where ag, p and r are arbitrary constants.
The set 2.
ap = _4a o = Qo, qzoa V= _16]9’

(11)

where ag, p and r are arbitrary constants.
Now for the set 1, we have the following solution:

u(é) = -4 (%) + ag,

where

{=x+y+dpt.

(12)

According to the step 2 of section 2, we have the sub-
sequent families of exact solutions:

Family 1. If p > 0, the solution of Eq. (5) has the form,
o) = | Pasetvp) N (13)
\4*-pr (1 + tanh(\/ﬁf))z_
or
6(6) = | LA ) I (14)
q*-pr (1 + coth(\/ﬁg“))z_
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In these cases we have the ratio,

G _ P{ 4*sinh(\/p<) cosh(y/p&)-2prsinh(,/p¢) cosh(/pé)F2pr cosh®(\/pé) £pr}
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G -q? COShZ(\/Ef) +2pr coshz(\/ﬁf) + Zprsinh(\/ﬁf) cosh(\/ﬁf) -pr (15)
and
G VP{q*sinh(/p¢) cosh(/p&)-2prsinh(y/pE) cosh(\/pé)F2pr cosh® (/pé) £ pr} (16)
G -q? coshz(\/ﬁf) +2pr coshz(\/ﬁé) + 2prsinh(,/p¢) cosh(\/p<é) + g*>-pr
respectively. or
Si =2 , sub ly, btain the follow-
ince gq \/pPT, subsequently, we obtain the follow u(E) = 42 B+ Zﬁcoth(\/ﬁg‘) o (21)

ing traveling wave solutions,

- 8\/ﬁsech2(2\/ﬁf) a
O =3P e o2 5 12
(17)
and
B i 8,/psech’(2,/p¢)
u(l) =4p 3sech’(2/p&) + 2tanh(2/p&) 72 o
(18)
where

{=x+y+idpt

Family 2. If p >0, r>0, the solution of Eq. (5) has
the form,

1
2

—p sech? (\/ﬁf)
q+ 2\/177tanh(\/}9'§)

pcsch? (\/ﬁf) %
q+2,/pr coth(\/ﬁé) .

Then we have the ratio,

G _ VB {£qsinh(y/p¢) cosh(y/pE) 72 /pF cosh? (&) /b7 )
G cosh(/p¢) { g cosh(y/p&) +2 /prsinh(y/pE) }

or G(¢)

G(¢) =

or

G —/P{*£gsinh(/p&) cosh(\/pE) £2./pF cosh® (/pE)F,/pT +
G sinh (/&) {gsinh(\/5¢) £ 2,/p7 cosh(,/5¢) } .

(20)

Since g = 2,/pr, subsequently, we obtain the following
traveling wave solutions:

u(&) = £2/p+2/ptanh(\/pé) + a

where
{=x+y+idpt

Family 3. If p <0, r> 0, the solution of Eq. (5) has the
form,

o=

o= em

q +2,/~prtan(/~p¢)

or

ol

. (22)

6(¢) = |—pecvpe) ]

q +2,/=prcot(,/=p¢)

Then we have the ratio

G _ P {2/ pr cos’ (=pE) + gsin(y=p<) cos(ypE) }
G cos(/=p¢&) { 2/~p7sin(/~p& + geos(/~pé)}

or

6 _ Ly ot () sasinlype) cos( /7))

G sin(y/=p¢) {2 y=preos(y=p¢) £ gsin(y-p¢)}

(23)

Since g = 2,/pr, subsequently, we obtain the follow-
ing traveling wave solutions:

-4,/~p{tan(2,/~p&)¥1}

“O=13 tan(2opd) + sec(2ypd) O
. —4Ap{tan(2,/7p¢) £ 1}
ue) = 17tan(2,/=p¢)-sec(2/~p<) +do, (24)
where

C=x+y+dpt.
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Family 4. If p >0, A =0, the solution of Eq. (5) has the

form,
- —4 1=+ tanh L ¢ :
_—Jq anh( 7 /2

s enfln))

Then we have the ratio

& Lo (1))

or

(25)

or

% _ g {:tl— coth G \/Ef> } (26)

Subsequently, we obtain the following traveling wave
solutions:

u(é) = —\/ﬁ{il—tanh G \/154*) } o

WE) = -vp {il— coth G @g) } + ao, (27)

where

{=x+y+idpt
Family 5. If p > 0, the solution of Eq. (5) has the form

peiZ N/ 2
G(&) = - (28)
(e*2VP-4q) " -64pr
Then we have the ratio
G VP {e™vPe-164> + 64pr} (29)

G FeVP< +8q e*2VPF1642 £ 64pr

Since q = 2,/p7, subsequently, we obtain the follow-
ing traveling wave solutions:

W0 = e e o 30
where
C=x+y+idpt
For the set 2, we have the following solution:
u() = -4 (%) tao (31)
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where
{=x+y+lopt.

According to the step 2 of section 2, we obtain the
subsequent families of exact solutions:

Cohort 1. If p >0, A >0, the solution of Eq. (5) has the
form,

1

G(¢) = (32)

2p r
+VA cosh(2 \/1—96) -q

Since g =0, then r < 0. In this case we have the ratio,

’

S~ ptanh(25¢) (33)

Therefore, we obtainthe following traveling wave solu-
tion,

u(é) = 4ﬁtanh(2\/13§) + o,

where

(34)

{=x+y+lopt.

Cohort 2. If p >0, A <0, the solution of Eq. (5) has the
form

2p

6le) = +V-A sinh(2 \/ﬁf) -q

(35)

Since g =0, then r > 0. In this case we have the ratio,

G/
— = —/pcoth(2,/p¢).

- (36)

Therefore, we obtain the following traveling wave so-
lutions:

u(é) = 4@coth(2\/ﬁ§) + o,

where

(37)

{=x+y+lopt.

Cohort 3. If p<0, A>0, the solutions of Eq. (5) has
the form,

_ 2p :
(&) = ++v/A cos (2 ﬁé‘) —q]
_ 2p :
Ge) = +£VAsin(2,/~p¢) —q] (58)
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Since g = 0, then r > 0. Thus we have the ratio,
S = pan(2yp)
or
g —pcot(2,/-p¢)

Therefore, we obtain the following traveling wave solu-
tions:

u(é) = —4\/1?tan(2 \/—_155) + ap

(39)

u(€) = -4 /P ot(2/pE) +a (40)
where

{=x+y+1lopt.

Cohort 4. If p >0, r> 0, the solutions of Eq. (5) has the
form,

[ pseat(ype) T
6() = q+ 2\/p—rtanh(\/ﬁ§)1
o pcsch2 (\/ﬁf) :
G(¢) = o ZWcoth(\/ﬁé)] : (41)
Since g = 0, we have the ratio,
g = ——\/—[tanh(\/—é) + coth(,/p¢)] (42)

Therefore, we obtain the following traveling wave solu-
tion:

u(&) = 2/p{tanh(\/p<&) + coth(\/p&)} + a0  (43)
where
C=x+y+1opt

Cohort 5. If p<0, r> 0, the solutions of Eq. (5) has the
form

T e L i I
g £2,/~prtan(/p¢)

or

(44)

pesc(ype) |
g +2 -prcot(\/~pé)
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Since g =0, then we have the ratio,

Gr

G vl By BI] @9

Therefore, we obtain the following traveling wave solu-
tions:

u(é) = ZH{ cot(ﬁf)—tan(ﬁf)} + ap,
(46)
where
C=x+y+1l6pt.

Cohort 6. If p > 0, g =0, the solution of Eq. (5) has the
form,

1
tpet2Vre
Ge) = |25 (47)
1-64pre*t Ve
Then we have the ratio,
G’ 1 +£
4 — 48
& =5 (17) (%)
where 64 pr=1.
Therefore, we have the solution:
u(é) = $— COth( ) + a, (49)
2r 4/r ’

where
{=x+y+1lopt.

Cohort 7. If p=0, r=0, then the solution of Eq. (5)
has the form,

1
G()=+——. 50
©) NG (50)
Then we have the ratio,
G' 1
= _Z . 51
g~ ztw (51)
Therefore, we have the solution:
u(é) =< + o, (52)
where

{=x+y+1lopt.

These are the exact solutions of the breaking soliton
equation obtained by the further improved (G'/G)-ex-
pansion method.
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On solving the breaking soliton equation by the
extended tanh-function method

With reference to the well-known extended tanh-function
method (Abdou 2007; El-Wakil et al. 2010; Fan 2000;
Wazwaz 2008b; Wazzan 2009; Zayed et al. 2004b; Zhang &
Xia 2008), the solution of the breaking soliton Eq. (6) can
be written in the form,

u($) = a1 (<) + ao, (53)
where ¢(¢) satisfy the Riccati equation
P'(E) = A+ ¢ (&) (54)
The Riccati Eq. (54) has the following solutions:
(i) If A <0, then
o) = —\/jtanh(\/jé’)
or
$(8) = -v/=Acoth (V=-4¢). (55)

(i) If A > 0, then

$() = VAtan(VAE) or ¢(¢) = ~VAcot(VAE)  (56)
(iii) If A = 0, then
(57)

Substituting (53) together with (54) into (7), we obtain
the following polynomial equation in ¢:
Sar (a1 +2)0* (&) + a1 (V +8A + 6a4) ¢* (&)
+aA(V+2A+3a;A)=0
(58)
Equating the coefficients of this polynomial to zero

and solving the set of algebraic equations with the aid of

Maple, we obtain the subsequent solution:
a; = —2, do — o, V =4A (59)

where a and A are arbitrary constants.

Accordingly the exact solutions of Eq. (6) have the fol-
lowing forms:

When A <0, the solution takes the form,

$(¢) = 2V-Atanh(V-A¢) + ao

B(&) =2V-A coth(Mé) + ao, (60)

where

=x+y-4AL.
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When A > 0, the solution takes the form,

P(&) = —2\/Ktan(\/gf) + ap

or

(&) = —2\/Zcot(\/Z§) + ap (61)
where

C=x+y-4At.

When A =0, the solution takes the form,
2

u(é) = E + ag, (62)
where

C=x+y-4At.

From the above results achieved by the two methods,
we can draw the following conclusive remarks:

Remark 1. If we put A = -4p where p > 0, the results
arranged in Eq. (59) are identical to the results (34) and
(37) respectively.

Remark 2. If we put A = —4p where p <0 then the
results arranged in Eq. (61) are identical to the results
given in (40).

Remark 3: Result given in (62) is alike to the result
given in (52).

Discussion
From these remarks we have the assessments: The exact
solutions of the breaking soliton equation obtained by
means of the extended tanh-function method can also be
found by the further improved (G/G)-expansion method
and in appendage some new solutions are obtained.
Recently Parkes (Parkes 2010) showed that the extended
tanh-function expansion method proposed by Fan in
(Fan 2000) and the basic (G'/G)-expansion method pro-
posed by Wang et al. in (Wang et al. 2008) are entirely
equivalent in as much as they deliver exactly the same
set of solutions to a given nonlinear evolution equation.
He demonstrated that in many articles in which the
basic (G/G)-expansion method has been used, the authors
claimed that new solutions have been derived but unfortu-
nately these solutions are often erroneous; the alleged the
so called new solutions are merely the disguised versions of
the previously known solutions. Parkes also claim that the
extended tanh-function expansion method delivers solu-
tions in an easy way, alternatively extra effort is necessary
when using the basic (G'/G)-expansion method. But, in
this article we have detected that the projected further
improved (G'/G)-expansion method and the extended
tanh-function expansion method are not equivalent
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although the extended tanh-function expansion method
and the basic (G/G)-expansion method are equivalent. We
see that by means of the extended tanh-function we attain
merely three solutions of the breaking soliton equation, al-
ternatively through the further improved (G/G)-expansion
method we obtain twelve solutions of which three solutions
are analogous, two are reducible and the rest of the seven
solutions cannot be found by the extended tanh-function
method. The calculations of the projected method are also
easier than the extended tanh-function method as well as
the basic (G/G)-expansion method.

Conclusions

A further improved (G'/G)-expansion method is sug-
gested and applied to the (2 + 1)-dimensional breaking
soliton equation. The results obtained by the suggested
method have been compared with those obtained by
the celebrated extended tanh-function method. From
this study, we observe that the further improved (G7G)-
expansion method and the extended tanh-function method
are not equivalent, although El-Wakil (El-Wakil et al. 2010)
and Parkes (Parkes 2010) have shown that the basic (G7G)-
expansion method and the extended tanh-function method
are equivalent. We see that all the results obtained by the
extended tanh-function are found by the suggested method
and in addition some novel solutions are attained. It is evi-
dent that obtained solutions are more general and many
known solutions are only special case of them. The analysis
shows that the proposed method is quite resourceful and
practically well suited to be used in finding exact solutions
of NLEEs. We expect the suggested method might be ap-
plicable to other kinds of NLEEs in mathematical physics
and this is our next job.
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