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Abstract

In this study, the Bitsadze-Samarskii type nonlocal boundary-value problem with
integral condition for an elliptic differential equation in a Hilbert space H with
self-adjoint positive definite operator A is considered. The second order of the
accuracy difference scheme for the approximate solutions of this nonlocal
boundary-value problem is presented. The well-posedness of this difference scheme
in Holder spaces with a weight is proved. The theoretical statements for the solution
of this difference scheme are supported by the results of numerical example.
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1 Introduction

In 1969 Bitsadze and Samarskii [1] stated and studied a new problem in which a nonlocal
condition is related to the values of the solution on parts of the boundary and on an inte-
rior curve for a uniformly elliptic equation. Furthermore, in [2-16] the Bitsadze-Samarskii
type nonlocal boundary-value problems were investigated for the various differential and
difference equations of elliptic type. The role played by coercive inequalities in the study of
local boundary-value problems for elliptic differential equations is well known [17]. Meth-
ods of solutions of elliptic differential and difference equations have been studied exten-
sively by many researchers (see [18—27] and the references therein). In the present paper
we consider the Bitsadze-Samarskii type nonlocal boundary-value problem with integral
condition,

2
~L9 4 Au(t) =f(t), O<t<l,

1
w0 =g,  u(l)= [l p()u()dr+y @)

for the differential equation of elliptic type in a Hilbert space H with the self-adjoint pos-
itive definite operator A with a closed domain D(A) C H. Here, let f(¢) be a given abstract
continuous function defined on [0, 1] with values in H, ¢, and ¢ are elements of D(A) and
p(t) is a scalar function. A function u(t) is called a solution of problem (1) if the following
conditions are satisfied:
i. u(t) is a twice continuously differentiable on the segment [0, 1].
ii. The element u(t) belongs to D(A) for all ¢ € [0,1], and the function Au(¢) is
continuous on the segment [0, 1].

ili. u(t) satisfies the equation and nonlocal boundary conditions (1).
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The paper is organized as follows. In Section 2 the second order of the accuracy differ-
ence scheme for the approximate solution (1) is presented. The stability, the almost coer-
cive stability, and the coercive stability estimates for the solution of the difference scheme
for an approximate solution of the nonlocal boundary-value problem with integral condi-
tion for elliptic equations are obtained. Section 3 contains the applications of Section 2.
The final section is devoted to the numerical result. Theoretical statements for the solu-
tion of the second order of the accuracy difference scheme is supported by a numerical

experiment.

2 The second order of the accuracy difference scheme
Let us associate the nonlocal boundary-value problem (1) with the corresponding differ-
ence problem,

— [t — 2w + 1] + Aug = @i,
o =fti)tk =kr,1 <k <N-LNt=1, )

u}'+u]-_1

U = ¢, Un = Z,]\il plti—5)(F5=)t + .
We will study the problem (2) under the following assumption:

N

2

tl'
\P\T7
J=1

T <L (3)

It is well known [28] that for a self-adjoint positive definite operator A it follows that B =
%(rA + v/4A + 12A2) is self-adjoint positive definite and R = (I + 7B)~}, which is defined
on the whole space H is a bounded operator. Here, [ is the unit operator. Furthermore, we
have

(I = RN) oy < M(5),
IR || s pr < M(8)(1 + 87)7K,
kt||BRM||pr—py < M(8), k>1,8>0,

1 BE (R = R) || o by §M(8)(k(:§o)zﬂ, 1<k<k+r<N,0<a@,B<Ll

(4)

In this paper, positive constants, which can differ in time (hence they are not a subject of
precision considerations) will be indicated with M. On the other hand M(«, 8, ...) is used

to focus on the fact that the constant depends onlyon «, 5, .....

Lemma 1 The operator

N
A T
j=1

has an inverse

N -1
S, = (1— Zp<t, - %)%(I—RZN)_I(RN" _ RNY 4 RN —RN”'-l))

j=1
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and the following estimate is satisfied:
IS lH—n < M(S)7, 5)
where M does not depend on t.

The proof of the estimate (5) is based on the estimate

N
((I—L)u, u) > (1 - Zp(tj - %)r) (u, u). (6)

j=1

Here

N
L= Z’O(t/ _ %)%(I _RzN)—l (RN — RN*T 4 RN+ _ RN#/-1)

j=1
The estimate (6) follows from the spectral representation of A and the Cauchy inequality.

Theorem 2 For any ¢, 1 <k < N -1, the solution of the problem (2) exists and the fol-
lowing formula holds:

Uy = (I —RZN)I{(R]‘ —R2N”‘)g0 + (RN’k —RN+k)MN

N-1
— (RNF - RN (1 + TB)(20 + BB Y (RN - RN gt
i=1
N-1
+([+TB)2 +TB)' By (R - R g @)
i=1

N
N
Un = Sr( p(t, - %) % |:l (I_RzN)*l(R/' _ R?N- 4 pi-1 _RzN_]‘+1)(p
1

Z
L

fork=N.

Proof

— Ll = 2u + ws] + Aug =4, 1<k<N-1,Nt=1,
Up = ¢, uy are given

(8)
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has a solution and the following formula holds [29]:

— (I _RZN)—I (Rk —RZN_k)go + (RN_k —RN+k)uN
N-1

— (RN* — RN*RY(1 + TB)(2 + TB) B Y (RN - RN g,

i=1
N-1
+([+TB)(2 +TB)'B ) (RMIT - R gt 9)

i=1

Applying formula (9) and the nonlocal boundary condition

uy = Z (t ——)(%)rﬂ/ﬂ

we obtain

-1
< T)E(I_RzN)—l (RN’j _ RN+ 4 RN+ _RN+/‘1)>
2

Z) T |:(I _RZN)I{(Rj — RN 4 R RN
2

j=1
_ (RN—j _RN+j +RN—]‘+1 _RN+]'—1)
N-1
x (I+TB)(2 +7B)'B1Y (RN - RN ) } +( +1tB)2I+tB)'B!

i=1

=

-1
x (R\/ il-1 R]H 1 +R‘] 1-i|-1 R]+l 2)€0 ‘L':| + w)

i

I
—

Since the operator

N
I- Zp(t——) (I - R*N) ™ (RN — RNV 4 RN+ _ RN W)
j=1

has an inverse S, it follows that

N
un =S (Zp(tj - %) % [(I—RZN)_Ii(Rj — RN 4 R RN
j=1

(RN RN 4 RN RN

N-1
' L+ } +( +tB)(2I +tB)'B!

x (I +1tB)(2I + tB) !B Z(RN_H -RN g
i1

2

-1
% (R\j il-1 R]+z 1 +R\1 1-i|-1 R]-H 2)(/) _L_i| + w)

i

Il
(=

Theorem 2 is proved.
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Let F([0,1];, H) be the linear space of the mesh functions ¢* = {¢;})'~! with values in the
Hilbert space H. We denote by C([0,1].,H) and C([0,1].,H), 0 < & < 1, Banach spaces
with the norms

”‘pt ”c([o,l],,H) = 1;}3;‘;,‘_1 @kl 115

lof Hcgl([o,ur,H) = ll¢* HC([o,l],,H)

(N =-k)T)*((k +1r)T)*
+ sup ™ ||§0k+r_(pk”H'
1<k<k+r<N-1 (rt)

The nonlocal boundary-value problem (2) is said to be stable in F([0,1];, H) if we have
the inequality

“”T ”f([o,l],,m SM(‘S)[”‘»"r ||]-"([0,1],,H) + el + 1l ]-

Theorem 3 The solutions of the difference scheme (2) under the assumption (3) satisfy the

stability estimate

“”T ”C([O,l],,H) §M(8)[H¢>’ ”C([O,I]T,H) +lele + 19 lla]- (10)

Proof By [29],

|ut ||c<[o,1]f,H> =MO)[]¢* ”C([O,l]r,H) +lla + llunll] (11)

is proved for the solution of difference scheme (8). Then the proof of (10) is based on (11)

and on the estimate

el < M@ @7 oy, ) + N0l + 19 11]-

Using the formula (7) and the estimates (4), (5), we get

N

T
lunllg < IS llH—m <Z p(tj - E)

j1

T _ .
[

Ry B g R+ (R

Ry B e R ) B 558,

N-1
X ”371 ||H—>H Z T(”RNiF1 HH*)H + ”RNJrF1 ||H~>H) ”‘/’i”H}
i=1

+| T +*B)2I +B)™ HH_)H |B HH_)H
j_l 1‘_1

x (Z T |RT  eille + Z T |R2,  lleill
i=1 i-1

N-1 N-1

Y TR el + Y T [RTT el

i=j i=j
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N-1 N-1
+ TR il + Y T [R ||H%Hnwilmﬂ + nwllﬂ)

i=1 i=1
= MO 0" [ o, am * @l + 191

Theorem 3 is proved. d

Theorem 4 The solutions of the difference problem (2) in C([0,1];, H) under the assump-
tion (3) obey the almost coercive inequality

N

1

” {T_Z(Mkﬂ —2up + ”k—l)} - ”C([O,l]f,H) + ” {A”k}{v H C(01]z,H)
. 1
< M(S)[mm{ln — L+ [In 1Bl } 1% | cou, sy + 1A@ I + 1AW ||H].
Proof By [29],

” {T_z(”kﬂ —2ux + uk—l)}i\[il H coile,H) T ” {Auy H C(0,11¢,H)

1
< M(a)[min{ln — L+ [In Bl } I con, . + MA@ + ||AuN||H}

is proved for the solution of the boundary-value problem (8). Using the estimates (4), (5)

and the formula (7), we obtain

lAun |1

. 1 .
= M(zS)(mm{ln ?1 +|In{IBll g n] } le ”c([o,l],,H) +1A@llH + ||A¢||H> 12)
for the solution of difference scheme (2). Applying formula (7) and A = B2R, we get

Aun =N+,

where

N
Ji=S, (Z p (t; - %) %(1 — RN R - RNT 4 R - NI Ag + AW>’ (13)

j-1

N
Jo =S, (Z P (t,- - %) % {(1 - RNy {—(RN 5 RN 4 RN+ _ RN (] 4 )

j=1
N-1
x (20 +1B)™ Y B(RNT - RN*)gr } +(I +7tB)2I+tB)™
i=1
j-1
x Y B(R™ - R+ R - R )it + (I + TB)(2] + 1B) ™
i=1

N-1
X (Z B(RY -R* + R - Rf‘”-l)w) ] ) ) (14)
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To this end it suffices to show that
Wil < MO)[ 1Al + 1AV [I1] (15)
and
. 1 .
Wl < M@ mingin =1+ [0 1Bl -] 07 o, sy (16)

The estimate (15) follows from formula (13) and the estimates (4), (5). Using formula (14)

and the estimates (4), (5), we obtain

tTT
P\735 )12

y [n (1- Ry HHQH{Q\RN-fHHQH R,

IRy R )0 w8 e,

N

Wallee < USellrsm (Z

j=1

N-1
x (10 =RR 0= RRY], ) Ilwillﬁ}
i=1

+ || (I+tB)(2[ +tB)™! ||HHH

j j
x (ZH U=RR |, el + >4 =RRT,, e

i=1 i=1

j j
+ > JU-RRT2| il + Y |0 - RRY HHﬁHnwinH)

i=1 i=1

+|U+B)@I+B)|,,_,

N-1 N-1
x (Z | =RRT,, @il + DA =RRT,, el

i=j+1 i=j+1

N-1 o N-1 o
+ Y | T-RRT2|, il + D[ - RRY HHﬁHuwiuH)])

i=j+1 i=j+1
1
< M(S)mm{ln — 1+ [In (1Bl ]| } lo* [ con, a0

From the last estimate and the estimate (15) follows the estimate (12). Theorem 4 is

proved. d

Theorem 5 The difference problem (2) is well posed in the Holder spaces C§,([0,1];, H)
under the assumption (3) and the following coercivity inequality holds:

” {T_Z(Mkﬂ —2u + ”k—l)}iv_l ”cgl([o,l],,m + ” {Au )y ” €2 ([0,117,H)

1
< M“”[m lo" g qo.1,0 + 1A 1 + AW ||H]. (17)
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Proof By [29],
- N- _
{7 (ienr = 20 + )}, IHCgl([OJ]r'H) + [{Au )™ ||Cgl([0,1]rvH)

1
a(l-a)

< M(5) 107 g oare iy + MO[IAG 1 + Aun 1] (18)

is proved for the solution of difference scheme (8). Then the proof of (17) is based on (18)
and on the estimate

1 T
Il = MO) =9 | qoas s + MOLIA I + 1AV 1]

Applying the triangle inequality, formula (7) and the estimate (15), we get
lAun g < Wil + Wl < Wally + MO)[IA@llm + 1AV Ilx]-

To this end it suffices to show that

1
Wallg < M(§)———

a(—a) lo | & ([0,1] H)* (19)

Applying formula (14), we get

N
T\T
]2:Sr p(tj__)_
Zle 2)2

x (I—RZN)_I{—(RN_j _RN+j +RN—j+1 _RN+j—1)T—2(I_R)2

j-1
x 3 (RN - RN (1~ R?) (i - )
i=1
+ (_(RN—j _RN+j +RN—/'+1 _RN+/'—1))
N-1
x 72(I - R)? Z TZ(RN—i _RN+i)(1_R2)—1((pi -9)
i=j+1
j-1
+ (I—RZN)T_Z(I—R)Z Z TZ(R]'—i _Rj+i + Rj—i—l _Rj+i—l)
i=1
x (1 - R2)71(<p,» -¢)+ (I — RZN)r_Z(I —R)?
N-1
% Z tZ(Ri—j _ Rty Rl _Rj+i—1)(1 _Rz)fl(% _ <,0j)
i=j+1
3 (RN_. _RN+j +RN—j+1 _RN+]'—1)_L,—2(1_R)2
j-1

x Y TRV - RN (1-R) gy - (I - R)?
i=1
N-1
y (RN_j _RN+]' +RN—j+1 _RN+j—1) Z _L,Z(RN—Z' _RN+i) (I—RZ)_IQDI‘

i=j+1
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j-1
+(I-RN)T>(I-R) Z (R -RY+ R - R (1 - RZ)‘1<p,
i=1
N-1
+(I-RN)T2(1 R (R - R 4 R - R (1-R2)
i=j+1
4
= Z JZ, (20)
z=2

where

N

]2—Srzp(t,——> (1= RN -RU +R)!

X ((1 + R)(R2N7]71 +R2N+j71 _R2N+j —R2N7j + R] _R]?Z) _ 2R2N+]'72)(pj’

N

fz—SzZp< ) (1= RN (U= R + RIRT (1~ RAN-2741)
XZR“ R+ R o= 0) = 13+ 13,

¥
T T -1 _ iy
)= ;p<tj— §>§(1—R2N) (- R)(I + RR™(I - RN*)
j-1
x ZRH(I ~R¥) (I +R)Mgi - ¢)),

i=1

J3* =S Z ,0<t——>— —RN) NI = R)(I + IR (1 - RNU*)
j=I¥1+1

XZR“ R+ R pi - ¢,

J3=5: Z ( —) — RN =R +R)(I - R

N-1
x D RII-RN)T+ R pi-0) =Ty + 117,
i=j+1
(¥ N
=5 p (t, - 5) 3 (I- RZN)’1(1 ~R)(I +R)(I-R"™)
j=1
N-1
X Y RI(I- RN+ R) i - ),
i=j+l

J3? =S Z ( —) RN -R)(I +R)(I-R¥™)

j=[51+1

N-1
x > RI(I-RN) I+ R)Hgi - @)

i=ji+l
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Second, let us estimate J;" for any m = 2, ..., 4 separately. We start with /3. Using estimates

(4), (5) and the definition of the norm of the space C§;([0,1],,H), we get

TPE > (- 3|51
Rl 87 0 R
Ry LRyt LRy LRy B2
R o
N
§M1(8 (t——) lgllgll%llfz
N
<m0 [o (- 2) 310" Legon i
j=1

From (3) it follows that

121, = M20) ] " ”cgl([o,l]r,H)‘

Now, let us estimate ]23’1 Using estimates (4), (5) and the definition of the norm of the
space Cg,([0,1];, H), we obtain

= ( ) L
j-1
X DRI =RNFNA =R,y [ =R [y IR s = gyl
i=1
e T & f((/ 0T)*
- P G—3 §Z — )0 (o) ||<p ||C°’1([01 H)
‘[ j-1
)ZZQI)“ N - ])t e lzzl (G —i)T)i-@ ||¢ ”c" ([0,1]¢,H)*
The sum

j-1
T
; ((G-Dr)=

is the lower Darboux integral sum for the integral

JT ds

0 (j'C _ S)l—a :
It follows that

(¥

3,1
”]2 ||H - 8)205((N ]).,;)o: ||C81([0,1]r,H)'
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By the lower Darboux integral sum for the integral it concludes that

=

For ]5”2, applying (4), (5) and the definition of the norm of the space C§([0,1];, H), we get

(7]

Nz

2a—2

a(l-a) =

A PO

zfe7| €2 (0,11, H)'

N
T T -
D1 <15 Y Jo(5- 3 ) 3102 s
j=[51+1

j-1
X QR = R Ry 1= R | R el = 1
i=1

N
<M@©) ) ‘p<tj— %) >
j=[51+1
j-1 .
2T(N -j+1))~ .
o> (=)0 (@N = j - i+ D)* () (N = ) 7) Il 01100

i=1

N .
(g - 2)T29(N - + Do)
SMO) D N e

j=[51+1
j-1 .
X T " .
21: (G-t (N —j—i+N+1)1)* e ”Cm([o,l]r,m
The sum

j-1
T
21: (G-t *((N—j—i+N+1)1)*

is the lower Darboux integral sum for the integral

/T ds
o (T—$)*(Nt—jr—s+T+Nr1)*

Since
it ds
o (T—-s)*Nt-jTr-5+NT+71)
1 /ff ds M
< < ,
T(Nt-jT+1)* Jo (-85 T a(Tt)*
it follows that

N

1220, =M@ 3

j=[51+1

. 2 .
,o(t,» - 5) ‘t (T)*(NT —jT + )% (7)™ e ”CSH([O'HT'HY
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By the lower Darboux integral sum for the integral it follows that
M(8)2%*2 <t )

3,2
), < S

o1 ([0.2]¢,H)*

JEIH

- 2

Combining ]5”1 and ]5”2, we get

-3

l—o A €2 ([0,1]¢,H)'
j=1

M3(8)
il = 220y

From (3) it follows that

M, (5)
7 «(—a) "l qoean

Next, let us estimate ];M. Using the estimates (4), (5), and the definition of the norm space

C(O)[l([or l]rrH)1 we obtain

(¥
75, < 1Se o

j-1

s | I P T S P

N1
X Z |R (1= RNV -B)||,,_ e — @il
ije1

(5

NZ 29((i - j)T)*(NT — it)* 17|
2 = )ON =)o @N —j - oy ¥ 1o

¥ )
T (Nt —jT)
< M(5 ti—— o
U%”’(’ s e
N-1 .
“ L G- ie w1 leson

The sum

Z ((l—})r)1 o

i=j+1

is the lower Darboux integral sum for the integral

/1 ds
jt (S_jr)l_a
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Since

/1 ds - 1 /1 ds - (Nt —j1)
i (s—jT)*Q2NT —jTt —9)* = (N7 —jr)* J;r (s—jT)"* ~ a(NT —jT)*’
it follows that

[

1250 = M)

j-1

]

Nz

lo(t = 3)IT
o

(o)

||‘/’ Hca ([0,1]+,H)"

By the lower Darboux integral sum for the integral it follows that

> (s-3)

Finally, let us estimate ];L’z. Using the estimates (4), (5), and the definition of the norm
space Cg,([0,1];, H), we get

5 22a 1
], < 02

T ”‘P Hca (0,11, H)"

TR PETCYPI S (R LA T S R I T S

[ ]+1

< Y |RI(I - RN A =B, 0 - 9l

i=j+1
N T T
< M(3) Z p(tj—g) >
j=[51+1
N-1
T((i - j)7) .
) u2+:1 (i = HT)N = i)7)*(iv)* Il om0
S U =N AT
<m0 > Foter 2 oo | lesonea
j=[51+1
The sum
N-1 T
L G

is the lower Darboux integral sum for the integral

/1 ds
jt (S _jf)l_a '

Thus, we show that

s X lp =Dty
”]2 HH 8) Z (]T)a ’ HC&([OJ]T,H)'

1[N+1
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By the lower Darboux integral sum for the integral it follows that

o 2 plo-5)e

1' (X141

1722 = M( 5) (0,1, H)'

Combining J;"' and /2, we get

9a-2 92a-1 N
il =m0+ ety )

J=1

f’(ti >’ ”‘/’ ”cﬂl([m H)'

From (3) it follows that

Ms(8)
a(—a) le “cgl([o,uf,H)'

2l =

Combining estimates for J3*, m = 2,...,4 we get the estimate (19). Theorem 5 is proved.
O

3 Applications
Now, the application of Theorems 3-5 will be given. First, we consider the mixed

boundary-value problem for elliptic equation

—uy — (@@®)uy)x +u=f(t,x), 0<t<1l,0<x<l,
u(t,0) = u(t,1), uy(t,1) = u,(t,0), 0<t<l, (21)
u(0,x) = ¢(x), u(l,x) = fol pMNu(h,x)dr+¢¥(x), 0<x<1,

where a(x), ¢(x), ¥ (x) and f(¢, x) are given sufficiently smooth functions and a(x) > a > 0,
a(l) = a(0), § = const > 0. The discretization of problem (21) is carried out in two steps. In
the first step, let us define the grid space

[0,1]p = {x:x, = nh,0 <n < M,Mh =1}.

We introduce the Hilbert space Ly, = L([0,1];,) of the grid functions ¢ (x) = {pn}ME de-
fined on [0, 1];, equipped with the norms

W= ( 3 lors)

x€[0,1],

oty = 1oL, (X )+ (3 I )

x€[0,1]y, x€[0,1],

To the differential operator A generated by the problem (21) we assign the difference op-
erator A} by the formula
}M -1

A" () = {~(aW)es),, + 80} (22)
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acting in the space of the grid functions ¢” (x) = {¢, }1!

satisfying the conditions ¢g = @,
@1 — 9o = ¢m — Yum-1. It is know that A} is a self-adjoint positive definite operator in L.

With the help of A7 , we arrive at the nonlocal boundary-value problem

d2dl;(2tx)+A" h(t,x) f (t x) 0<t<lxe(0,1],

u"(0,%) = " (x); fo (O (t,x)dt + y"(x), x€[0,1], (23)

for an infinite system of ordinary differential equations. Therefore, in the second step,
equation (23) is replaced by the difference scheme (2), and we get the following difference
scheme:

“h+ (x)— 2l (x)+u n I
_ Zk+l f k— 1 +Axuk(x) (pk(x)’

,f’(x) =f (t,x), tk =kt,1<k<N-1,Nt =1,x € [0,1], (24)
uhx+u X
W) =" = TN ol - DY) Ly, xe(0,1],

for the numerical solution of (21).
Theorem 6 Let t and h be sufficiently small positive numbers. Then under the assumption

(3), the solution of the difference scheme (24) satisfies the following stability and almost

coercivity estimates:

max ], <MO)] max_lofl,,, + W], + [¢"], ]

1<k<N-1
| Jhax. 1||T (0t y = 200 + uj_ 1)||L2h T ax 1” (44) ”
<m®)in L max okl + 1041y, + 14/ M

The proof of Theorem 6 is based on Theorems 3 and 4, on the estimate

1
Mln ——, (25)

mln{ln— 1+ |ln||Bx||L2h%L2h|} < m——y

and on the symmetry properties of the difference operator A7 defined by the formula (22)
in Lzh.

Theorem 7 Let t and |h| be sufficiently small positive numbers. Then under the assump-
tion (3), the solution of the difference scheme (24) satisfies the following coercivity estimate:

” {T_Z (MZH - 2“2 + ”Z—l) ]1\[_1 ”cgl([o,u,,Lzh) + ” {u’Z}IIH ”cgl([o,u,,\vzzh)

1
SM(‘S)[“‘ph I w2t ”'ﬁh” w2, * m“ {90;:} ||cgf1 (o, 1],L2h):|

The proof of Theorem 7 is based on Theorem 5 and the symmetry properties of the
difference operator A} defined by formula (22).

Second, let Q2 be the unit open cube in R"(x = (x1,...,%,) : 0 <xx < 1,1 < k < n)
with boundary S, Q=QUS.In [0,1] x €, the Dirichlet-Bitsadze-Samarskii type mixed

Page 15 0f 19
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boundary-value problem for the multidimensional elliptic equation

—uy — Yy (@r(X)y, s, =f(x), 0<t<lx=(x1,...,%,) €,
u(0,%) = @(x), u(l,x) = fol oM u,x)dr +¥(x), xe€Q, (26)
u(t,x)|xes =0, x€Q

is considered. We will study the problem (26) under the assumption (3). Here, a,(x) (x €
Q), ¥ (x), p(x) (x € Q) and f(t,%) (¢ € (0,1), x € Q) are smooth functions and a,(x) > a > 0.
The discretization of problem (26) is carried out in two steps. In the first step let us define
the grid sets

§h = {x:xm :(hlmlr'--,hmmm)rm: (m1)~~»1mm)10 SmrfNr:

WN,=Lr=1...m}, =0N0NQ  S$=2,NS.

We introduce the Hilbert space Ly, = Lg(ﬁh) of the grid functions ¢"(x) = {p(lymy,...,
Hyuim,y)} defined on €2, equipped with the norms

172
Jo#1,,, = (X ol .hm) ,

ey,
1/2
. .hm>
cQy, =1

g, = 1o, (20 26"
" 1/2
' (Z Z|(¢)h(x))xr%r,mr 2hl o hm) .
xeyy, r=1

To the differential operator A generated by the problem (26), we assign the difference
operator A} by the formula

m

A () == ) (@ ()i ), )

r=1

acting in the space of the grid functions #"(x), satisfying the conditions #"(x) = 0 for all
x € Sp. It is known that A7 is a self-adjoint positive definite operator in Ly;. With the help
of A}, we arrive at the nonlocal boundary-value problem for an infinite system of ordinary
differential equations

dt?

_ dPul tx)+Ax h(¢, %) fhtx) 0<t<1,x€§2h, (28)
W(0,2) =" W' (L) = [y pOul (6, x)dE+ Y (x), xe

In the second step, (28) is replaced by the difference scheme (2), and we get the following
difference scheme:

h
_w + ARl (x) = oh(),
x) =" (tr,x),x € Qtx =kt,1<k<N-1,Nt =1, 29)
u’é(x) =¢(x), xeQ,

W@ = 0 o - e L), xe G,

for the numerical solution of (26).
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Theorem 8 Let T and |h| = \/h? +--- + h% be sufficiently small positive numbers. Then
under the assumption (3) the solution of the difference scheme (29) satisfies the following

stability estimates:

max [l <M max [ol,, ¢ 190, + 1], ]
The proof of Theorem 8 is based on Theorem 3 and the symmetry properties of the
difference operator A}, defined by (27) in Lyy,.

Theorem 9 Let t and |h| be sufficiently small positive numbers. Then under the assump-
tion (3) the solution of the difference scheme (29) satisfies the following almost coercivity
estimates:

1<T3§§ 1”7: z(uz*l 2”" * uk 1)”L2h +1<I/I<l<1\)§ 1”uk ” W3,

<M(3)|In g g .
M0 e ot + 1o lug, 19 |

The proof of Theorem 9 is based on Theorem 4, on the estimate (25), on the symmetry
properties of the difference operator Aj defined by (27) in Lyj, and on the following theo-

rem on the coercivity inequality for the solution of the elliptic difference problem in Lyj.
Theorem 10 For the solutions of the elliptic difference problem
A’,;uh(x) =o' (x), x€Q, Wx)=0, x€8,

the following coercivity inequality holds [30]:

il M) .,

Theorem 11 Let t and |h| be sufficiently small positive numbers. Then under the assump-
tion (3) the solution of the difference scheme (29) satisfies the following coercivity stability
estimate:

”{ffz(”zﬂ 2uf + 1)} ”cm([o Uedoy) T ”{”k} “c01 (10,11, W2,)

1 N-1
< M) 16"y, + 1y, * s 1R Lo

The proof of Theorem 11 is based on Theorem 5, on the symmetry properties of the
difference operator A}, defined by the formula (27), and on Theorem 10 on the coercivity
inequality for the solution of the elliptic difference equation in Lyj.

4 Numerical results
We consider the Bitsadze -Samarskii type nonlocal boundary problem for the elliptic equa-
tion
_%ultx) _ ultw)
at2 dx2
0<t<1,0<x<]1, u(0,x) = sin(rx),

u(l,x) = fol e u(h, x)d + (exp(-1) + 3 exp(-2) — 1) sin(x), O0<wx<l,
u(t,0) =u(t,1)=0, O<t<l.

+u = w2 exp(—t) sin(mrx),

(30)
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Table 1 The errors for first- and second-order difference scheme

N=M=20 N=M=40 N=M=80

First-order difference scheme 0.173 0.0087 0.0044
Second-order difference scheme  6.245e-004  1.562e-004  3.906e—005

The exact solution of this problem is

u(t,x) = exp(—t) sin( x).

In the present part for the approximate solutions of the Bitsadze-Samarskii type nonlo-

cal boundary-value problem (30), we will use the first and second orders of the accuracy
1

N’
proximate solution of the nonlocal boundary Bitsadze-Samarskii type problem (30), we

difference schemes with grid intervals t = <, & = ]\L/I for ¢ and «x, respectively. For the ap-
consider the set [0,1]; x [0,1], of a family of grid points depending on the small parame-

ters T and /4,

[0,1]-; X [Oyl]h = {(tk:xn):tk :k‘f,l SkSN_LNT =1,

Xp=nh1<n<M-1,Mh=1}.

Applying the first order of the accuracy difference scheme from [31] and the second order
of the accuracy difference scheme (2) for the approximate solutions of the problem, we
have the second-order difference equations with respect to # with matrix coefficients. To
solve these difference equations, we have applied the procedure of a modified Gauss elim-
ination method for the difference equations with respect to n with matrix coefficients. To

obtain the solution of (2), we use MATLAB programming. The errors are computed by

M-1 3
2
EN = max E u(te, x,) — uk|°h
M L<keN-1 - ’ (tx> %) n‘
n=

of numerical solutions for different values of M and N, where u(t,x,) represents the ex-
act solution and u’; represents the numerical solution at (¢, x,). The results are shown in
Table 1, respectively.

5 Conclusion

In this paper, the second order of the accuracy difference scheme for the approximate so-
lution of the Bitsadze-Samarskii type nonlocal boundary-value problem with the integral
condition for elliptic equations is presented. Theorems on the stability estimates, almost
coercive stability estimates, and coercive stability estimates for the solution of difference
scheme for elliptic equations are proved. The theoretical statements for the solution of
this difference scheme are supported by the result of a numerical example. As can be seen
from Table 1, the second order of the accuracy difference scheme is more accurate than
the first order of the accuracy difference scheme.
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