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Abstract

The fourth order matching operator on the hexagonal grid is constructed. Its
application to the interpolation problem of the numerical solution obtained by
hexagonal grid approximation of Laplace’s equation on a rectangular domain is
investigated. Furthermore, the constructed matching operator is applied to justify a
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corner singularity. Numerical examples are illustrated to support the analysis made.
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1 Introduction

When solving PDEs, many approximate methods, such as overlapping versions of domain
decomposition, composite grids and different types of combined methods, use the match-
ing operator to connect the subsystems within them. Hence, the approximation of the so-
lutions relies heavily on the order of accuracy of the matching operator, as well as on the
order of accuracy of the subsystems. In [1] and [2], the second order matching operator is
used to construct and justify the second order composite grid method for solving Laplace’s
boundary value problems. In [3], the fourth order matching operator is constructed and
used for the fourth order composite grids and in [4] and [5] it is used for the fourth or-
der Block-Grid method. In [6-9], the sixth order matching operator is constructed for the
Block-Grid method and it is used for the sixth order composite grids in [10].

In all of the above mentioned papers, the fourth and sixth order matching operators
were constructed on the basis of the 9-point finite difference solution of Laplace’s equa-
tion on square grids. In this paper, the matching operator is constructed for the solution
of the Dirichlet problem on a hexagonal grid. In order to approximate the given differ-
ential equations at each regular node Py on a hexagonal grid, the six equidistant nodes
surrounding Py are used, and the truncation error obtained is O(4*). Thus, we obtain the
same order of accuracy when using the 7-point scheme on the hexagonal grid, as we do
when using the 9-point scheme on the rectangular grid (see [11]). This has many compu-
tational advantages such as (i) the matrix of the system will contain seven diagonals rather
than nine and will lead to less use of memory space, (ii) the calculations will require less
computational effort and (iii) the algorithm will be easier to implement. Hexagonal grids
are favored in many applied problems in dynamical meteorology and dynamical oceanog-
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raphy as well (see [12-14]), due to the benefits a hexagonal grid provides, compared to a
rectangular grid.

Even though using a hexagonal grid has the above mentioned advantages, it has not been
used before in methods such as composite grids, domain decomposition, and combined
methods, as the fourth order matching operator for connecting the subsystems together
was not constructed. In this paper, in Section 2, the approximate solution in a hexagonal
grid on a rectangular domain is analyzed. In Section 3 a fourth order matching operator is
constructed and its application to find the fourth order accurate approximate solution on
the closed domain is considered. Section 4 contains the justification of using a hexagonal
grid for the solution of Laplace’s equation on a staircase polygon, with the use of the Block-
Grid method. This method requires the application of the matching operator constructed
in Section 3 and gives an overall fourth order accuracy. Numerical examples are illustrated

in Section 5 to support the analysis made.

2 Approximation in the hexagonal grid of the Dirichlet problem on a rectangle
Let IT = {(x,5) : 0 <x < a,0 < y < b} be a rectangle, y;, j = 1,2,3,4, be its sides, including
the ends, enumerated counterclockwise starting from left (Yo = ya, = ¥5), ¥ = U/tl Y
be the boundary of IT, and let A; = y;_; N y; be the jth vertex. We consider the boundary
value problem

Au=0 onll, (2.1)

u=¢ ony;,j=12,34, (2.2)
where A = 982/0x* + 3%/3y?, ¢ is a given function of arclength s taken along y, and

@ €C(y), 0<Ar<l,j=1,2,34. (2.3)
At the vertices s = s; (s; is the beginning of y;), the conjugation conditions

07 0(s) = (D19 (), q=0,1,2,3, (2.4)

are satisfied.
Let /> 0, with a/h > 2, b//3h > 2 integers. We assign " a hexagonal grid on IT, with
step size 4, defined as the set of nodes

k—j 3(k +j
Hh:{(x,y)enzx:%h,y:@

h,k:1,2,...;j:0:i:1ﬂ:2,...}. (2.5)
Let )/jh be the set of nodes on the interior of y;, and let )'/jh =y Ny, Y= U(y/h U )}jh),
T =n"u y". Also let TT*" denote the set of nodes whose distance from the boundary y

of T is £ and M = 11"\ 11"
We consider the system of finite difference equations
up =Su, on %, (2.6)

uy = S;‘uh + E;;,(‘/’j) on IT*, (2.7)
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up = (p} on th)j = 1; 2) 31 4, (2.8)

where
1 h V3 h
Su(x,y) = g<u(x+h,y)+u<x+ S Th) +u<x— S —h
+u(x—h,y)+u(x—ﬁ,y—£h)+u(x+ﬁ,y—£h)), (2.9)
2 2 2
. 1 h  3h
S; u(x,y) = ;(u(x+ E,y— T) +u(x+h,y)

+u(x+ﬁ,y+@)>, (2.10)

2 2
V3h V3h

1
E;“h(gz)/) = 1 (2g0,» (y + T) +8¢;(y) +2¢; (y - T)) (2.11)

From formulae (2.9) and (2.10) it follows that the coefficients of the expressions Su(x, y)
and S;u(x,y) are non-negative, and their sums do not exceed one. Hence, on the basis of
the maximum principle, it follows that the solution of system (2.6)-(2.8) exists and it is
unique (see [11]).

Everywhere below we will denote constants which are independent of / and of the cofac-
tors on their right by ¢, cp, 1, . .., generally using the same notation for different constants
for simplicity.

Lemma 2.1 Let

vi=Svi+f, onTI%,
* xh
V1= Sj vi om ITY,

=0 ony,
and
Vo =Svy +f), on n,
vy =Siv +J_’* on IT*"
2= 1 2 h ’
Vo =Ty, OM Y
where fh,fh,fz and n,, are arbitrary grid functions. If the conditions
— — _
Shz0 Ul <fw and 7,=0
are satisfied, then
Il <ws.

Proof The proof of this lemma is similar to the proof of the comparison theorem (see Ch. 4
in [11]). O

Page 3 of 19


http://www.boundaryvalueproblems.com/content/2014/1/73

Dosiyev and Celiker Boundary Value Problems 2014, 2014:73 Page 4 of 19
http://www.boundaryvalueproblems.com/content/2014/1/73

Theorem 2.2 Let u be the solution of problem (2.1), (2.2) and uy, be the solution of system
(2.6)-(2.8), then

mz}lx|uh —u| <ch?. (2.12)
Proof Let
€y =Up— U,

where u is the trace of the solution of problem (2.1), (2.2) on ﬁh, and uy, is the solution of
system (2.6)-(2.8). Then, the error function ¢, satisfies the following system:

€p=0€,+V¥Vy, onm ) :
Sep + WU o (2.13)
en=Sen+ WV onIT*, (2.14)
j h
e, =0 onm yh, (2.15)
where
Wy, =Su —u, (2.16)
U= S;"u —u+ E;Z(wj) (2.17)

are the truncation errors of equations (2.6) and (2.7), respectively.
On the basis of conditions (2.3) and (2.4), from Theorem 3.1 in [15] it follows that « €
C®*(T), 0 < A < 1. Then, by Taylor’s formula, we obtain (see [16])

max_’\Ilh(x,y)’ < h®Ms, (2.18)
(ry)ell
where
¥ u(x,
M; = sup { () ,i:O,l,...,j}.
()Tl ox' oy

We represent the solution of (2.13)-(2.15) as
€ = 6,1, + e,f, (2.19)
where

€ =Sel +W, onT™,
1 1 h
€,=Se, onlIl™,

€,=0 on yh
and

2_¢.2 oh
€, =S¢, onIl",
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2 _ %, 2 * *h
€, =S¢+, onll™,

By taking the function as v, = h*c;Mg(a® + b? — x* — y?) in Lemma 2.1, we obtain

max |e,1,| < max |vy| < cah* M. (2.20)
(xy)ellh (x,)ell

Using Taylor’s formula about each of the points (%, y) € IT*" and from (2.17), we have

max
(x,y)eIm*h

‘l/*| < 63M4h4.
On the basis of the maximum principle, we obtain

7
max |e;| <= max |U)| < caMyh®. (2.21)
(xy)emn” 4 (xy)emr+h

From (2.19), (2.20), and (2.21) it follows that

max |ey| < ch*. (2.22)
(x»y)Eﬁh O

Remark 2.3 Estimation (2.12) remains true when E].*h(goj) in system (2.6)-(2.8) is replaced
by

.1 V3h\ 1 V3hY\ 2 2 o /S
Fu=ga(r=5" ) #7000+ 55") + 3000 530”00+ g0

3 Construction of the fourth order matching operator
Let z = x + iy be a complex variable, and let 2 = {z : |z| < 1} be a unit circle. For a har-
monic function z on Q with u € C*°(Q), by Taylor’s formula, any point (x,y) € 2 can be

represented as

3 3
u(x,y) = Zak Rez* + Z b Imz* + O(r*), (3.1)
k=1

k=0

where r = /%2 + 2,

0,0) ou(0,0) 1 8%u(0,0) 1 93u(0,0)
ao =ulL, ’ ar = ——(— a) = ——(—— a3 = —————=>
0 ! ox 2T ax2 2731 93
9u(0,0) 1 3%u(0,0) 1 8%u(0,0)
b = , by=————F—, b3= ————.
dy 2 0xdy 3! 9x2dy

By analogy with the idea used in [8], we construct the operator S* from the condition

that the expression

Stu= kauk,
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where u = u(Py), Py is a node of the hexagonal grid IT”, gives the exact value of any har-
monic polynomial

3 3
F3(x,y) = Zak ReZ" + Z b Im 75,
k=0 k=1
at each point P € I1, and

& >0, Zékfl.

Let ITy denote the set of points P € I1 such that all the nodes Py to determine the expres-
sion S*u belong to ﬁh, and I1y; contain the points P, where some of the nodes Py emerge
through the side y;, j = 1,2,3,4. We construct the fourth order matching operator S* by
considering the cases when the point P belongs to one of the sets Iy or Ig;.

Case 1. The point P € I lies on the line connecting two neighboring grid nodes (a grid
line).

We place the origin of the rectangular system of coordinates on the node Py and direct
the positive axis of x along the grid line, so that P = P(§4,0), 0 < § < 1/2, and take the
nodes.

2

]

Py(0,0),  Py(h,0), p2<g,@>, Pg(hﬁh)’

2
() ()

2 2

First, we find the coefficients )\;, j=0,1,2,3, such that the representation
Uo = ko + MUy + Aytiy + Ayuis (3.2)

is true for the harmonic polynomials Rez", n = 0,1,2,3, where u = u(P), ux = u(Py), k =
0,1,2,3, z = x + iy. This gives the system

Ag+ Al + Ay +A5 =1,

/ / 1/ 1 /I
SAp+ A1+ =Ay—=A3=0,
2 2
(3.3)
82AL + A -lx’ -lx/ =0
0 1 2 2 2 3~

8hy + A=A + 45 = 0.
By solving system (3.3) and rearranging (3.2) for u, we obtain the equation

17} A AL A
U= )\—?—A—}ul—)\—?ug—k—?ug. (3.4)
0 0 0 0

We now take into consideration the nodes P4(g, - @) and Ps(- %, - @) which are sym-

metric to the points P, and Ps, respectively, with respect to the x-axis. Since Imz* =0,
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k=1,2,3 for y = 0, and odd with respect to y, and Re z*, k = 0,1,2, 3, is even with respect
to y, from (3.4) we have

wo X, A A X X

U=———Uy— —Uy — U — ——Us —
Ny M2 2a  2ap ¢ 2M

Us.

Hence, we obtain the matching operator S*, for which the expression

5
Stu=" ki (3.5)
k=0

gives the exact value of the harmonic polynomial Fs(x,y) at the point P, where

26 + 83
ho=—(-1+8)(1-8+6%), = ; ,

—(-1+68)8 —1+8)(~8 +28%
M:M:%, M:M:$.

It is easy to check that

Ao >0, A>0, j=1,2,3,for0<8<1/2, (3.6)
and
5
Z Ak =1 3.7)
k=0

Remark 3.1 When 1/2 < § <1, the node P, which is closest to P, is taken as the origin.

Case 2. The point P € Iy lies inside a grid cell of the hexagonal grid.

Again, we place the origin of the rectangular system of coordinates at the node Py and

3hic
2 )’

direct the positive axis of x along the grid line, so that P has the coordinates P(54,
where 0 < §,x <1/2. We form an artificial grid by taking the following points:

+
2 2

P/O<Kh \/§h/<)’ P/(h+ﬂ,*/§h">, p/(h ﬁ@p@’"),

2 ’

27 2 27 2 2 2
( h kh 3h /3l ,(h kh  /3h ﬁh/{)
Pyl —+—,—+ ) Pl-+—,—-+ ,
2 2 2 2 2 2 2 2
( b kh 3k ﬁhx)
P\ ——+—,—— + .
2 2 2 2

Each of the nodes P}<, k=0,1,...,5, of the artificial grid falls on a grid line, and for the

approximation of P the expression

5
Stu= Z)\ku(P,'()
k=0

Page 7 of 19
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Figure 1 Shapes of triangles in a hexagon.

/\
TAVAVATAVAVA
IWAWAR AAVAV. .
TAVAVAV,

Figure 2 Type A triangle with 0 < §,k < 1/2.

isused. As P, k=0,1,...,5, all lie on grid lines, each of these points needs to be approxi-
mated using the matching operator as follows:

5
Stu=Y " aS*u(Pp).
k=0

From the distribution of the nodes it becomes obvious that only 17 nodes are needed for
this approximation (see Figure 2).
Hence, we form the matching operator as

16
Stu=_ &u(P), (3:8)

k=0

where &, k =0,...,16, are defined by the coefficients obtained earlier and

& >0, ka =1 (3.9)

For the approximation, it is also important to examine the structure of the hexagonal
grid. There are two types of triangles in each hexagon, Type A and Type B, as shown in
Figure 1.

We consider triangles of Type A with 0 < §,x < 1/2. The nodes used in S*u are shown in
Figure 2.
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In the case 1/2 <8 <1, 0 < k <1/2, the 17 nodes used have the same distribution as the
reflection of the nodes in Figure 2 about the line x = 0. In the cases 0 < 6§ <1/2,1/2 <k <1
and 1/2 < 8,k <1, the nodes for §* are defined analogously.

In the case when P falls into a triangle of Type B, we rotate the artificial grids formed for
Type A with an angle of 180°, for all four cases of § and « specified earlier.

Case 3. P € o1, where u = ¢; on the side ¥, j =1,2,3,4, and ¢; € C**(y}), 0 < A < 1.

We position the origin of the rectangular system of coordinates on y; so that the point
P lies on the positive y axis, and the x axis is in the direction of the vertex A;,; along y;.
It is obvious that Z,il biImzK = 0 if y = 0, where z = x + iy. Hence, when the function
@ € C* (), 0 < & < 1, is represented using Taylor’s formula about the point x = 0 in the
neighborhood |z| < 4/ of the origin, we define ay, k = 0,1,2,3, of (3.1) as

1 d*g;(0)
ai = —
k' dxk

We let

3 3
u(x,y) = u(x,y) - Zak Rez' = Zbk ImZz~ + O(h4)
k=0 k=1

for y > 0, and keeping in mind that Imz* is odd extendable, we complete the definition
with #z(x, y) = —u1(x, —y) for y < 0. Clearly, in the given neighborhood, #(x, y) is equal to the
harmonic polynomial 2111 by Im z¥, with an accuracy of O(h*). To form an expression for
the matching operator S*i, we use

3
Sti= Y (u - Rezk) ) (3.10)
0<j<16 k=0

or

3
Sty = Z v (u - Zak Rezk) P, (3.11)

=0, > w0, > ysl (312)
0<j<16 0<j<5

Hence using (3.10) or (3.11), with the addition of the term

3
(Z ai Re zk> (P),
k=0

we have the following representation for the solution u of problem (2.1), (2.2) at any P €
o

3
u=S%+ (Z a Rezk> (P) + O(h4). (3.13)
k=0

Page 9 of 19
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Remark 3.2 We obtain the representation (3.13), with a less number of grid nodes P; in
(3.10) or (3.11) for the points on the boundary y of I1.

Let ¢ = {go,»}]tl. We express the matching operator S* as follows:

S*u on Iy,

S4(%<ﬂ) = 3 3
S*u -7 gaxRez) + (30, arReZ)(P) onTly Uy.

(3.14)

Theorem 3.3 Let the boundary functions ¢;, j = 1,2, 3,4, in problem (2.1), (2.2) satisfy the

conditions
S C“(yj), 0<Ar<l, (3.15)
0 (s) = (1790 (s),  q=0,1,2. (3.16)
Then
mﬁax’S‘L(u,w) - u| <csht, (3.17)

where u is the exact solution of problem (2.1), (2.2).

Proof According to Theorem 3.1 in [15], from conditions (3.15) and (3.16) it follows that
u € C**(TI). Then on the basis of (3.1), (3.5), (3.8), (3.13), and Remark 3.2, we obtain in-
equality (3.17). a

We define the function 7, as follows:
n = S*(up, @) onTl, (3.18)
where u, is the solution of the finite difference problem (2.6)-(2.8).

Theorem 3.4 Let conditions (2.3) and (2.4) be satisfied. Then the function i, is continuous
on 11, and

max |4y, — u| < cgh?, (3.19)
(xy)ell

where u is the solution of problem (2.1), (2.2).

Proof From the construction of the expression S*(uy, ) it follows that 7, = u;, on IT1",
and %y, = ¢; on yjh, j=1,2,3,4. The continuity of %, on II follows from the continuity
S*(un, ) on each closed triangle Type A and Type B, and from the equality 7, = uj, on
I". By Remark 3.2 and from the condition %), = ¢; on y}-h, j=1,2,3,4, the continuity of the
function 7, on the closed rectangle IT follows. By virtue of (2.3) and (2.4) it follows that
u e C**(TI), 0 < A <1 (see Theorem 3.1 in [15]). Then, on the basis of (3.6), (3.7), (3.9),


http://www.boundaryvalueproblems.com/content/2014/1/73

Dosiyev and Celiker Boundary Value Problems 2014, 2014:73 Page 11 of 19
http://www.boundaryvalueproblems.com/content/2014/1/73

(3.11) Theorem 2.2, Theorem 3.3 and (3.18), we obtain

max |1y, — u| < max |S4(u,<p) - u| + max |S4(uh - u, 0)|
(xy)ell (xy)el (xy)ell

16
<csh + ng max |uy — u| < ceht.
k=0 (x,y)eﬁh

4 An application of the matching operator in the Block-Grid method
Let G be an open simply connected staircase polygon, let y;, j = 1,2,...,N, be its sides,

including the ends, and let a;r, a; € {%, 1, 2,2}, be the interior angle formed by the sides

)5
¥j-1 and y; (yo = yn). Furthermore, let s be the arc length measured along the boundary of
G in the positive direction and s; be the value of s at the vertex A; = y,_; Ny}, (r},6;) be a
polar system of coordinates with pole in A; and the angle §; taken counterclockwise from
the side y;.

We consider the boundary value problem
Au=0 ongG, u=¢; ony,j=12,...,N, (4.1)
where ¢; are given functions, and
@ €C(y), 0<A<L1<j<N. (4.2)
Moreover, at the vertices A; for o; = % the conjugation conditions
o0 (s) = (<1190 (s),  4=0,1,2,3, (4.3)

are satisfied. At the vertices A; for o; # 1 no compatibility conditions for boundary func-
tions are required; in particular the values of ¢;_; and ¢; at these vertices might be different.
Additionally, it is required that when «; #1/2, the boundary functions on y;_; and y; are
given as algebraic polynomials of arclength s measured along y.

Let E={j:a; #1/2,j=1,2,...,N}. We call the vertices A;, j € E, the singular vertices
of the polygon G. We construct two fixed block sectors in the neighborhood of 4;, j €
E, denoted by Tl’ = Tj(ry) C G, i=1,2, where 0 < rjp < rjy < min{sj,; — s}, 8; — 5;-1}, T;(r) =
{(r;,0)) : 0 <1 <r,0 <6 <aym}. On the closed sector T;,j € E, we consider the function
Qj(r;,6)), which has the following properties:

(i) Qj(r;,6)) is harmonic and bounded on the open sector T};
(ii) continuous everywhere on 7} apart from the point A;, j € E when ¢;_; # ¢;;

(iii) continuously differentiable on T} \A4;

(iv) satisfies the given boundary conditions on y;_; N T; and y; N T}, jEE.

The function Q;(rj, 6;) with properties (i)-(iv) is given in [17].

Let

1 1/
R;(rj,@,n)%Z(—l)kR((}) ,g,(—l)kg), jeE, (4.4)

J t=o 72 j j
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where

1-72
R(r,0,n) = 4.5
.6, m) 27 (1—2rcos(® —n) +r2) (45

is the kernel of the Poisson integral for a unit circle.
The approximation of the integral representation given in the following lemma is used to

construct an approximate solution of problem (4.1) around the singular vertices A;, j € E.

Lemma 4.1 The solution u of problem (2.1), (2.2) can be represented on T?\Vj,j €E, in
the form

u(r;, 0) = Qi(r;, 0)) + /0 ' (u(ria,m) = Qi(r2, ) Ri(r5, 65, m) i, (4.6)

where V; is the curvilinear part of the boundary of the sector sz.
Proof The proof follows from Theorems 3.1 and 5.1 in [17]. O

We define the approximate solution in the whole polygon G by applying a version of the
Block-Grid method introduced in [8] (see also [9]).

Let us consider, in addition to the sectors T, T7, the sectors 77 and T}, which are also
in the neighborhood of each vertex A;, j € E, of the polygon G, with 0 < rj4 < 73 < 1},
rj3 = (rjp +rja)/2 and T N T} = ¥, k # 1, where k, [ € E. Furthermore, let G1 = G\(U}.aE T4).
We give the description of the Block-Grid method on a hexagonal grid:

(i) All singular corners A;, j € E, are separated by the double sectors T} =Ti(ry), i=2,3,
with rj3 < rp, TEN TP =, k # 1 and k, [ € E. The polygon is covered by overlapping
rectangles Iy, k =1,2,...,M, and sectors Tf’,j € E, such that the distance from ITx
to a singular point 4; is greater than rj forall k=1,2,...,M andj € E.

(ii) On each rectangle Iy, the seven point difference scheme for the approximation of
Laplace’s equation on a hexagonal grid is used, with step size iy < h, his a
parameter, and as an approximate solution on T?, j € E, the harmonic function
(4.6) is used.

(iii) We use the matching operator §* constructed in Section 3 to connect the

subsystems.

For obtaining the numerical solution of the algebraic system of equations (2.1), (2.2), we
outline the procedure: Let Iy C Gr, k=1,2,...,M, be certain fixed open rectangles with
sides ayx and ay parallel to the sides of G, and G C (UkM=1 I;) U (U]EE T/3) C G. We use n;
to denote the boundary of the rectangle I, V; is the curvilinear part of the boundary of
the sector sz and ¢; = (UL me) N Ti.

The overlapping condition is imposed on the arrangement of the rectangles Iy, k =
1,2,...,M: any point P lying on ny N G, 1 < k <M, or located on V;N G, j € E, falls inside
at least one of the rectangles Ixp) 1 < k(P) < M, where the distance from P to Gt N nxp)
is not less than some constant 7, independent of P. The quantity s is called the gluing
depth of the rectangles Iy, k=1,2,..., M.

We introduce the parameter % € (0, 79/4] and consider a hexagonal grid on Iy, k =
1,2,...,M, with maximal possible step /i < min{/, min{ay, as,}/4}. Let Hz be the set of
nodes on Iy, let nZ be the set of nodes on g, and let ﬁz = I"[Z N n,’j. We denote the set
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of nodes on the closure of nx N Gr by n,ﬁo, and the set of nodes on Hﬁ whose distance
from the boundary n; N Gt of Iy is g by n,’jg . We also have H,’ﬁh denoting the set of nodes
whose distance from the boundary 7 of I is g and th = Hﬁ\(l‘[,’;h U n,ff)‘). Let tl.h be
the set of nodes on ¢, and let 1}, be the set of remaining nodes on 7. We also specify
a natural number # > [In*** /#7'] + 1, where » > 0 is a fixed number and the quantities
n(j) = max{4, [o;nl}, B; = ajm/n(j), and 91.”‘ =(m—-1/2)B;, j € E, 1 < m < n(j). On the arc
V; we choose the points (r,-z,e/.m), 1 < m < n(j), and denote the set of these points by Vj”.
Finally, let

M M M
" = (U 77/%0) U (U n,fé’) U (U Vj”>, @:’n =" U (U ﬁ:)
k=1 k=1 jeE

Consider the system of equations

up =Su, on o, (4.7)
up =St up + Ey(9m) on I nt Ny, # 9, (4.8)
Un=@m  ON M O Vi, (4.9)
n(j)
+ ,BjZRj(V]', 6}-,0]’() (uh(}"jz,ejk) — Qj(rl‘g,ejk)) on tlh’ (410)
k=1
up = S*(up, @) on o™, (4.11)

where 1l <k,m <M,j€E, ¢ = {<pj};\:[1; Sup, S,uy and E’, (¢,,) are defined as equations
(2.9), (2.10), and (2.11) in Section 2, respectively.

The solution of the system of equations (4.7)-(4.11) is a numerical solution of problem
(2.1), (2.2) on Gr (‘nonsingular’ part of the polygon G).

Theorem 4.2 There is a natural number ngy such that for all n > ny and h € (0, ?], where
2 is the gluing depth, the system of equations (4.7)-(4.11) has a unique solution.

Proof Let vy, be a solution of the system of equations

u, =Su, on o,

uy=S,uy on l'llfh, n,i‘l Ny # D,

u,=0 on ’7/}51 0 Vs (4.12)
n(j)

uy(rj,0)) = B; ZR/(V}-,@,GJ-]‘)uh (rjz,e,.k) on t}’, (4.13)
k=1

up =S*u, onao™",

where 1 < k,m <M, j € E. To prove the given theorem, we show that max_ [v,| = 0. On
the basis of the structure of operators S and Sj‘, and the forms (3.5), (3.6), (3.7), (3.8), (3.9),
and (3.10)-(3.11) of the matching operator S* and by the maximum principle (see Ch. 4,

Page 13 0of 19
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[11]) it follows that the nonzero maximum value of the function v;, can be at the points on
Uie £ tjh. From estimation (2.29) in [18] the existence of the positive constants ny and o > 0

such that for n > ng

n(j)
max _f; ZRj(r,», 9,-,8;1) <o<l1 (4.14)
)l g=1

follows. However, taking (4.14) into account in (4.13) we have that the nonzero maximum
. . . —hn .
value can not be at the points on U]EE tf’ either. Since the set G, is connected, from

equation (4.12) it follows that maxiu [vy| = 0. O
Let uy, be the solution of the system of equations (4.7)-(4.11). The function

()
Un(ry,6)) = Q1 6) + B; ) Ry (16,67) (w12 6) = Q (1, 6)) (4.15)

q=1

is the approximation of the integral representation (4.6) with the use of the composite
mid-point rule. We use the function U} (7}, 6;) as an approximate solution of problem (2.1),
(2.2) on the closed block T;’,j € E ('singular’ parts of the polygon G).

Let

€, = Uy, — U, (4.16)
where uy, is the solution of system (4.7)-(4.11) and u is the trace of the solution of (2.1),

(2.2) on @i”". On the basis of (2.1), (2.2), (4.7)-(4.11), and (4.16), €, satisfies the following
difference equations:

€ =Se, +r; onTIYH, (4.17)

e =Shep+rr onIl ntNy,#9, =0 onnl Ny, (4.18)
n(j)

Gh(}"j,ej) = 13/ ZRI‘(V]‘,@', 9].]()61,,(7'/‘2,9]»]() + }"131,’, (}"],81) S tllzj’ (419)
k=1

€, =S, + rﬁ on ™", (4.20)

where 1 <k,m <M, j € E and

M
rp=Su—u on U o, rp=Siu+E,(pm)—u on U ", (4.21)
k=1 1<k<M

n(j)
=By Y Ri(r3,0,0F) (w(rn,0F) — Qi (. 6)))
k=1

— (u(r;,6) - Q(r;,6)) on [ J1,

jeE

rf=8*u,¢)—u on o (4.22)
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Since all the rectangles Iy, k = 1,2,..., M are located away from the singular vertices A;,
j € E of the polygon G, at a distance greater than rj4 > 0 independent of /4, by virtue of the
conditions (2.3) and (2.4), up to sixth order derivatives of the solution of problem (2.1),
(2.2) are bounded on Uﬁl ITg. Then, by Taylor’s formula, from (4.21) we obtain

max || < cih®, max |r;| < coh*. (4.23)
M 0h M *h
Uz g Uiz Ty

Furthermore, as o™" C Uﬁl I[1i from (4.22) and Theorem 3.3, we have

m}?x|rﬁ| <csht. (4.24)

[0}

By analogy to the proof of Lemma 6.2 in [9], it is shown that there exists a natural number
1o, such that for all # > max{ny, [In"*** 4#7'] + 1}, s > 0 being a fixed number,

max’rfh| <cyht. (4.25)
jeE

Theorem 4.3 There exists a natural number ny such that for all n > max{no, [In*** 1]},
2 > 0 being a fixed number,

max |uy, — u| < ch*. (4.26)
G

Proof The proof follows from estimations (4.23)-(4.25) and the principle of maximum by
analogy to the proof of Theorem 6.1 in [9]. g

Theorem 4.4 Let uy, be the solution of the system of equations (4.7)-(4.11), and let an ap-
proximate solution of problem (2.1), (2.2) be found on blocks Tf,j € E, by (4.15). Thereisa
natural number ny such that for all n > max{ng, [In*** h™']}, s > 0 being a fixed number,
the following estimations hold:

|Un(r;,6) - u(r;,6)| < coh® onT,,j€E, (4.27)

or
dxP=1 9y1

%

(Un(r3,6) - u(r,6)) | < c,h* 1" onT\A,j € E, (4.28)

where0<g<p,p=0,1,....

Proof Estimation (4.27) is obtained from the integral representation (4.6) and formula
(4.15) by using estimations (4.25) and (4.26). Estimation (4.28) for p = 0,1, ... is obtained
by using inequality (4.27) and Lemma 6.12 in [17]. a

5 Numerical results and discussion
To support the theoretical results, numerical examples have been solved in two different

domains.

Example 5.1 Approximation in a rectangular domain. Consider the rectangular domain

3
H:{(x,y)eD:0<x<1,0<y< g},
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Table 1 Approximation in a rectangle with smooth exact solution

m
h llenlln R™,

273 115727 x 1077

274 733698 %x 1070 157731
27 458658 x 10710 159966
270 289896 x 107" 154765
277 202482 x 10712 143171

Table 2 Approximation in a rectangle with less smooth exact solution

h o lenlign R™,

273 19285677 x 1074

2% 1.1998304 x 10 16.0737
270 74809403 x 1077 16.0385
276 467808169 x 108 159915
277 2922653 x 107° 16.0063

with the boundary y. The hexagonal grid (2.5), denoted IT%, is assigned to the grid II,
where y” denotes the set of nodes on the boundary y.

We consider the problem

Au=0 on l'lh,

u=v(xy) on yh,
where
v(x,y) = & sinx (5.1)

is the exact solution in the rectangular domain.

This example is solved using the incomplete LU-decomposition method (see [19], Ch. 5),
and all the calculations are carried out in double precision. As a convergence test, we
request the maximum residual error to be 1072, and as a starting point v;, = 0 is used.

Table 1 gives the values obtained in the maximum norm of the difference between the

exact and the approximate solutions, for the values of 1 = 27%, k = 3,4,5,6,7, i.e., ||, 7 =

V=vo-m || _,
[lv=vy Wlth

maxes [V —vpl. The ratios R%h = have also been included, where O(4*) order

V=vy—m+1) Igh
of accuracy corresponds to 24 of the value R;h.

Example 5.2 Less smooth function. We consider the same problem as in Example 5.1
with the exact solution

1
v(x, y) = 3 In(x* +y*)Rez’ — tan™ (%) Imz’, (5.2)

which is less smooth than (5.1). The results obtained are consistent with the theoretical
results and are summarized in Table 2.

Example 5.3 The matching operator. Examples of the matching operator have also been
considered in the domain IT. The coordinate P;(0.55,0.4387) is chosen, where P; € I1j.
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Table 3 Results for approximation of inner points with the matching operator

Stu 1.56912199976621
Exact 1.56912199014188
len(P1)]  9.624329 x 107°

Table 4 Results for approximation of near boundary points with the matching operator

h len(P2)] len(P3)]

2% 1716286 x 1078 3.85255412 x 1078
27 5385032 x 10710 43619541 x 1077
276 22436186 x 10710 341679468 x 10710
27 24942270 x 1011 28927971 x 10712

The harmonic function
u(x,y) = e*cosy (5.3)

is assumed to be the exact solution. The result in Table 3 is obtained using % = 2~* and
demonstrates high accuracy of the above constructed matching operator.

The second coordinate considered demonstrates the accuracy of the approximation of
near-boundary points. The point chosen is P,(0.195938,0.02), where P; € I1¢;, and equa-
tion (3.13) is used for approximation. Again, the harmonic function (5.3) is used as the
exact solution. Lastly, a point near one of the corners of the domain P5(0.005,0.005) has
been considered, where the nodes of evaluation emerge outside of the domain from both

adjacent sides of the corner. The function
u(x,y) = & cosx

is used as the exact solution. The results obtained are summarized in Table 4.

Example 5.4 Approximation in an L-shaped domain. The final example is solved in an
L-shaped domain with an angle singularity at the origin, where o3 = 37/2. The domain
is defined by

Qz{(x,y)i—lfxfl,—

where Q; = {(x,7): 0 <x <1, —@ <y <0}, and is covered by four overlapping rectangles

and a sector. The singular part is defined to be the region
_é <y < é \Qi’
4 —7 7 4

where Qf = {(x,y): 0 <x < %,—@ <y <0}, and the nonsingular part is QNS = Q/QS. The
system of Block-Grid equations is solved by Schwarz’s alternating method. The quadrature
nodes on the circular arc, whose radius is taken as 0.75, and the overlapping boundaries of
the rectangles are renewed after each Schwarz’s iteration. The nodes on the circular arc,

the inner boundaries of the overlapping rectangles and the nodes in the set U2=1 n,’;g are
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Table 5 The order of convergence in ‘nonsingular’ part

(h N) Ileh "9NS R’SNS
(274,40) 99742 x 107 27.9237
(27°,60) 357195 x 107

(27°,100) 82649 x 10~/ 153796
(276,100)  5.373923 x 1078

(27,100) 5373923 x 108 157215
(27,1250 3418192 x 107°

Table 6 The order of convergence in ‘singular’ part

(h,N) llenllgs ROs
(274,400 99742 x 1074 11.7569
(27°,60) 357195 x 107°

(27°,100) 82649 x 10~/ 14.9731
(276,100) 5373923 x 1078

(27%,100) 5373923 x 108 16.5665
(27,1250 3418192 x 107°

renewed using the matching operator constructed above. Since the boundary functions
are harmonic polynomials on the sides y; and yy = ys, the nodes whose neighbors emerge
outside of the domain from these sides are approximated using the function # — Q;. Finally,
the solution on the singular part is approximated using the integral representation [3, 9].

The problem considered is

Au=0 on Qh,

u=v(x,y) onyh,
where
23 (2 5 5
v(x,y) =60 + r°’° sin §9 +Rez” +Imz°,

is the exact solution. Accordingly, the function Q;(x,y) used in the integral representation

is constructed as
Qi(x,y) =6 + °(cos(50) + sin(50)).

The results in Tables 5 and 6 show the solution for different pairs (%, N), where N is the

number of quadrature nodes, / is the mesh size of the hexagonal grid.

6 Conclusions

The fourth order classical 7-point scheme on a hexagonal grid is applied on a rectangu-
lar domain. This leads to some of the nodes emerging from the two parallel sides while
approximating points whose distance from the boundary is % This problem was over-
come by devising an approximating equation for near-boundary nodes, which included
the use of three inner nodes around the point of evaluation and three points lying on the
boundary. The fourth order matching operator has been constructed on the hexagonal
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grid functions. It is applied to construct a fourth order accurate interpolating function,
on the closed rectangle, for the numerical solution of Laplace’s equation on the hexagonal
grids. Further, the matching operator and the hexagonal grid approximation in a rectangle
are used to obtain and justify the Block-Grid method in solving the Dirichlet problem for
Laplace’s equation on staircase polygons.

Numerical examples have been provided as an illustration of the theoretical results men-
tioned above.

The matching operator constructed can be applied to many other forms of domain de-
composition or combined methods. It will also be an interesting study to extend the ap-
proximation of the methods to using mixed or Neumann boundary conditions.
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