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Abstract
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1 Introduction

Partial differential equations of the hyperbolic type play an important role in many
branches of science and engineering. For example, acoustics, electromagnetics, hydro-
dynamics, elasticity, fluid mechanics, and other areas of physics lead to partial differential
equations of the hyperbolic type (see, e.g., [1-5] and the references given therein). The sta-
bility has been an important research topic in the development of numerical techniques
for solving these equations (see [6—27]). Particularly, a convenient model for analyzing the
stability is provided by a proper unconditionally absolutely stable difference scheme with
an unbounded operator.

A large cycle of works on difference schemes for hyperbolic partial differential equations,
in which stability was established under the assumption that the magnitude of the grid
steps T and % with respect to time and space variables are connected (see, e.g., [5-7] and
the references therein). Of great interest is the study of absolute stable difference schemes
of a high order of accuracy for hyperbolic partial differential equations, in which stability
was established without any assumptions in respect of the grid steps t and 4. Such type
stability inequalities for the solutions of the first order of accuracy difference scheme for
the differential equations of hyperbolic type were established for the first time in [20].

It is known (see [25, 26]) that various initial boundary value problems for a hyperbolic

equation can be reduced to the initial value problem

0\ Au(t)=f(5), O0<t<T,
u0) =9,  w(0)=v,

1)
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where A is a self-adjoint positive definite linear operator with the domain D(A) in a Hilbert
space H.
A function u(¢) is called a solution of problem (1) if the following conditions are satisfied:
(i) u(2) is twice continuously differentiable on the segment [0, 1]. The derivatives at the
endpoints of the segment are understood as the appropriate unilateral derivatives.
(ii) The element u(t) belongs to D(A) for all ¢ € [0,1] and the function Au(t) is
continuous on the segment [0, 1].

(iii) u(¢) satisfies the equations and the initial conditions (1).

In recent decades, many scientists have worked in the field of a finite difference method
for the numerical solutions of hyperbolic PDEs and have published many scientific papers.
For problem (1), the first and two types of second order difference schemes were presented
and the stability estimates for the solution of these difference schemes and for the first-
and second-order difference derivatives were obtained in [11]. The high order of accuracy
two-step difference schemes generated by an exact difference scheme or by the Taylor
decomposition on the three points for the numerical solution of the same problem were
presented and the stability estimates for approximate solution of these difference schemes
were obtained in [10]. However, the difference methods developed in these references are
generated by square roots of A. This action is very difficult for the realization. Therefore, in
spite of theoretical results, the role of their application to a numerical solution for an initial

value problem is not great. In this paper, the third order of accuracy difference scheme

T2 (pesr — 20k + 1) + 2Aui + A (Wiesr + 1)

1 _.242
+ETA lxl/Hl:ﬁ(,

fie = 3f (k) + £ (f (k1) +f (t-1)) @)
- LA () +f (1)), 1<k <N-1,
wo=p, ([ A+ AN ) = =5Ag + (= GAW +hur,

and the fourth order of accuracy difference scheme

T2 (tpe1 — 2ug + Ug) + 2Aug + 15 A + tg)
— DA%+ T A2 (g + wi) = fi
fi = 2f (&) + 15 (f(trsn) + S (1)) + %(—Af(tk) +f"(t))
- T A (k) +f ter)) + 7 (trr) + 7 (80))s
1<k<N-1Lt=kt,NTt =1,

2 442 2
uo =@, I+ 52 + )t N —uo) = —LAp + (I - Z2)W + foor

(3)

for the approximate solution of initial value problem (1) are constructed using the inte-
ger powers of the operator A, and stability estimates for the solution of these difference

schemes are obtained. Here,

o+ o o); -0 )
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and
2 4
foa = (I+ I_ZA + le_ZLAZ)rﬂ'Ll
T2A 5724 Lo\ 1
= {( - ?)/(0) + <—<I— 2 >f(0) +1f (0))5
2
+@Adw»qun¢ﬂm»§+Mﬂm—%wmgz} 6

Some results of this paper without proof are accepted and will be published in 2013 (see
(14]).

Note that boundary value problems for parabolic equations, elliptic equations, and
equations of mixed type have been studied extensively by many scientists (see, e.g., [17-27]
and the references therein).

2 The stability estimates
In this section, construction of difference schemes (2), (3) and stability estimates for the
solutions of these difference schemes are presented.

Let us obtain the third and fourth orders of approximation formulas for the solution of
problem (1). If the function f(£) is not only continuous, but also continuously differentiable
on [0,T], ¢ € D(A) and ¢ € D(A%), it is easy to show that (see [25]) the formula

u(t) = c(t)p + s(t)y + /0 s(E=X)f(A)dr (6)

gives a solution of problem (1). Throughout this paper, {c(¢), £ > 0} is a strongly continuous
cosine operator-function defined by the formula

o a1/2 Al
eltA +e itA

o) = ——F— 7)

Then, from the definition of the sine operator-function

t
s(t)u =/ c(s)uds, (8)
0
it follows that
it _ ital?
s(e) = AT ©)

For the theory of cosine operator-function, we refer to [25] and [27].

A uniform grid is considered on the segment [0, T']
[0,T]; = {ty =kt,k=0,1,...,N,Nt =T}. (10)

In the construction of two-step difference schemes for the solution of initial value problem

(1), it is necessary to approximate differential equation (1) and the derivative u'(0).
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In the first step, the approximation of differential equation (1) is considered. Using Tay-

lor’s decomposition on three points, the following formulas for the third order of approx-

imation and the fourth order of approximation of (1) are obtained respectively:

2
u(trer) — 2u(ty) + ulty_1) — gfzu//(tk)

1
~2 (o (trs1) + 4 (k1))

1, (4) 5
+ —1 U =o0(7”),
12 (k+1) ( )

5 7
ultin) — 2u(ty) + ulty) - grzu (t)

1
BT = (u”(tkﬂ) + M//(tk—l))

1 1
- 57414(4)(”() + mf4(u(4)(tk+1) + u(4)(tk_1)) = 0(‘[6).

Applying equation (1), one can write

u'(t) = —Au(t) + f(t), u®(t) = —Au"(t) + f7(t) = Au(t) - AF(t) + ().

Using (11) and (13), the following formula:

W(thon) - 2ur(2tk) +ulte) g(—Au(tk) +f(t)

(A (utsn) + u(tco1)) +f (tran) +f (B-1)

—_ O\ =

+ ﬁfz(Azu(tkﬂ) _Af(tk+1) +f,/(tk+1)) = 0(7:3)

for the third order of approximation of (1), and using (12), (13), the following formula

Wltin) — 2u(ty) + ulte1) 5
72 6

_ %(_A(u(tkﬂ) + u(tk,l)) +f(ti) +f(tk71))

(—Auty) +f(t))

- P Aul) ~ AT+ 0) + 1 A ) + )

= A(f (trn) +f (@) +f" (k1) + " (tr1)) = o(z*)

for the fourth order of approximation of (1) are obtained.
Neglecting the last small term, we get

2
T2 (U1 — 2k + 1) + Ak

1 1
+ EA(MkH +Upo1) + Eszzukﬂ = fi
2

fi= 500+ % ({ltn) + £6)

- (A ) +f ()

12)

(13)

(14)

(15)
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and

) 5 1
T2 (Uper — 20 + ty) + S Auk + A + i)

I 50 I ,0
- — 1A% up + — 1A (U + Ur21) = fro
- “* (Bhe1 + Ur-1) = fr

fi= @)+ 35 (i) +£(6) )

+ %12(—Af(tk) +f" (&) - ﬁﬁ

X (A(f (ten) +f (1)) +f" (Grsn) +f (t-1))

for the third and fourth orders of approximations of (1), respectively.
In the second step, the approximation of #'(0) is considered. Applying (6), we can write

ur) -0 -1  s@, 1 /rs(r Nrs (18)
T T Jo

T T

From (18) it is obvious that for the approximation of #'(0), it is necessary to approximate
the expressions

1 T
s(1), ¢(t), and ;./o s(T = A)f(X) dA. (19)

Using the definitions of s(z), ¢(r), and Padé fractions for the function e (see [9]), the
following approximation formulas are obtained:

R(itB) + R(—itB R(itB) — R(-itB
o(z) = R(ixB) + R(-itB) )+2 (it )+o(rs), s(t):B’l—(lT ) 57 Cir )+o(r3) (20)
i
for the third order of approximation of (1), where
R(itB)=R=DE,  R(-itB)=R=DE, (21)
and
R(itB) + R(-itB
c(r) = RiicB) + R(=itB) )+2 (icB) +o(t?),
R(itB) — R(—itB (22)
o(r) = g RUIB REIB) ooy
2i
for the fourth order of approximation of (1), where
R(itB)=R=CC™,  R(-itB)=R=CC™. (23)

Here B = A2 and

1 [1 ~ 1 1
D=(I1-=>724+itAY? I+ —1%A2), D=(I1-=>724—-itAY? I+ —14A2),
3 72 3 72

1, 1 42_1
E=(I+-1t°"A+ —1"A ,
6 12
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itAY2 124 ~ iTAY?2 124
C=|(I+ -—), C=|(I- -— .
2 12 2 12

Using (22), (20), (21), (23), we obtain the third order of approximations of s(r) and ¢(7)

L, L, 1 42_1
(1) = I—grA 1+grA+ﬁrA , (24)

[ 1 1 1 -
se(t) =t /I + —1*A2( [+ =124 + —*4? (25)
72 6 12

and the fourth order of approximations of s(t) and ¢(t)

5 1 1 1 -1
e (1) = I— =124+ — %A% (1 + —1%A + —1%4%) 26)
12 144 12 14.4.
1 2 1 9 1 42 -1
s;(t)=t(I- =1?A |1+ =1°A+ —1%A%) . 27)
12 12 144

Let us remark that in constructing the approximation of #'(0), it is important to know
how to construct £ and /i such that

1 T
- /O s(r = WFOYdh—f2 = (%), (28)
1 T
- /0 s(t = A)f (W) dr - f =o(t?), (29)

and formulas of ff‘l and /i, are sufficiently simple. The choice of ff’1 and f} is not unique.
Using Taylor’s formula and integration, we obtain the following formulas for the third
order of approximation:

2
13 = {sf(r)f(m + (=Co(0)f (0) + &(r)f’(o»g - 2cf(r)f/(0)%}

72 ™ A\ WT T2
= <I+ A T ) {‘L’f(()) +(=f(0) + 7f (0))5 -2f (O)E} (30)

and for the fourth order of approximation

T

fh= {Sf(r)f(O) +(=C:(x)f (0) + sr(f)ff(o))5

2

+ (=AS: (1)f (0) = 2C.(T)f'(0) + S- (x)f"(0)) %
+ (AC.(1)f (0) - 3C,(1)f"(0)) g}
-5y o)

2 3
AT -2 0+ 1 0) s + (470 -3 0) | 61
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For simplicity, denote

fir=fO)+ (O + o @) -2 )7, (32)
and
2
o - {(1— —)/(o ( ( A )/(0) . rf’(0)>%
2
£ (CAYO) -2 O + o O) % + (A0 -370) } (33)
where
2 1.4 -1
f11-7(1+_A+m ) Ji1 (34)
and
2 4 -1
fi= 1(1 + I—ZA + IZL_ZLAz) oo (35)

Thus, we have the following formula for the approximation of #'(0):

- T -1 T
u —tg _ ci(7) <p+s(r)1//+f1"f; =34, 36)
T T '

T

Using the approximation formulas above, difference schemes (2) and (3) are constructed.
Now, we will obtain the stability estimates for the solution of difference scheme (2). We
consider operators R, R by (21) and the following operators:

5 7 6 2 4 1
Rim (=25 a2 4 243 a2 1+ Zas 2 a?) 14+ —ria2
122" T2 127" 1aa 72

1 4 -
x (—ira( 1+ —14a2)(1+ —A r—a2)) (37)
72 144
and its conjugate R
72 72 ™,
Ry=\I-ZA)|lI+ A+ —-A
12 6 12
4 1 -1
x | —iAY?( 1+ —A P A2 +—1%42) (38)
144 72

2 4 2 4 -1
Ro=(1+Za+Z22)((1+ —A + —A? ) -itAV2 [T+ —14A2 ) ) (39)
6 12 144 72

72 74 70
Ry=(I+—A+—A*+ A3
3 9 72

A 1 72 ™, 72 -
x | —iA I+ —71%A2 [+ —A+ —=A" )|+ —A , (40)
72 6 12 6

Page 7 of 34


http://www.boundaryvalueproblems.com/content/2013/1/29

Ashyralyev and Yildirim Boundary Value Problems 2013, 2013:29 Page 8 of 34
http://www.boundaryvalueproblems.com/content/2013/1/29

5 4 1 2 4 -1
Rs=(-2A- A2y izA |1+ —voa2)(1+ Za+ Za?) (41)
2712 72 6 12

and its conjugate Rs,

1 1
Re=I-=7%A+itAYV? [T+ —14A2
3 Vit 7
2 4 1 -1
x <%A + I_zAZ NI 514,42) , (42)

and its conjugate Re.
Let us give one lemma, without proof, that will be needed below.

Lemma 1 The following estimates hold.:

IRlp—r <1, |Rllp—n <1,

IRill—r <1, WRillpon <1,

|AY2Ry || i <1, ITAYV2Rs | <1, (43)
|AY2Ry || prpr <1, IAY2Rs | 1 < 7,

IARsll e <7, NTAYVRellm <1,

ITAYRe |l sy < 1.

Now, we will give the first main theorem of the present paper on the stability of difference
scheme (2).

Theorem 1 Let ¢ € D(A), ¥ € D(A%),fu € D(A%). Then, for the solution of difference
scheme (2), the following stability estimates hold:

N-1
el SMﬁgnA*%nHr gl + 40+ oA ||H], a9
max ||A1/2ukHH+ max Wk~ Mt
1<k<N 1<k<N T H
N-1
< M{Z Wl + A", + 19l + T |Lf1,1||H}, (45)
s=1
max ||[Aug||g + max A”ZM + max w
1<k<N 1<k<N T H 1=k=N-1 T H
N-1
< M!Z e —fictller + il + [ A@ll + A9 |, + T]|AYA4 HH>, (46)
s=2

where M does not depend on ©, ¢, ¥, i1, and f;; 1 <s <N —1.

Proof First, we will obtain the formula for the solution of problem (1). It is clear that there
exists a unique solution of the initial value problem

aug_y — cug + bug, =@, 1<k<N-1, uy = @, up =y (47)
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and for the solution of (47), the following formula is satisfied (see [11]):

Ug = @, w =y,
ur = RRR - B[R - R g + R- R (R* - R")y

k-1
+ Y RR(R - Rya) " [R7 - R ]y, (48)
j=1
where R = gy = &Y< =% ‘4“ R = G2 = =57 ‘4“ . Here q; and g are roots of equation (47), and

a+#0,b+#0.We can rewrlte (47) into the following difference problem:

72 272 72 ™, )
I+EA U1 — 2—?14 Ui + I+€A+EA U1 =Tfe, 1<k<N-1,

72 74 R 72
Uy = @, Uy=Q+7 I+—A+—A2 ——Ap+|I- =AY +1hi1 ).
0=¢ 1=¢ 144 2 12 ’

Replacing a with (I + %A), b with (I + %A + %AZ), ¢ with (2 - %A), and ¥ with

72 4 ) -1 T 72
1 —A —A ——A I-—A ,
<p+r< + +144 ) ( 5 (p+< B >¢+rf1,1)

@ with T2, and applying formula (48), we obtain the following formulas for uy, 2 < k < N:

[Rle RR g+ - [R" RF|Ry

k-1
1~ 1 ~
+ 3[R = RYRsT i+ SRy > [R - Rfr (49)

s=1

Second, we will prove estimates (44), (45), and (46). Using (43) and the formula for u;,
and the following simple estimates:

4 2 4 -1
5, ™, T ™,
I—-—1t°A+ —A I+ —A+—A <1, (50)
12 144 127 144 HsH
72 7?2 Tt -
tAV?(I1- —A )1+ =A+ —A <12, (51)
12 127 144 o
1 1 - 12411
TAY? <1 +—T2A+ —r4A2) <= (52)
12 144 H—H 12 + A/ 11

we get
5 4 72 4 -1
lullg < |[1- =7?A+ —A% )T+ =A+ —A2
12 144 12 144

1/2 T’ v i 2 -
TA [—-—A||lI+—=A+—A
12 12 144

-1
rAl/z( + —A + —Az)

loln
H—H

A=y,
H—-H

+

144 Al

T ”A—I/Zﬁ 1
—H
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124/11
12 + /11

-1/2

< gl +12|A™y ||, + 7|

L1 ”H

N-1
SMhJA%mﬂ+WM+MMwunmmmm}

s=1
Applying A2 to the formula for #; and using estimates (43), (50), (51), and (52), we get
5124 T*A? 24 A2\
I- + I+ —+
12 144 12 144 H
2 2 4 -1
A (1= a1+ Zas a2
12 12 144
24 T*A? )_1

—+
12 144

124/11
< A0, +1201¥ 1n + o Wil

|4l =

4l

+

(KAl

H—H

+

Tl

H—H

TAl? (1 +

N-1
< M{Z Willir + AV, + 1l + r|m,1||H}.

s=1

Using the formula
Uy — o 24 A\t
=I+—+
T 12 144
ape (1-Ta v+ Tf, (53)
x| —-=Ap+ |- — +T
2 12 1

and estimates (43), (52), and the following simple estimates:

724 724 A2\
—— I+ —+ <1 (54)
12 12 144 HoH
24 A2\
I+ — + <1 (55)
12 144 H—H
we get
U —u 1 24 A\t
I e S P
=2 12 14 ) |,
72 124 t*A2\!
+(I-=A)(T+—+ (KA1
12 12 144 HoH
s 24 t4A\7! il
+ +— +
12 144 ) |,
6+/11
< ——|lAa"g], + +T
<. «/ﬁH ol + 1 le + Tl

N-1
< M{Z WilleT + A 0|, + 1l + rufl,lnH}. (56)

s=1
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Applying A2 to (53) and using estimates (43), (52), (54), (55), we obtain

A2 Uy —to
T

=
H

lA@llH
H—H

72 724 A2\
-ta)(r+ 2212

12 12 144

24 A2\ !
I+ —+

12 144

64/11

=<
12+\/ﬁ

—+
12 144

T <I+ A T4A2>_1
2

+ [a"v ],

H—H

+

oAl
H—H

1Al + |4 |+ 2 |A

N-1
< M{Z Vs = foaller + Willes + I1A@ll

s=2

, ||A“2vf||H+r||A“2ﬁ,1||H]. 57)

Applying A to the formula for #; and using estimates (43), (50), (51), (52), we get

lA@llH
H—H

5724  t4A2 724 A2\
lAwi |l < |[{ - I

+ +—+
12 144 12 144

1/2 T’ T’ ™ B
TA [I——A|lI+—=A+—A
12 12 144

-1
A1+ iTZA + L1:4142
12 144

124/11
12 + /11

+

[a™v 1,

H—H

+

T ||A1/2 1
H—H

[

= IAgll + 124y ], + w4l

N-1
< M{Z s = foallzr + Wfillee + IA@

s=2

+ Ay ]+ AR, } (58)

Using difference scheme (2) and formula (53), we obtain

—+
12 144
724  5t*A%? 043 24 tA2\!
X{—|1-—- + I+ —+ Ag
3 72 1,728 12 144

1, ., 72 24 tA\7!
—T(A+ =T A (I- A )]+ —+ v

6 12 12 144

7242 24 t4A2\!
_(A+ 3 ><I+F+ 144) rzfl,l+f1}. (59)

Uy —2u + Uy / 24 t4A2\!
=1

Page 11 of 34
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Using formula (59), estimates (43), (51), (52), (55), and the following simple estimates:

2A 514A2 7043 124 T1A?\7?
- I+ — + <2, (60)
72 1728 12 144 ) |,
24 A2\
1 + —_— I+ —+ =< 2; (61)
12 144 ) |,
we have
Uy — 2U1 + Uy
72
2A 514142 7643 24 A2\
SR - +15y lAgllx
72 1,728 12 144 ) |,p
724 24 A2\
+ I+ — )1+ —+
6 12 144 ) |4
2 24 442 -1
x [TAY? I—T—A 1+—+T ||A1/21ﬂ”H
12 12 144 %

T2A 24 A2\
+ I+ — )1+ —+
6 12 144

24 442 -1
x |[TAY? 1+T—+T
12 144

H—H

|4 Al
—H

24 A2\
+ |1+ —=+ Al
(5 5iw) |,
12
<2 Apllu + fillu + 24[|A ¥, + 5 ‘/} 1A fia ]l
N-1
< M{Z e = fecallr + Will + IA@lle + |A |, + o[ A"*fin HH}. (62)
s=2

So, for k =1, the following estimates are proved:

N-1
el < M{ZHA'mszHr +llolly + A2y, + T |AT A0 MH},

s=1
N-1
1A, < M{Z VellaT + A0, + (Wl + rmlnH},
s=1

Uk — Uk-1
T

N
{Z fillut + A"l + ||w||H+r|m1||H},

=1

ne Uk — Uk-1
T

N-1
< M{Z Vs = foallzr + Wfillr + 1Al
H s=2

Ay, 5 oA ||H},
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N-1
D W= fall + WAl + 1Agla + A2, + T |AAa ], ¢

lAurllr < M!
s=2

Uksl — 2Uf + Upq

N-1
sM{Z Vs = fialler + Wfill + 1A@ NI
H

s=2

72

L PR EaPY 9 2

Now, we will establish these estimates for any k > 2. Using formula (49), estimate (43),

and the triangle inequality, we obtain

1, ~ ~
ol = E(||R1||H—>H IR e + MRt |RE ) N0

1 ~ _
(AR IR sy + A R gy R ) A2
1 ~
+ 5(” TA"R; ”H—>HHRk”H—>H
+ [T APRs | | R ) AT A
k-1
1 ~p_ _ _
1A Ry D IR+ IR L AT 7
s=1
N-1
< MY [ATL T+ Dl + AT ], + T AR, (63)

s=1

for any k > 2. Combining the estimates ||u| g for any k, we obtain (44).
Applying AY? to (49), using estimate (43) and the triangle inequality, we get

R P S PR LY PR P S

1

2
1 ~

+ E(HAI/ZRQ ”1—1—>HHRk”H—>H + HA1/2R2 ”H—»HHRk”H—ﬂ-[) (K41

1 ~
+ S (IeA Ry | R s

+ ”TAUZR?' ||H4>H||Rk||H~>H)T”fL1”H

k-1
1 S — —.
+ o IeA Ry DR gy + IR )W

s=1

N-1
< M{Z WillzT + [|A 0], + 1w il + ruﬁ,lnﬂ}

s=1

for k > 2. Combining the estimates for | AY?u||;; for any k, we obtain

N-1
max. 1A |, < M[ le VEllaT + A0, + ¥l + rufl,lnH]. (64)


http://www.boundaryvalueproblems.com/content/2013/1/29

Ashyralyev and Yildirim Boundary Value Problems 2013, 2013:29
http://www.boundaryvalueproblems.com/content/2013/1/29

Applying formula (49), we get

—we 1)1~ ~ ~
Uk — Uk _ 1 —[R1R5Rk_1 —RleRk_l]go
T T |2
1~ ~ 1~ ~
+s [RsR* — RsR* Ry + 5 [RsR* - RsR* | R3%f14

k-2
L~ 2 1 D_pk-1-s k—1-s 2
+ 2 [R=RIRyT iy + SR D[RR - RaRF i (65)

s=1

Using (65), estimate (43), and the triangle inequality, we obtain

1]1 I
< ;{;<HA-MR5 L Bl R
H

+ AR Rt [ R ) 420

Uk — U1
T

1 1275 Sk
+ S (AR g |47 Rs 1y [R

AR AT RS |y | R ) 1 D
1 125 k-

5 (e R |y [ AT RS |y R

+TA RS g [ AT RS o [R r)

1 ~
X Tllfiall + 5 (A" Ra 1y p IRl
1
+[TAYRa gy IRk 1) [ A7 i 7 + S [T A Ra]

k-2
x 2 (1A Re o [R

s=1

AR 1R ) wfsnm}

N-1
< M{ D Wt + AP0, + 1l + T ufmnﬁ}. (66)

s=1

Combining the estimates for || 7™ (u — uz_1) || for any k, we obtain

U — Uk
max E—
1<k<N-1

T
s=1

N-1
< M{Z Wil + A" 0], + 19l + rnfunH}. (67)
H

From estimates (64), (67), estimate (4:5) follows.
Now, applying Abel’s formula to (65), we obtain

— Up— 111~ ~ ~
U — Uk _ _{E[RIRSR/(—I —R1R5Rk_1]§0
T

T

1~ ~ 1~ ~
+s [RsR*™ — RsR* Ry + 5 [RsR*™ — RsR* Ry £
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k-2

1 ~ 1 ~ o~ o~
o IR- RIRsTf1 + §R4T2 (Z[R5R6Rkls = RsReR'7](fs — fi1)
§=2

X [E5E6 —R5R6]fk_2 - [§5E673k72 - R5R6Rk2]ﬁ) }, 2<k<N. (68)

Next, applying A2 to formula (68) and using estimate (43) and the triangle inequality, we
get

H

1

1 ~
<3 { 2 AR Rl R

+[ARs | p WR N |R) ) 1Al

1 19 ~
+ (1A R A7 Rs IR s
ARy AR IR i ) 1A ],

1 Ry =
+ 5 (eA R AT 2R |y | R

+[TA Ry [ AT RSy [ p) 7 AT A

1 ~
+ E(”":AUZRAL |y s Rl 1 + | TAY R, IR ) it T

k=2

1 _ 1o
5 TA R (Z(IIA VRs | AT RS |y [T
s=2

VAR s [ R | B U o

+ (|47 Rs | 74 Re sy + AT 2R AR5 )

[P [l

X Wicalli + (AT Rs | | A Re o IR

AR AR R, wm)}

N-1
<MY = frllm + ille + A0y

s=2

Ay, + o4, ||H}.

Combining the estimates for ||AY27 7 (ux — ug_,) || for any k, we obtain

N-1
U — Uf-1
12
max [AV2Z=—"2| <M E s = focrller + VAl
1<k<N-1 T H )

+ Ay, + 1Agllk + T A4 (69)

i -
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Now, applying Abel’s formula to (49), we have

Z[RIR" Rle]¢+2[R" RN|Ryy

k-1
1.~ 1 ~ o~
+ E [Rk = Rk]R3T2f1,1 + §T2R4 (52:2: [R6Rk_s - R6Rk_s](ﬂ _fS—l)
+ (’I‘éﬁ - RG)fk—l - [Eﬁﬁk_l - R6Rk_l]f1>, 2<k<N. (70)

Next, applying A to formula (70) and using (43) and the triangle inequality, we get

1, ~ ~
Aukllr < —(annHﬁHHRk Ly * IRt | RE| ) WAL

1
+ 5 (AR R+ AR | R ) A2
1 -
+ 5 (ITA 2R R gy + 17472 Rs i IR )
1
X [ A il + 5 | Ra]

k—
x (Z[II AR gy IR g+ 174 Re | [ R ]
s=2

AU = foetllr + ([TAYRe |y + [TAYRs |y ) il

+ 7 A" Rl IR ey + 74 R [ [ R ||H4H]llf1IIH)

s=2

N-1
< M{Z Ve = feallzr + WAl + IA@lls + [A2 |, + 7| AAy HH}

for k > 2. Combining the estimates for ||Au| i for any k, we obtain

N-1
max [ Aully < M{Z Vs = fict e + Wil
s=2
+ [ Apllm + A2y ||, + T |AVfia ||H}. (71)

Now, applying formula (49), we get

Ujy — 2Uf + Up_1

11 oy
- =5 [ E[R RER — RiRZR o

1
2[R2Rk 1 RZR/( I]R w_'_ [RZR/( 1 RZR/( 1]R3T2ﬁ1
1~
+ 2[12 RIRyT*fi + = (R2 R2)R4T*fin
1 k=2
+ §R4Z[R§R"‘1‘S—R§Rk‘1‘s]fsrz : (72)

s=1
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First, applying Abel’s formula to (72), we have

Uiy — 2Ug + U1
2

- iz { %[RIRZRI‘ ' RRZR

;[RZRI( 1 R2Rk I]R w+ [RZR]( 1 RZR]( 1]R3T2ﬁ1

1.~
E[R RIR4T*fi + = ( - R2)Ryt*fis

k-2

1 ~ o

+ §R4t2 ( E [R6R§kalfs _ R6R§kalfs](}(‘; _fs—l)
=2

v (R - R2R)fion - [RRF - ngzlﬂ) } k<N,

Second, using formulas (73), (43), and the triangle inequality, we get

Ujs1 — 2Uj + Uy

2
T H

SR (S P Y
+ A7 PRs) I Rullrm [ R, 1Al
AR o ARl R,
AR A Rel | R )47,
LA RS IR [

+ AR AR o [R 7 ) 2[4

1 ~
# S (17 Ra |y Rlsroors + | TAYRa MRt sr) T Wil

1 o o
+ o (1R g + [ (A77Rs) )

1
X A2 Ra e[ A i + S [T A R

k=2
x (Z (A72Rs) | 74 Re | [R]
s=2

# ARy ARy IR ) U = fica

(73)

+ (JA7 PR g ARy + 1A R) 24 R ) Wficall

+ (” (A71/2ﬁ5)2 ||H~>H ” TA1/2E6 ||H%H ||1~3k72 ”H%H

+ 1A2R)" | | AR, R IIHHH)M”H) }
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N-1

<MD N~ faallm + ills + 1A@]lz

s=2

+ Ay ]+ 2| A AL

Combining the estimates for e (ttpesr — 208 + gr) ||y for any k, we obtain

ymax [ e = 2+ )|

N-1
< M{Z s = foollzr + WAl + AV |, + IA@lls + T IAf N §-

s=2

From estimates (69), (71), and (75), we obtain (46). Theorem 1 is proved.

(74)

(75)

O

Now, we will obtain the stability estimates for the solution of difference scheme (3). We

consider operators R, R by (23) and the following operators:
T2A itA"? 2AN\7!
h=\I-—]|I- -— >
12 2 12
itA? 2A\7!
I+ -— 1
(15 %)

(= _A))

2 12

2" 2 12 ’
Jyieatn (1 DAY (AR TANT
3T 12 2 12 )

5 a2 24 I itAY? 24\
=— - - ,
3 12 2 12

-1
Ja= I—TZ—A itAY? 1+H—A+ﬁ
12 12 144 ’
-1
Jo=(1- TZ—A —itAV?( 1+ ‘[Z—A + oiAr
12 12 144 ’

which will be used in the sequel. It is obvious that Jj, 71, and ]2,72, and ]3,73, and Jy, 74 are

conjugates.
Let us give one lemma, without proof, that will be needed below.

Lemma 2 The following estimates hold:

IRlpor <1, |Rlp—n <1,
Willg—r <1, illiom <1,
1TA bl <1, (1TAY Doy <1,
A2 o < 7, IAY 23 |l ysn < T,

ITAY 4 lly—n <1, ITAY J4lln < 1.

(76)
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Now, we will give the first main theorem of the present paper on the stability of difference
scheme (3).

Theorem 2 Let ¢ € D(A), ¢ € D(A%),fm € D(A%). Then, for the solution of difference
scheme (3), the following stability estimates hold:

Uk + Uk
2

max
1<k<N

N-1
< M{ZHA'“Zfs 7 + ol
H

s=1

Ay, + A HH}, )

U+l — Uk-1
max —_—
1<k<N-1 2T

Uk + Uk—1
2

+ max [|AY?

H 1<k<N

H

N-1
<MY AT + AP0, + 1l +r|tfz,2||H}, (78)

s=1

Ui + Up—1
2

Ukl — Uk-1
max |4V
1<k<N-1 2T

+ max ||A

y 1=sk=N

H

N-1
<MY W ~fooaller + Wfillis + 1Al + AV |, + 7|47 f2 ||H}, (79)

s=2

where M does not depend on t, ¢, ¥, o2, and f;,; 1 <s <N —1.

Proof First, we will obtain the formula for the solution of problem (1). In exactly the same
manner as in Theorem 1, one establishes formula (4.8) for the solution of initial value prob-
lem (47).

We can rewrite (47) into the following difference problem:

24 1tA? 5724 t*A? 24 ttA?
I+ —+ — |upa -2 - + U+ \ I+ —— + —— Juikn
12 144 6 72

=%, 1<k<N-1,

Uo = ¢,
24 AN\ 1 T2A (80)
= I+ — ——Ap+(1-—= .
7 (/7+1'<+ T +144> < 5 <p+< 12)1//+rf2,2)

Replacing a with (I + 712—2‘4 + ﬁ“}f ), b with (I + 712—2‘4 + IIZ‘LZ ), ¢ with

5724 A
2 - + ,
6 72

and ¢ with

! 24 1242\7! T4 ! 2A vt
+r(l+—+ ——Ap+|(I-— |y + ,
pre 12 144 2 12 22
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@i with 72f; and applying formula (48), we obtain the following formula for 1, 2 < k < N:

[Rk+Rk]¢+ [R" RF)iA™ "y

2A 4A2 -1 "
+ (1+ raLt ) ® - R[Rr - R,

12 144
24 4A2\7' o ke

I+ — R—-R)™ [REs — RF51¢%f.. 81

+(+12+144)( )g[ 17 (81)

Now, we will prove estimates (77), (78), and (78). First, using the formula of difference

scheme (3), we obtain the formula
Uy + U 24 t*A? 24 *A2\!
—={-—+ I+ —+ ®
2 6 144 12 144
1 24 24 A2\
+-I-—{+—+ 14’
2 12 12 144

1 24 r*A2\!
71+ — 2. 82
+2<+12+144> v hz (82)

M1+u0

Using estimates (76), the formula for , and the following simple estimates:

2A  *A? 24 A2\
-4 I+ —+ <1, (83)
6 = 144 12 144 ) |,
12 724 24 A2\
TA' T - I+ —+ <12, (84)
12 12 144 ) |,
2 4 427 -1 AT
tA”2<I+ TA, A > < 2yl (85)
12 144 Hon  12+4/11
we get
U + I/l()
44 24 *A2\*!
I-— + I+ —+
H( 144 )( 12 144 > H—>H”¢”H
1 24 24 442\ 1
+ = [TAY? I—T— I+T—+T— ||A’1/2w||
2 12 12 144 ) |, H
1 24 A2\
+=||tAV 1+ — + A7
2| 12 144 ) |,y |47l

<llply + 6] A2y |, + 2ol

e fll

N-1
=M {ZHA‘” ot + ol + A7, + o[ A0 HH}'

s=1
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Applying A'? to the formula for “2% and using estimates (76), (83), (84), and (85), we

obtain

H
H( 724 T4A2>( T2A ‘L’4A2)_1
< -—+ I+ —+
6 144 12 144 HoH
T2A 24 r*A2\7!
I+ —+
12 12 144
1 24 442\ 1
+ = [TAY? I+T—+T
2 12 144

tlf22lla

x 4], +

1l

1 TA1/2 <I
H—-H

Tllf22llH
H—H

6+/11
A1/2 6
< |4"¢],, + Wl + s
N-1
< MiZ WsllzT + A0, + 1l + rufz,an}.

s=1

M1+Lt()

Applying A to the formula for and using estimates (76), (83), (84), and (85), we have

T4A? 24 1A2\7!
- — + I+ —+
144 12 144 HosH
12 72A 24 A2\
AN\ - —— {1+ —+
12 12 144
2 442\ -1
AV 1+ ﬂ + 1
12 144

64/11
A1/2
12 + 4/11 7l

H Uy + Up

1
< Al + 5
H—H

x Ay ], +

T[4
H—H

< |Agllu + 6] Ay, + 52

N-
SM{Z Vs —foallr + WA lle + 1Al

s=2

LAyl el 9
Using the formula for the solution of difference scheme (3), we obtain
Uy — U TA 24 1442 24 A2\
- =\ -—+ I+ —+
27 2 6 144 12 144
5r2A 442 24 T1A2\7?
I- I+ —+
144 12 144
5T2A 4A2 4A2
I1- 1
+< +144)<+ +144> v
1 724 4A2
t3 <I +—+ ) (87)

Page 21 of 34


http://www.boundaryvalueproblems.com/content/2013/1/29

Ashyralyev and Yildirim Boundary Value Problems 2013, 2013:29
http://www.boundaryvalueproblems.com/content/2013/1/29

Using formula (87), estimates (76), (83), (85), and the following simple estimates:

5724 T*A? 24 A2\
I- + I+ — + <1 (88)
12 7 144 12 144 ) |,
72 24 A2\
I-—A)1+—=+ <1, (89)
12 12 144 ) |4
24 A2\
I+ —+ <1 (90)
12 144 ) |,_,
we get
U — Up
21 |y
<

24 %A% 72 74 -1
- —+ I+ —A+—A?
6 144 12 144

2 24 A%\
X |[TA ]+ — +
12 144

5724 A 24 A2\
+(( - + I+ —+
12 144 12 144
72 24 A2\
XMNI-—=A)I+—+
(-2 (2 5 ) ], e

5124 1A 24 *A%\!
+(( - + I+ —+
12 144 12 144

el
.

H—H

H—H
'[2A T4A2 -1 1 -E2A t4A2 3
ol I AT folly + = (I +— + Al
12 144 H—H 2 12 144 ok
12V11 | 1 1
= 12+ V11 1A 0|, + 1 llm + Tlfozlln + Er|[f1||H
N-1
SM!Z sl + IAlT + [[AY20],, + 1l + r|[f2,2||H}, 1)
s=1

Applying AY2 to (87) and using estimates (76), (85), (89), (90), we obtain

-1
Al/z—u2_u0 < I—T2—A+T4A2 I+12—A+T4A2
2t |y 6 144 12 144
x A1/2 I .UZ_A I4A2 -
T + + lA@llH
12 144 HoH

5724 T*A? 24 A\
+(( - + I+ —+
12 144 12 144
72 24 A2\
XMNWI-—=A)I+—+
12 12 144 H

5724 ttA? 24 A\
+(( - + I+ —+
12 144 12 144

H—H

A,

H—H
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LI an A T4A2>1
) (“ 2 s ) |, Wl
1211 611
<y f|| ol + fufln + |Ay |, + T |AY s,
N-1
< M{Z Vs =firler + Wil + 1 A@ll s
s=2
Ay, + |4 e ||H}-
So, for k =1, the following estimates are proved:
U +u N
wrea] cal Slale ot 1ol ], |
H s=1
Up + U =
AV M{Z llzrz + A%, + 1l + rm,an},
s=1
Up+u =
I M{Z Vs = fitller + Iill + 1Al
H s=2

27

A1/2

Ukl — Uk-1

Ukl — Uk-1

X

24 4A\!
<I+ 12 " 144 > (A el

nAme+ﬂm“zAH}

N-1
SM{Z Vil + A0, + 1w lla + Tllfz,zllﬂ},
H

s=1

N-1

< M!Z Vs = feallzr + Wfillr + 1Al
H s=2

2T

HA”wh+ﬂM”zﬂH}

(92)

Now, we will establish these estimates for any k > 2. Using formula (81), we obtain

31 ~ 1~~
Uk +21/lk 1 _ E|:]11€k71 +]1Rk71](p + E[’fle71 _]1Rk71]iA71/21//

724 442
+= [NR]‘1 JoR] 2f22+_(1+6+ 144) *fi

k=2
1 Dk-1-s k—1-s
+ 5S=ZI|:742131( 1 _]ZR] 1 ]r2fs~

Using formula (93), estimate (76), and the triangle inequality, we get

2

[\Jl’—‘

Ui + Uk_1

H

< = (Willr—a |R | sy + il | R ) 0l
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SN r [ R gy + Wl re | R ) A0,

(” TA1/272

N = N =

+ st IR i+ 124D 1R )

2 442 -1
rA”2<I+ﬂ+IA)

1
«r A o], 4 2

-1/2
12 144 HﬁHT”A firls
1 k-2 N N
+5 2T A R IR s
s=1

e AR [R s AT A

N-1
=M {ZHA‘”2 o + ol + A7, + o[ A5 HH}

s=1

for any k > 2. Combining the estimates || <L || ; for any k, we obtain (77).

Applying A2 to (93), using estimate (76) and the triangle inequality, we get

H
=

1 ~ ~
o Ul [RE gy o+ W [ R )

1 ~ ~
x a0l + 5 (I r [ Ry + Wl s [ R ) 1 L

1 ~ e _
S (AR IR g+ 1Ay [ )

2 442\ -1
tA1/2(1+TA+tA>

221l !
X T + = —_—
22IH T 12 144

T|fi-1llm

H—H

k-2

1« ~ ~r 1o 1
+ 5 2 AR IR e+ 1T AR i | R U
s=1

s=1

N-1
sM{Z sl + A0 + 19 D + rma,zuH}

for k > 2. Combining the estimates for | AY2“<7%L||,; for any k, we get

max A2 Wk ¥ tin
1<k<N 2 H
N-1
< M{Z Wl + | A", + 1 lla + rm,zuﬁ}. (94)
s=1

Now, applying Abel’s formula to (93), we obtain

_ 1 ~~ 1 ~~
Ur +21/lk 1 _ E|:]11€k71 +]1Rk71](p + E[’fle71 _]1Rk71]iA71/21//

1~ ~ 1 24 t4A2\7!
- Rk—l _ Rk—l 2 I 2 5
+ SRR RN a4 51+ 5+ ) Phen
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k-2
(ZRks‘i'RkS(f; f;l)
s=2
+ (R+R)fin — (R + R“)ﬁ) ) (95)

Applying A to formula (95), using estimate (76) and the triangle inequality, we get

Uk + Uk

J
2

H

< =(llu>n ||Rk 1||H—>H + il b HRk 1||H—>H)

[\Jl’—‘

1 ~ ~
X 1 A@ll + 5 (I r [ R ey + Wl [ R ) A,
1 ~ ~p _
S (AR IR gy + U A D[R )

2 442\ -1
- 1A1/2<I+E+TA>

X r”Al/Z 2,2 ”H 12 144 T ”Al/ k 1 ||H

s=2

k-2
1 ~s L
(SR It
+ (IRl + IR ) Wiz e + (B iy + 1R i) M”H>

N-1
< M{Z e = fiallzr + WAl + IAgls + [0 |, + 7 [ A MH}.

s=2

Combining the estimates for [|A“=%L||;; for any k, we obtain

Uk + Uk-1

N-—
< M{Z s = fitllr + Wfi e + A2 ],

+Apl + | Ak, ||H}. (96)

Using formula (81), we get

Uk+1 — Uk-1

1 k-1 , T pk-1 1 k-1 k—17:4-1/2
oo =5 PR TR ]¢+§V3R — 3R iAT 2y

1 724 A2\
RELRA(1+ —= 2
Tor [ * ]<+ 12 +144) v

1 442\ !
(1
2(+ +144) i

1 42—1 )
+—(1 R+ RIT%fi
2(+ +144)[+]rf“

1 4A2 12
2—<1+ + ) Z [RE + R ]fiz. (97)

§=
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Next, using formula (97), estimate (76), and the triangle inequality, we obtain

Ukl — Uk-1

1 _ _
e e A I

AT el B )4,
1. 1y ~p_
A IR

+ A2 ||H%H ||Rk71 ||H%H) 1l

1~ 24 A2\
SR 18| (1 S )

1 24 A2\
X”fZ,Z”HT"’EH(I-FE-‘— 144)

Loz IRl | (1 CA L TATT
+ = Sy + . +—+—
o WHIH=H H—H 12 144

H—H

el

H—H

H—H

Vil 1 / 24 14A2\7!
X fecillgt + = |1+ — +
KAIHET Y 12 144

H—H

k-2
XD IR gy + IR ) WA

s=1

N-1
< M!Z Vallet + A", + 1l + T |sz,z||H}. (98)
s=1

Combining the estimates for || “+LL]|; for any k, we get

Ukl — Uk-1

max
2T

1<k<N-1

N-1
< M{Z Wil + A0, + 1V lla + rufz,an}. (99)
H

s=1

From estimates (94) and (99), we obtain (78).
Now, applying Abel’s formula to (97), we have

— Uj— 1 ~ o~ 1 ~~
Uk+1 Uk-1 _ 2 []SRk_l + ]3Rk_1](p + 2 [7st—1 _ ]BRk—l]iA—1/2w
T T

27
1 ~ 24 442 -1
+2—[Rk+Rk]<I+r—+T > 0
T

12 144
1 24 A2\
+— 1+ —+ *f
27 12 144

-1
) [R + R]t%fi 1

1 2A A2
I+ +
12 144

k-2
1 ~
+ Ef SZZ:UZRI(_S +]2Rk_s](f; _fs—l)

1 ~~ 1 ~~
- 5r[JQR + JoR]fiza + 57 LR+ LRMAY, 2<k<N. (100)
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Next, applying AV to formula (100), using estimate (76) and the triangle inequality, we
obtain

Ukl — Uk-1
27

A1/2

H

. ]
= 5 (A7 s e |R

AR g IR ) 140N

Lot gy i ] ]
+ S UAT sy [R o+ 147 |R ) A0

1~ 24 A2\
+E(”Rk +||Rk <I+E+m>

”HA»H ||H~>H)

H—-H

(R P
H—H

24 A2\
I+ —+
12 144
k=2

1 ~ Sk
S R IR 5 w (EX A P o
s=2

1 24 *A2\!
X HAI/Zfz’2 ”Hr + EH <I+ E + 144 )

1, ~
+ E(”R”H—>H + 1Rl 1)

H—H

+ ” TA] ||H—>H ”Rk_s ||H—>H) W =foillm

1 ~ ~
+ S AR s IR st + | TA D |y g IR ] o2 e

1 ~ - ]
S AR s IR g+ 1A R g IR WA

N-1
< M{Z W = fiallr + Wil + MA@lls + [A |, + A2, ¢ -
$=2

Combining the estimates for |AY>“+L2=L|,; for any k, we get

max A1/2 Uk+1 — Uk-1
1<k<N-1 2t H
N-1
< M{Z Ve = fiallzr + WAl + A2 |, + 1Al + T |A s, 1 (101)
s=2
From estimates (96) and (101), estimate (78) follows. Theorem 2 is proved. a

3 Numerical analysis

In the present section, finite difference method is used and two numerical examples and

some numerical results are presented in order to support our theoretical statements.
Generally, we have not been able to determine a sharp estimate for the constant figuring

in the stability inequalities. However, the numerical results are presented by considering


http://www.boundaryvalueproblems.com/content/2013/1/29

Ashyralyev and Yildirim Boundary Value Problems 2013, 2013:29 Page 28 of 34
http://www.boundaryvalueproblems.com/content/2013/1/29

the Cauchy problem
82ult, 32u(t, P
;‘t(ﬁx) - :;5") =2etsinx,
0<t<1,0<x<m,
u(0,x) =sinx, 0<x<m, (102)

1:(0,x) = —sinx, 0<x<m,

u(t,0) =u(t,7)=0, 0<t<l,

for a one-dimensional hyperbolic equation. The exact solution of this problem is u(t, x) =
e sinx.

We consider the set [0,1]; x [0,7]; of a family of grid points depending on the small
parameters t and /: [0,1], x [0,7], = {(tx, %) : tk = k7,0 <k < N,Nt =1,x, = nh,0 <
n < M, Mh = r}. First, for the approximate solution of problem (102), we have applied the
third and fourth orders of accuracy difference schemes respectively.

First, let us consider the third order of accuracy in time difference scheme for the ap-
proximate solution of Cauchy problem (102). Using difference scheme (2), we obtain

Wi kg Ul 2ufl
2 - §( 2 )
1 1 k-1_o k-1, k-1
— l(uﬁilfzuﬁ;-hruﬁtl + un+172u% 1+Mn—1)
6 h
kel _g kil kil _g kel K+l
+ ﬁ(”n:z"mn:l%”{ *4“nt1+”nt2) _ (pk
12 I =¥
k _ (4 1 .
@, = (5 exp(~t) + 3(exp(~tis1) + exp(~tk-1))) sin(xy),
th=kt,1<k<N-1L,Nt=lLx,=nh,2<n<M-2,Mh=m,
0 0 0 :
U,=@,, ¢, =sin(x,), 0=n=<M, (103)
ul — 0 — 2 (”Ll‘”gn)‘z(”%t‘“2)+(”}171‘”271))
" "o 0 th 0 1 0
1 1 1 0 1
i ( un+27”n+274(un+1[]l7un+l)+6(un7un) 74(un—17”n—l4)+ur1—27un—2 ) _ QDN
144 I I =@n>
N _ 12 . 2 .
@, = -5 Asin(x,) + (I - FA)(=sin(x,)) +fi17T,

2<n=M-2f, = (f(0)+(-£(0) + /' (0))5 - 2/ (0)§),
ul =uk, =0, 0<k<N,

k _ a,k k ko gk k
uy = 4uy — 5uy, uny 5 =4uy 5 —5uy ;, 0<k<N,

for the approximate solution of Cauchy problem (102). We have (N + 1) x (N + 1) system
of linear equations in (103) which can be written in the matrix form as follows:

Auyyo +Buyy + Cuy + Duyy + Euy o =R, 2<n<M-2,

uo = up =0, uk = 4uk — 5uk, uk, s=adk, ,-5uf, , 0<k<N, oy
where
[0 0 0 0 0]
0 0 O
a0 00T » (09

L ’ (N4 x(N+1)
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i 0 0 0 0 0
y 0 0 0 0
0 0 0 0
B= z
0 0 0 O 0 y z
v w 0 O 0 0 0
1 0 0 O 0 0 O
k m n 0 0 O
0 k 0 0 O
C= "
0 0 0 0 0 k
lc d 0 0 0 0 O
D =B, E=A,
1 0
R: . 5
0 (N+1)x(N+1)
o
§01
k=" , 0<k<N,
Pn (N+1)x1

= (N+1)x(N+1)

= (N+1)x(N+1)

. ) .
<p2 = sin(x,), gafl\[ = (r - E) sin(x,,),

oh = (é exp(—tx) + %(eXp(—tm) + eXp(—tk_l))) sin(x,),

§=—70
144h*

3
and
Uy
k g
ug = , 0<k<N,s=n-2,n-1,nmn+1,n+2.
N
Us (N+1)x1
Note that
72 1 72 2
X = ) =05 T T =375
124% 6h% 3h* 3h2
1 1 1 72
=——, = —+—+—,
Y= oz 2 32 T o
2 4 ‘ 1 1 72
==+ =, =—+ = =TT i
T2 3k 2 3h% 144h*
74 72 74 72
= + _—, = — -,
"7 360t T 122 364 12k2
) 72 74 Jo1s F 74
c=-1-—-——, =1+—+ .
6h%  24h* 6h%  24h*

(106)

(107)

(108)

(109)

(110)

(111)

(112)

(113)

(114)

(115)

(116)

(117)

(118)
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For a solution of difference equation (103), we have applied the procedure of the modified
Gauss elimination method with respect to n with matrix coefficients. Therefore, we seek

a solution of the matrix equation by using the following iteration formula:
Up = Oyy1lhpyl + ,Bn+1un+2 + Vn+ls n=M- 2; ceey 2, 11 0; (119)

where aj, 8 (j = 1,..., M) are (N +1) x (N +1) square matrices and y; are (N +1) x 1 column

matrices. Now, we obtain the formulas of &,,;1, B41, Vus1 @S

Bni1 =—(C +Day, + EByq + Ean—lan)_l(A);
Upy1 = _(C + DO[,, + E,Bn—l + Ean—lan)_l(B + Dﬁn + Ean—lﬁn)r (120)

Yns1 = +H(C + Doty + EBq + Ean—lanyl (Re, — Dy, — Ecty_1Yy — EV-1)

forn=2:M-2and ay, B, Y1, @2, B2, V2

0o - 0 0o - 0
w=| - - . Bi=| - ) 121)
0 -0 (N+1)x (N +1) 0 -0 (N+1)x (N+1)
4
o &0 .0
0 3 0
Vi=Y2=] - , o = ' ’ (122)
N+1)x1 . 4
() 00 5= (N+1)x(N+1)
1
-z 0 0
o -1 . o0
Ba = > ) (123)
1
0 0 T5d x4
and uy = 0. Applying the formulas
Upm-2 = Op-1UM-1 t YM-15
Up-3 = Ay aUp-2 + Br-2Upr-1 + V-2, (124)
Up-3 = duy_o — Sup_g,
we get
(4d — ap—p)(@p-1upi—r + Yar-1) — (51 + Byr—1) a1 = Ym-2. (125)
From that, it follows
-1
un-1 = [(Bua + 51) — (4 — atpg-a)on-1]~ [(4] — otr—2)yarc1 — Ym—2)- (126)

Thus, using the formulas and matrices above, the third order of approximation differ-
ence scheme with matrix coefficients for the approximate solution of Cauchy problem
(102) is obtained.
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Second, let us consider the fourth order of accuracy in time difference scheme (3) for
the approximate solution of Cauchy problem (102).

Using difference scheme (3), we obtain

_ k k
uk 2Ky k1 _ §(”n+1_2”£+”n71)
o k k6 k e k- k k
+1 +1 +1 -1 -1 -1
_ 1 Mn+1_2u71 U1 + ”n+1_2”n +un—1)
12 h? h?
k k k k k
_ ﬁ un+2_4un+1+6un_4un—1+un—2)
72 h*
k+1 k+1 k+1 k+1 ,  k+1
+ T_(un+2—4un+1+6un —4un71+un72
144 h*
k-1 k-1 k-1 k-1, k-1
+ Uy =4y 140Uy ‘4”n-1+”n-2) _ (pk
h* DR

ok = (3(exp(—tr)) + #(exp(—txs1) + exp(—tx-1))) sinx,),
tr=kt,1<k<N-LNt=Lx,=nhl1<n<M-1,Mh=m,
ul=¢d  d=sin(x,), 0<n<M, (127)
"

1 0 1 0
o_z2 ((un+17”n+l)72('4}17”2)‘*(”;4—17’%—1))
n

W2
+_2+ —4( }r+_g+) 6( }l_ 2)_4( ;11—_2—) }1—_2—
+1‘2_4(M 2M2 Mh]4u 1+u U u 114}[14+u ZM 2):()0;71\/’
2 . 2 .
@i = =T Asin(x,) + T(I - SA)(=sin(x,)) + Tfa,
2 2
faz == F2)(0) = (I - 24) - ' (0) 5
+ (CATf(0) - 2f'(0) + 1" (0D % + (AF(0) - 3f"(O) &5,
2<n<M-2ul=ul;=0,0<k<N,

k _ g,k k ko gk k
uy = 4uy — 5uy, Upp_a =4uy_ o —5upy 1, 0<k<N,

for an approximate solution of Cauchy problem (102). We have again the same (N + 1) x

(N +1) system of linear equations (104), where

A= yoE , (128)

la aa 0 0 - 0 0 O O] (N+1) x (N+1)
[0 0 00 -0 0 0 0]
vy 0 -0 0 0 0
|0 v w v 00 00 , (129)
0 00 -0 v wwv
Lp 0 0 0 0 0] (N+1)x (N+1)
1 00 -0 0 0 0]

S
3

=
=
o
=
o

C-= ' ) (130)

L ’ (N+1)x (N +1)
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D=B, E=A, (131)
1 0
R=1|. . . ) (132)
0 (N+1)x (N+1)
and
0
Ltl
uk =" , 0<k<N,s=n-2,n-l,mn+1ln+2, (133)
N
LU (N+1)x1
K
<,01
oh= " , 0<k<N, (134)
N
L¥n (N+1)x1

0 .

@, = sin(x,),

N 2 3 b 5 6 7 8
T+

——— +—=-—+ — - — — —— | sin(xy,),
2 4 12 36 16 108 864

oh = (g(eXp(—tk)) + é(eXp(—tm) + eXp(—tk_1))> sin(x,) sin(x,),

l1<k<N-1 (135)
Note that
72 2 1 472 (136)
X = _—, = — V= —_ »
wart YT T T T o T 144t
5 472 1 1 72 137)
=—— =, M=—+—=+—),
o2 7o 2 o2 " 2ant
2 5 72 72
H=——  — — —— f=——
2 2 4’ 4’
2 32 12k 1444 138)
T2 1.4 1.2
S= —, = +—,
1warnt P 3em T 1o
.[4 .[2 .L.2 T4 .L.Z T4
S P L AN (LA 139
1= 7361 ~ 1202 62 24ht 62 24t (139)

For the solution of difference equation (127), we use exactly the same method that we have
used for the solution of difference equation (103). Thus, using the formulas and matrices
above, the fourth order of approximation difference scheme with matrix coefficients for
the approximate solution of Cauchy problem (102) is obtained. The implementations of
the numerical experiments are carried out by Matlab.

The errors are computed by the following formula:

EN = max u(t, %) — uk). 140
M 15k5N—1,15k5M—1| (8 %) "| (140)
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Table 1 Errors for the approximate solutions of problem (102)

Method N=10,M=100 N=20,M=400 N=40,M=1600
Difference scheme (2)  0,0001504 0,00001952 0,000002241
Difference scheme (3)  0,00002459 0,000001628 0,0000001047

Here, u(tk,x,) represents the exact solution and u’; represents the numerical solution at
(¢x,x,,). The errors are presented in Table 1.

In the table, the results are presented for different M and N values which are the step
numbers for time and space variables respectively.
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