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Abstract

In this paper we study a system of delay dynamic equations on the time scale T of
the form

YA = (L y- (D),

wheref: T x R” — R", y.(t) = (1 (17 (®)),....vp(zp@®)) and ;- T — T,i=1,...,n, are
the delay functions. We are interested in the asymptotic behavior of solutions of the
mentioned system. More precisely, we formulate conditions on a function f, which
guarantee that the graph of at least one solution of the above-mentioned system
stays in the prescribed domain. This result generalizes some previous results
concerning the asymptotic behavior of solutions of non-delay systems of dynamic
equations or of delay dynamic equations. A relevant example is considered.
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1 Introduction

1.1 Time scale calculus

Time scale calculus, first introduced by Stefan Hilger in his PhD thesis in 1988 (see [1]) is
nowadays well-known calculus and often studied in applications. Recall that a time scale
T is an arbitrary nonempty closed subset of reals. Note that [a,b]T := [4,b] N'T (resp.
(a,b)r := (a,b) N T etc., we define any combination of right and left open or closed in-
tervals), [@,00) :=[a4,00)NT, o, p, u and f2 stand for the finite time scale interval, in-
finite time scale interval, forward jump operator, backward jump operator, graininess and
A-derivative of f. Further, we use the symbols C,4(T) and Crld(T) to stand for the class of
rd-continuous and rd-continuous A-differentiable functions defined on the time scale T.
Finally, we work with all types of points on the time scale T, i.e., with right-dense points
or right-scattered points, respectively with left-dense points or left-scattered points. See
[2], which is the initiating paper of the time scale theory, and [3] containing a lot of infor-
mation on time scale calculus.

Now we remind further aspects of time scales calculus, which will be needed later (see,
e.g., [3]). We use the standard symbol || - || for an arbitrary vector norm. Note that (in this
paper) a type of a norm is not important.
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Definition 1 Let T be a time scale. A function f: T x R” — R” is called
(i) rd-continuous if g defined by g(¢) := f(¢,y(t)) is rd-continuous for any rd-continuous
functiony: T — R";
(ii) bounded on aset S C T x R™ if there exists a constant M > 0 such that

Hf(t,y) H <M forall(t,y)eS;
(iil) Lipschitz continuous on a set S C T x R" if there exists a constant L > 0 such that

I (&21) —f (& y2)|| < Lllys = y2ll - for all (¢,y), (£,52) € S.

1.2 System of delay dynamic equations on time scales

Lett;: T— T,i=1,...,n n €N, be increasing rd-continuous functions satisfying t;(¢) < ¢
forall £ € T, and let y,(¢) = (51 (71(2)), ..., ¥u(T4(£))) be a vector, where its every component
y; is with an own delay 1;. Let the function f : T x R” — R” be rd-continuous. We consider

the system of # delay dynamic equations

yA(t) :f(t’yz(t))r (1

y2 () = At (1@®), y2(12(0))s .y (Tu(2)))
J/2A(t) =f2 (t»)/l (Tl(t))»)/2 (tZ(t))r o3 Yn (Tn(t)));

yﬁ(t) :fn (t’yl (Tl(t)):y2 (TZ(t)): <o Yn (Tn(t)))

on the time scale T.

For given £, € T and «p := min{z;(y)}~,, a function y : [ag,00) — R” is said to be a
solution of (1) on [w, 00) 1 provided y € Cy([tg, 20) 1), ¥ € Crld( [to,00) ) and y satisfies
(1) for all £ € [¢,00) . If, moreover, we are given an initial function ¢ : [«o, to]T — R”,
¢ € Cua([ag, tp]T) such that

y(t) =), telao, tolr, (2)
then we say that y is a solution of initial problem (IP) (1), (2).
1.3 Existence and uniqueness of solutions of delay dynamic equations
For the next study, it is important to known whether a solution of IP (1) and (2) exists and

if it is uniquely defined. However, the following theorem (in a more general form) can be
found in [4, Theorem 2.1].

Theorem 1 (Picard-Lindelof theorem) Let t; € T, & > ty, m > 0. Let

Y:={y eR": ||y —(t)| < m for some t € [ao, 0]},
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where the properties of ¢ and the definition of oy are described in previous Section 1.2.
Assume that f € Cq([to, il X Yim) is on [to, tilT X Yy, bounded with bound M > 0 and
Lipschitz continuous. Then initial problem (1) and (2) has a unique solution y on the inter-

val (g, 0 ()T C [oto, talT, where
& := max[zo, to + Sl

and
8 := min{t; — to, m/Mj}.

Carefully tracing the proof of Theorem 1 in [4], it is easy to verify that if Theorem 1
holds, then the solution of IP (1), (2) depends continuously on the initial data.

2 Problem under consideration

Throughout this paper, we assume that the time scale T is unbounded above with ¢y € T.
Furthermore (throughout this paper), op € T has the same meaning as in the previous
section. Let

bi,CL'ZT—>]R, i=1,,..,n,
be A-differentiable functions such that b;(£) < ¢;(¢) for each ¢ € [og,00),i=1,...,n, and
bi(t) < gi(t) < ¢;(¢t) forallt € [ag,tolT,i=1,...,n, (3)

where ¢;(¢) are coordinates of an initial function ¢(£) used in (2). We define a set Q C
T x R" as

Q:={(t,):t € [a,00) 1,y € (t)},
where
w(t) := {y eR":bi(t) <y <cilt),i= 1,...,n}.
Then the closure Q equals
Q:={(t,y):t € [a0,00) 1,y € B(1) }
with
o(t) = {y eR":bi(t) <y < ci(t),i= 1,...,n}.
Moreover, we define the y-boundary 9,2 of Q as
0,82 := {(t,y) 1t € [og,00) .y € aa)(t)}

with

dow(t) :=w(t) \ w(t) = {yeR":y € o(t) and l_[(y,» - b,-(t)) (y,' - ci(t)) =07¢.

i=1
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Consider delay system (1) and initial problem (2). Let t; € T, where ¢; > £;. Let a function
f be bounded and Lipschitz continuous on an open set S = §(¢,y) C T x R” and

{(t,y):te [ao,tl]T,yeR”} nQcs.

This condition says that, by Theorem 1, every initial problem (1) and (2) with ¢ satisfying
(3) has exactly one solution on an interval [«g, o (§)]T where o(§) > £. It is also easy to
show that this solution depends continuously on the initial function ¢.

Throughout the paper, we assume that the function f is bounded and Lipschitz contin-
uous on an open set S and Q C S, which implies that every initial problem (1) and (2) has
exactly one solution on an interval [&g, 00) .

The aim of this paper is to establish sufficient conditions on the function f of equation
(1) such that there exists at least one solution y(¢) of (1) defined on [¢g,00) such that
(¢, y(2)) € Q for each ¢t € [wg,00) . The main result generalizes some previous results of
the first author (and his co-authors) concerning the asymptotic behavior of solutions of
discrete and dynamic equations (see, e.g., [5-9]).

In papers [5, 6], to our best knowledge, the retract principle is for the first time extended
to discrete equations. In [10] delayed discrete equations are considered by retract tech-
nique, and in [8] the retract principle is given for discrete time scales. Paper [7] is devoted
to extension of the retract principle to dynamic equations. In [11] the retract principle is
extended (under different conditions) to a system of dynamic equations in the plane. In
[9] we extended the retract principle to scalar delayed dynamic equations. In the present
paper we give an attempt to enlarge the retract principle to systems of delayed dynamic
equations.

2.1 Points of strict egress
We define auxiliary sets which are subsets of y-boundary 9,:

Qp = {(t,y) € Q:yi(t) = bi(t) },

QL= {(t,y) €Q:y(t) = Ci(t)},
where i =1,2,...,n. Obviously, 3,Q = [, (Q% U Q().
Definition 2 Let o, := min{z;(t)}",. A point
Mg = (t,yl,...,yi_l,bi(t),ym,...,yn) € Qj;, ie{l,2,...,n},t >ty
is called the point of strict egress for the set 2 with respect to system (1) if
filt,m(1i(®), ua(12(0)), - .., (T4 (2))) < B (8), (4)

where u = (u1,...,u,) : [0, tlr — R” is an arbitrary rd-continuous function such that for
everyj=1,...,n,

bj(s) < uj(s) < ci(s), se [ant)r,

bj(t) < u(t) < ¢i(¢) forj#i
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and u;(t) = by(¢).
A point

MiC = (t,y1,.~.,yi—1, Ci(t)iyl#lv'--;yn) S Qlcr i S {17 2,...,”1},t Z tO

is called the point of strict egress for the set 2 with respect to system (1) if

St m(n@®)), us (rz(t)), e u,,(t,,(t))) > e (b), (5)

where u = (i, ...,u,) : [0, t]y — R” is an arbitrary rd-continuous function such that for
everyj=1,...,n,

bj(s) < uj(s) < ci(s), se [ant)r,

bi(t) <uy(t) < ci(t) forj#i

and u;(t) = ¢;(¢).

Remark1 We will explain the geometrical meaning of the point of strict egress. If a point
My = (0. Y1, bi(E) yists - oyn) €y i€{1,2,...,1}

is a point of strict egress for the set 2 with respect to (1) and y(£) = (y1(¢),...,y.(t)) is a
(unique) solution of (1) satisfying (¢*, y(¢*)) = M}, then, due to (4),

() = B(t) =£ie 1 (0 ()02 (22()), - (0 (£°))) = B (7)< 0.

From the definition of A-derivative and the property y;(t*) — b;(t*) = 0, we get y;(£) — b;(¢) <
0 (or (£,5(2)) ¢ Q) for t € (t*,t* + )1 with a small positive § if £* is a right-dense point and
for t = o (¢*) if t* is right-scattered.

By analogy, if

M= (91, Y1 (), Yirts - 9m) € QL i€ (L,2,...,1)

is a point of strict egress for the set 2 with respect to (1) and y(¢) = (y1(),...,y.(2)) is
a (unique) solution of (1) satisfying (¢*,y(¢*)) = M., then, due to (5), y;(t) — c;(t) > 0 (or
(t,y(t)) ¢ Q) for t € (t*,¢* + 8)r with a small positive § if £* is a right-dense point and for
t =o(t*)if t* is right-scattered.

We see that in all the cases considered, the solution y = y(£) of (1) with the initial con-
dition y(t) = ¢(£), t € [y, t*]r, and (£%, y(t*)) € 3,2 satisfies (¢, y(t)) ¢ Qfort e (tt* +8)r
with a small positive § if £* is a right-dense point and for ¢ = o (t*) if £* is right-scattered.

Definition 3 [12] If A C Bare subsets of a topological space and  : B— A is a continuous
mapping from B onto A such that 7 (p) = p for every p € A, then x is said to be a retraction
of B onto A. When a retraction of B onto A exists, A is called a retract of B.

3 Existence theorem
The following theorem is proved by utilizing the idea of a retract method, which is well
known for ordinary differential equations and goes back to Wazewski [13]. In the next
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theorem, we assume that the function f, except for the indicated conditions, satisfies all
the assumptions given in Section 2. Namely, we assume that the function f is bounded
and Lipschitz continuous on an open set S and Q C S.

Theorem 2 Letf: T x R”" — R". Let b;,¢;: T — R, i € {1,...,n} be A-differentiable func-
tions on T such that b;(t) < c;(t) for each t € [ag, 00) . If, moreover, every point M € 9,2
is the point of strict egress for the set Q with respect to system (1), then there exists an rd-
continuous initial function ¢* : [ag, tolT — R” satisfying

bi(8) < @} (t) <ci(t) foralltelwo tolTi=1,...,n (6)
such that the initial problem

y(@) =9*(8), € laobolr @)
defines a solution y of (1) on the interval [o, 00) 1 satisfying

(t,y(t)) €Q foreveryt € [ag,o0) - (8)

Proof The idea of the proof is the following. By contrary, we assume that a solution y
satisfying (8) does not exist. Then we are able to prove (by a construction of a chain of
auxiliary mappings) an existence of a retraction of an #-dimensional ball into its boundary.
However, it is well known that the boundary of an #-dimensional ball cannot be its retract
(see, e.g., [12]) and we get a contradiction.

Without any special comment, throughout the proof, we use the fact that the initial value
problem has a unique solution and this solution depends continuously on the initial data
(this is guaranteed by Theorem 1). Suppose now that the initial function ¢* satisfying (6)
generates the solution y = y(¢£) which does not satisfy (8) for at least one t € (¢y, 00)r. This
means, in general, that for any rd-continuous initial function ¢, satisfying the inequality

bi(t) < poi(t) < ¢;(¢t) forall ¢ € [ag, tolT,i=1,...,1, 9)

there exists t° € T, t° > £y such that, for a corresponding solution y = y°(¢) of the initial
problem

»°() = @o(t), t€[ao,tolTs
we have
(£%5°(£°)) ¢ @
and
(tY°®) e forallte [to,t°) 1.

Let us define auxiliary mappings P, P, and Ps. Note that in this part of the proof, without
loss of generality, we admit the eventuality that the function ¢,(¢) instead of (9) satisfies
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weaker restrictions
bi(t) < poi(t) < ¢;(¢) forallt € [ag, ty),i=1,...,n,

and goo(to) € w(to).
First, define a mapping P;. For (¢, po(to)) with ¢o(t0) € w(to),

(t°,5° (%)) if o (o) € w(to),

Pillor0lt0) =Y (0 0000 = (10,30(00)) i golte) € (i)

with £° having the value defined above except for the case ¢(ty) € dw(ty). In the latter
case, we put £ = .

Second, we define a mapping P, for every (£°,7°(¢°)). For this we will need a set

Qg := {(t,y) :t € [ag,00),y € wR(t)}
with wgr () = w(t) if t € T and

t—1t,
Iy —ta

wg(t) = {y € R": b(ta) + [bi(ty) — bilta)]
<yi<cilty) + [ci(t;,) - c,-(ta)] Rl 1,...,;1}

31
ty —t,

ift¢ Tandt, €T, t, € T are such that ¢, < £, t € (£,,£) and (¢,,£,) N T = @. It is clear that
Q C Qg. Further,

Vitaty) :={(t,)) 1t <t < t,,y € WR(1)}
is obviously convex. We define, moreover, the y-part of the boundary of Qp as
ayQ]R = {(LJ’) ite [(X(), OO),J/ € awR(t)}’

where dwg () = dw(t) if t € T and

doon(t) = [yeww):]"[(bi(tan[bi(m—b,»(ta)]- ol —yl)

i-1 by~ ta

X (J/i = ci(ta) - [ci(ty) — cilta) ] - L=l ) = 0}

y—t,

ift ¢ T, where t, € T and ¢, € T are as above.

Now we are ready to consider an auxiliary mapping P. Let (t°,5°(¢°)) ¢ 2. Then, due to
the convexity of V(¢,, ), there exists a unique intersection of the segment connecting the
points (p(°),y°(p(¢%))) and (¢°,5°(¢°)) with 3,Qr. We denote this point as M° and define

Py(£2,5° (%)) := M°.

Page 7 of 14
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Note thatif (£°,5°(¢%)) € 9,2, we get the particular case M° = (¢%,5°(£°)) and P> (£°,5°(¢°)) =
(t°,5°(£°)).

Third, we define a mapping Ps. For this we need a subset of the y-boundary 9,2. For
seT,let

0y Q=5 1= 0,2 N {(s,y) 1y € R”}.
Now we are ready to consider an auxiliary continuous mapping Ps,
P3:0,Qr — 0,24,

defined for M° = (¢,y) € 8,Qp as a point M* = (to,y*), where y* € dw(£) with

ci(to) — bi(to)

b i) i=Ll..n o

yi = bilto) +

It is easy to see that the 9,€2|;, is a retract of 9,Qr and satisfies all the assumptions from
Definition 3 (with A := 9,Q|,-;, and B := 9,Qp).
We show that the composite mapping

P30PyoPy:{(to,y):y €@to)} = 3,2
is continuous due to the continuous dependence of the solutions on the initial data, the
convexity of sets of the type V(¢,,t;,) defined above and the continuity of the mapping Ps.

Let § > 0 be sufficiently small and ¢o, 9o : [0, to]T — R” be the initial functions such
that

||<po(t) — @o,s(t) H <§ forallt e [ag, tolT

and
li = @g. 11
lim ¢o,5 = 9o (11)
Further, let

Py (to, 90(t0)) = (£°,5°(¢°)), 12)

Pi(t0, po,5(t0)) = (£%,9% (£*%)). (13)

Suppose now that ¢ (to), go,s(to) € w(ty) (which is equivalent to ° > £;). We consider all
the possible settings of (£°,%°(¢°)) and characters of °.

(I) Point (¢2,5°(2°)) € 9,%2.

First, assume that the point ° is dense, i.e., p(t°) = £° = o (t°). Then, due to the solutions

depending continuously on initial data, we have lims_, t>® = ° and, consequently,

;i_{r(l)ﬂ(to,wo,a(to)) = Pi(to, po(t0)) = (£°5°(°)).
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In this case the mapping P; is continuous and the composite mapping P o P; is continuous
as well because

(P 0 Py)(to, 9o (ko)) = (£°5° (£°))

and
;ir%(Pz o P1)(to, po,s(t0)) = gin(l) Py(£%%,5% (£%)) = (£,5°(£°)).

Further, P3 o P, o P; is also continuous because of the continuity of mappings Ps and Py o P;.

Second, if the point ¢° is left-scattered and right-dense, i.e., p(t°) < £° = 5 (¢°), we can
proceed analogously as in the case before. In this case, for fixed §, either %% = ¢0 (if
792 (£%) ¢ (%)) or t%% > £° (if y*9(t°) € w(£°)). In the alternative *° = ¢, it is obvious that

s 0,8(40,8\ _ 0(40
lim 27 (¢2°) =5°(¢°)

and thus
{%i_l)%(Pz o Pl)(t01 ¢0,a(t0)) = (y_{%Pz (t""s,yo"s (to's)) = (to,yo (to))~

Hence the composite mapping P, o P; is continuous. Further, P; o P, o P is also contin-
uous because of the continuity of mappings P; and P, o P;. The alternative > > t° with
lims_, o £%% = £° can be proved by the same limit process as in the first case, where the point
t0 is dense.

Third, let the point £° be left-dense and right-scattered, i.e., p(t°) = £° < o (£°). Then the
approach used in previous cases can be modified as follows. Let, as before, (11), (12) and
(13) hold. Then, for fixed §, either t%° < % (if y*(£°) ¢ w(£°)) or %% = o (¢°) (if y*(t°) €
o(t°)). The alternative t> < ° with lims_, % = ¢° can be proved by the same limit pro-
cess as in the first case, where the point £° is dense. However, the alternative t° = o (£°)
takes into account a possibility that the mapping P; cannot be continuous. If £*% = o (£°) is
valid for § — 0, then, due to the convexity of V(t°,0(£%)), there exists a unique intersection
of the segment connecting the points (£°,5°(£°)) and (o (¢°), > (o (£°))) with 9, Qr. We de-
note this point as M%? and, in accordance with the above definition, P, (o (t°), Y% (o (¢°))) =
M®%, We wish to show that M%® — M° = (t°,5°(¢°)) if § — 0. However, in view of the def-
inition of the mapping P, and its geometric meaning,

lim oo ()% (o () = im M2 = (1,91 (1)
and
%i_r)%(Pz o P1)(to, 0,5(t0)) = (¢%,5°(¢°)).

Hence the continuity of P; o P is proved. Further, P; o P, o P is also continuous (for the
same reason as before).

Fourth, suppose now that ° is an isolated point, i.e., p(t°) < t° < o (¢°). Let, as before, (11),
(12) and (13) hold. Then, for sufficiently small §, we have either £ = £0 (if 7 (£°) ¢ w(°))
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or t% = 5 (%) (if y*° (£°) € w(t°)). Without any special comment, in the alternative % = ¢°,
we proceed in the same way as in the second case, where ¢° is left-scattered and right-

%% = 5(¢°), we proceed in the same way as in the

dense. Furthermore, in the alternative
third case, where £° is left-dense and right-scattered.

(II) Point (£,5°(z°)) ¢ 9,2. Then the point t0 is left-scattered and only two cases are
possible (either £° is left-scattered and right-dense or ¢ is isolated). In both mentioned
cases, we can proceed in the same way. Let, as before, ¢o(%), 9o,s(%0) € w(to) and (11), (12)
and (13) hold. Then, for sufficiently small §, we have only t*° = ¢° and, of course, y%%(¢°) ¢
@(t%). Further,

_ gi_l)%(to,a,yo,a (to,s)) _ (to’yo (tO)) ¢ Q.

%l_l)% Py (0, 90,5(t0))
Due to the convexity of V(p(°), £°), there exists a unique intersection of the segment con-
necting the points (o(¢°), > (p(¢°))) and (¢°,y*(¢°)) with 9,Qr. We denote this point by
MP®? . In view of the definition of the mapping P, and its geometric meaning, we can ob-
serve that

;irr(l)(Pz o P1)(to, po,s(t0)) = ;iﬂ% Py (£2,9°° (")) = }in(l) M = M°.

Hence the composite mapping P, o P; is continuous. Moreover, P; o P, o P is also contin-
uous because of the continuity of mappings P; and P, o P;.

We proved that the composite mapping P; o P, o P is continuous. Note that we omitted
the special case @y (o) € dw(to) (which is equivalent to £° = ¢y). However, this part can be
shown in an analogous and simpler way to the one used above.

Now we are able to finish the proof. We proved that

PI:P3 OP2 OPl IB—)A,
where A := 8,4, B := {(£0,¥) : y € ®(ty)} is continuous. Moreover,
P:A— A

is an identity mapping. In this situation, we have proved that there exists a retraction of
the set B onto the set A (see Definition 3). In view of the above-mentioned fact, this is
impossible. Our assumption is false and there exists initial problem (7) such that the cor-
responding solution y = y*(¢) satisfies (8) for every ¢ € [, 00) . The theorem is proved.

g
4 Example
Let us consider a dynamic system of type (1)
¥ @ = A6 (1®), 72 (@)
cos(ty2(na(2))) . y2(r2(8))
:yf(‘l:l(t)) + ; 2 + 2t2 j_ 2, (14)
y3 @) =ty (1(0),y2(2(0)))
_n@@) + 96 (ra(0)) + sin(y2(72())) (15)

2 B3+2
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defined for each t € [1,00)  with T = {2"}° ). Note that in this case (¢) = ¢. Let delays be

defined as follows:

Let, moreover, ty > 16, ty € T and g = min{t;(¢y), T2(t0)} = 12 (t0) = £o/4.
With the aid of Theorem 2, we will show that there exists an initial function ¢*,

(pl*(t) € (_t_I’ t_l)! te [050, tO]T’i = 1’ 2y (16)
which defines a solution y for all £ € [«g, 00) 1 of dynamic system (14), (15) satisfying
yi@)| <t i=12. (17)

We define A-differentiable functions b;,¢; : T — R, i = 1,2, satisfying b;(¢) < c;(¢) for each

t € [ap,00)T as
bi(t) := -t} ci(t)=t7!
and
Q= {(t,y) it e [ag,00),—t <y <t i= 1,2}.
We will verify that every point M € [ J2, (€25 U QL), where

Q= {ty) €d,Q:y=-t"i=1,2},

QL={(ty) ed,Qiy=t"i=12},

is a point of strict egress for the set 2 with respect to the dynamic system (14), (15).

(1a) Let (£,b1(2), y2) € Q}. For arbitrary functions u;, u : [, t]r — R, ¢ € [¢o,00) 1 such
that (for j = 1,2) bi(s) < u;(s) < cj(s), s € [, £) 7 and u1(¢) = b1(2), ba(t) < us(t) < co(t), we
need (see (4))

cos(tuy(1a(t))) N U (1 (2)) < ( I)A. (18)

£3 £2+1 Tt

ut(ri(®)) + -

(1b) Let (¢, c1(8),y2) € Qlc For arbitrary functions uy, us : [0, t]lr — R, £ € [£y, 00) 1 such
that (for j = 1,2) b;(s) < uj(s) < ¢;(s), s € [a, t) 7 and uy(t) = c1(2), ba(t) < ua(t) < co(t), we
need (see (5))

cos(tin(n(t)  wa(wma(®)  (1\°
3 T ><Z>' 19)

uf (rl(t)) +

Inequalities (18) and (19) are valid if the inequality

uf(ni(®) +

cos(tit (2 (2))) . uz(l’z(t))’ . < 1>A

3 2+1 Tt
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holds for arbitrary u; such that -7 < u;(¢) <7, t € [t9,00),j =1,2 (fo > 16). Indeed,

cos(tuy(12(t))) s uy(72(t)) 1 . 1 . 1
3 241 |7 @2 2B (/42 +1)

1 1 [ 1\*
<F_t(t+u(t>)_<_¥> '

(2a) Let (¢,71(2), b2(t)) € Q2. For arbitrary functions u;,u : [, tlr — R, t € [ty,00) 1
such that (for j = 1,2) b;(s) < u(s) < ¢;(s), s € [z, £) 7 and uy(t) = ba(t), bi(t) < ui () < c1(t),
we need (see (4))

uf (ni(®)) +

ui(t1(2))
t2

+u§ (2(2)) +

. A
shinfel®) (13" 20)

B3+2 Tt

(2b) Let (£, y1(2),c2(2)) € QZC For arbitrary functions uy,u; : [o, t]lr — R, t € [ty, 00) 1
such that (for j = 1,2) b;(s) < u;(s) < ¢i(s), s € [, £) 7 and uy(t) = c2(t), b1(£) < usr(t) < c1(2),
we need (see (5))

ui(71(2))
t2

+uy(ra(t)) + ) - (21)

sin(u(z2(1))) <I)A
—s )

Inequalities (20) and (21) are valid if the inequality

£2 2 3+

. A
w1 (t1(t)) + u6(7:2(t)) n %"&2&)))‘ < (_%)

holds for arbitrary u; such that -7 < u;(¢) <7, t € [£9,00),j =1,2 (fo > 16). Indeed,

1 (1 (2))
t2

+us(na(t)) +

sin(uy(12(2))) 1 1 1
< + +
3 +2 t2(t/2)  (¢/4)° B +2

1 1 o 1\°
<ﬁ‘t<t+u(t»‘(‘2) ’

In view of Definition 2, every point M € | J>, (€25 U QL) is a point of strict egress for the
set Q. Therefore, all the assumptions of Theorem 2 hold and there exists an initial value
function ¢* with property (16) such that the initial problem y(¢) = ¢*(¢) defines a solution
y on the interval [eg, 00) 7 of dynamic system (14), (15) satisfying inequalities (17) for every

t € [ag,00) . This solution (due to (17)) tends to zero as t — 00.

Remark 2 Note that the choice T = {2"}32, in the previous example is not important,
and system (14), (15) can be considered on an arbitrary time scale T with () = O(¢) (it
means that there exists g > 1 such that u(t) < (¢ —1)¢ for each t € T). Indeed, let us slightly
modify the previous example. Consider system (14), (15) on an arbitrary time scale with
wu(t) = O(t). (For example, T = {g"}3°, with g > 1 satisfies this condition.) Let, moreover,
7 = t/q, Ty = t/g* with ¢ > 1, k € N. Then one can show that all calculations used in the

previous example are true for sufficiently large ¢, € T.
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5 Concluding remarks

The difference between delay dynamic equations and non-delay dynamic equations (resp.
a system of delay dynamic equations and a system of non-delay dynamic equations) with
respect to controlling their solutions is as follows. The conditions on the function f to
get a bounded solution in a ‘delay’ case are a little bit harder than in a ‘non-delay’ case.
More precisely, the bigger the delays 7; are, the harder it is to construct a set 2 of con-
sidered equations to get a bounded solution y € Q2. The reason is that in a delay case the
history of solutions plays an important role and influences conditions for points, which
are strict egress with respect to the investigated equation. It corresponds to the form of
Definition 2, where functions u;(t) have to satisfy some conditions before they touch or
pass the boundary of the set .

A further possible complication in dynamic equations (resp. a system of dynamic equa-
tions) - the graininess of the time scale T - was discussed in [9]. Moreover, it is obvious
that the bigger the graininess is, the bigger the delays are. This fact also implies a problem
to control the solution to stay in domain €2.

Finally, let us consider initial problem (1), (2) with 7;(¢) = ¢ for every i = 1,...,n. In this
case, we get a non-delay dynamic system and the initial function ¢ defined in (2) can be
replaced by the initial condition y(f) = yo. Moreover, in this case, carefully tracing the
proof of Theorem 2, we can observe that it does not need any change. Hence we can say
that Theorem 2 generalizes a result given in [7] as well.
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