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Abstract

Some new criteria for the oscillation of nth order nonlinear dynamic equations of the
form

A0+ (¢ @) =0

are established in delay &(f) < t and non-delay &(t) = t cases, where n > 2 is a
positive integer, A is the ratio of positive odd integers. Many of the results are new
for the corresponding higher order difference equations and differential equations
are as special cases.
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1. Introduction
Consider the nth order nonlinear delay dynamic equation

A0 +q (& E @) =0 (1.1)

on an arbitrary time-scale T € R with sup T = co and 0 € T, where n > 2 is a posi-
tive integer, A is the ratio of positive odd integers, q: T — R* =(0,00) and
&:T — T are real-valued rd-continuous functions, &) < ¢, &%) > 0, and lim, ,.&() =
oo, Throughout the article by ¢ > s for ¢, s € T we shall mean t € [s,00) N T :=[s, 00)y.
For the forward jump operator o, we use the usual notation x° = x © ©.

We recall that a solution x of Equation (1.1) is said to be nonoscillatory if there
exists a ty € T such that x(£)x(c(£)) > 0 for all ¢ > £,; otherwise, it is said to be oscilla-
tory. Equation (1.1) is said to be oscillatory if all its solutions are oscillatory.

Recently, there has been an increasing interest in studying the oscillatory behavior of
first-and second-order dynamic equations on time-scales, see [1-7]. However, there are
very few results regarding the oscillation of higher order equations. Therefore, the pur-
pose of this article is to obtain new criteria for the oscillation of Equation (1.1). This
topic is fairly new for dynamic equations on time scales. For a general background on
time scale calculus, we may refer to [8,9].

The article is organized as follows: In Section 2, some preliminary lemmas and nota-
tions are given, while Section 3 is devoted to the study of Equation (1.1) via compari-
son with a set of second-order dynamic equations whose oscillatory character is
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known and have been investigated extensively in the literature. In Section 4, we estab-
lish new oscillation criteria for Equation (1.1) when &(¢) = ¢ for linear, sublinear, and
superlinear cases. Further results are presented in Section 5 when there is a special
restriction on the function g. We should note that many of our results of this article
are new for the corresponding higher order nonlinear differential and difference equa-
tions. In fact, the obtained results extend, unify and correlate many of the existing
results in the literature.

2. Preliminaries
We shall employ the following lemmas. The first lemma is the well-known Kiguradze’s

lemma.
Lemma 2.1. Let x € C7; ([to, 00) , R*) . If x2" (¢) is of constant sign on [to, 00)yand
not identically zero on [ti, 00)yfor any t, = ty, then there exist a t, > ty and an integer

2,0 <€ <mwith m+ € even for x2" (t) > 0, or m + € odd for x2" (t) < Osuch that
£ > 0 implies >0 fort>t, kel{l,2,...,0—1) (2.1)
and
¢ <m—1implies (—1)**x2 (1) >0 fort > to, ke {6, €+1,..., m—1}. (22)
Lemma 2.2. If the inequality
P2 rQmat <0, (2.3)

where Q is a positive real-valued, rd-continuous function on T, has an eventually

positive solution, then the equation
LA Qmt =0 (2.4)

also has an eventually positive solution.
Proof. Let x(£) be an eventually positive solution of inequality (2.3). It is easy to see
that x(¢) > 0 eventually. Let , be sufficiently large so that x(f) > 0 and y(f) =: x°(¢) >

0 for t € [tg, 00)1. Then in view of

t

x(t) = x(to) + / Y (s) As,

to
(2.3) becomes
. )

Y20+ Q) | x(to) +/)’(S) As| =0,t € [to, 00)7. (2.5)

to
Integrating (2.5) from ¢ to u > ¢ > £, and letting u — oo, we have

y(© =F(t,y@®), telt, 00T,
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where
v A

F(ty) 5=/Q(V) x(t0)+/y(5) As| Av.

to
Next, we define a sequence of successive approximations {z; (£)} as follows:

zo (1) =y (1)

z1 () =F(L,z(®), j=0,1,2,....
It is easy to show that
0<z(t)<y@® andz, () <z (@), j=0,1,2....
Thus the sequence {z(£)} is nonincreasing and bounded for each ¢ > £,. This means

we may define z(¢) = lim;_,..z;(t) 2 0. Since 0 < z(¢) < z{(t) < y(¢) for all j > 0, we find
that

t t

/zj (5) As < /y(s) As.

to to

By the Lebesgue dominated convergence theorem on time scales, one can easily

obtain
z(t) =F(t,z(t)).
Therefore,
22 (1) =—Qm* ), (2.6)

where

t

m(t) = x(to) + /z(s)As.

to
Then, m(t) > 0 and m”*(¢) = z(t). Equation (2.6) then gives
mA2 (1) + Q (ty m* (t) = 0.

Hence, Equation (2.4) has a positive solution m(£). This completes the proof. O

Lemma 2.3 ([4]). Suppose |x|A is of one sign on [to, 00)yand oo > 0, o0 = 1. Then

9wt @7
e = A—a) — (a0 =

It will be convenient to employ the Taylor monomials (see [[8], Sect. 1.6])
n € Ng, n € Ng, which are defined recursively as follows:

hO (tl 5) =80 (tl 5) = 1/
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t

t
hpep (8, 5) = /hn (T,9)At, gu,q (tS) = /gn (o (7),s)At, tse€T,nelN.
N

S

It is clear that /(s s) = g1(¢, s) = ¢ - s for any time-scales, but simple formulas in
general do not hold for n > 2. It is also known that

hn (t,8) = (=1)"gn (5, 1) -

3. Comparison criteria for delay dynamic equations
In this section, we shall consider the equation

O +q)xE @) =0. (3.1)

For to e T and £ € {1, 2, ..., n - 1}, we define
oo

67@ (tr tO) = / T_)LQZ (‘L’, L, t())A‘L', te [tOr OO)T'

t

where

Qe (T, t,10) = gnt—2 (0 (1), DR} (x, 1) g (), T>1

with
&(1)
Ry (1, 10) = t{ shey_2(E(t),0(s)As, £>2
§(7), £=1.

Theorem 3.1. Let tg € T. Suppose that for every £ € {1, 2, .., n - 1},

oo
/Ql (T, to, to) AT = 00. (3.2)
Then, Equation (3.1) is oscillatory if

(i) for n even, the equation
yA% + e (t 1) Y = 0, (3.3)

forall €€ {1, 3, .., n - 1} is oscillatory;

(ii) for n odd, the Equation (3.3) for all € € {2, 4, ..., n - 1} is oscillatory, and

Owhen0 <X <1

. A
hmsuP/hn—l E®EOaOAS> a1

t—00
§@

(3.4)

Proof. Let x(¢) be a nonoscillatory solution of Equation (3.1). Without loss of general-
ity, we may assume that x(f) > 0 and x(&(¢)) > O for ¢ > t,, since otherwise the substitu-
tion w = -x transforms Equation (3.1) into an equation of the same form subject to the
assumptions of the theorem.
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By Lemma 2.1, there exist a t; > ¢y and an integer £ € {0, 1, ..., n} with n + £ odd
such that (2.1) and (2.2) hold for all ¢ > ¢;. We see that

AT O >0 20 >0 27 () <0 fort> 1,

and by Taylor’s formula

1-2 {
ﬂo=EZﬁWawuum+/%pzmoa»ﬁ“%ﬂAr
k=0 ’
t (3.5)
> /hH t o @)™ (1)Ar for e > 1.
5]
We claim that
xA/Z—l([)
is strictly decreasing for t > t; and £ > 0. (3.6)

To prove it, set X (1) = x2" (t) — tx2' (1) - Because

A4 T _X@®
t T to@®)  to @

it suffices to show that X(¢) is strictly positive. Suppose on the contrary that X(¢) < 0.

Then x2"" / t is strictly increasing and hence
AT @) > fore> g, (3.7)

where ¢ = x2"' (tl)/tl > 0. Using (3.7) in (3.5), we have

E()
x@«»zc/rmq@axoa»Aa (3.8)

1

Let € = 1, then (3.7) gives x(&(2)) = c&(¢) for ¢ = t; by increasing the size of t; if neces-
sary. Thus, we obtain

x(E @) >cRy(t,t;) fort>t;and ¢ > 0. (3.9)

On the other hand, by Taylor’s formula we may write that

n—£—2

M+

") = 5y (4 5) + / hn—t—2 (8,0 (1)) (=x*" (1)) At
t

B
i

0

k=0

-2 s
A ) (D (5,0 + / (=1 g2 (0 (1), (= (1) AT (3.10)
t

<- / Grt2 (0 (1), 1 ()& (& (1)) Ar.

Page 5 of 18
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From (3.9) and (3.10), we have
o0

2 () = & / Snt—2 (0 (1), 1) 4 (V) R} (z,11) At

5]

which contradicts (3.2), and hence completes the proof of the claim.
Now in view of (3.6) it follows from (3.5) that

AZ*] L
x() =" t(t) / thes (o (D) AT, 1216,
3}

Replacing ¢ by &(¢) in (3.12) and using (3.6), we have

@)
xE@) =2 @ / ZhH (E@®,0@)AT, €£>1

for all t > ¢, for some t, > t;.
If £ = 1, then we may write that

A571 Al71
@) =" éf)(ms(t)zx ew, 2o

Thus, from (3.13) and (3.14) for all ¢ > £,

A7 (1)
xE@®) = . Ri(t,t1), £>0.

Substituting (3.15) into (3.10) gives

o0

—A @ = (2 (t))A / T8 12 (0 (2), DR (T,10) 4 (T) AT, £ > 1.

¢
Set w(t) = x27" (¢) in (3.16), then w(t) > O satisfies
w1 gt t)w <0, t>1,.
By Lemma 2.2, the equation
w4 q (t,t)wt =0

has a nonoscillatory solution. But this is impossible by the hypothesis.

Finally, we let € = 0. This is the case, when 7 is odd. By applying Taylor’s formula

and using (2.2) with £ = 0, we can easily find
x (W) = hyy (w,0) 2% @)
for v > u > t;, which implies that

XEG) = I EG),EOXN T EW®), t>5>t.

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

Page 6 of 18
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for some t3 > t;. Integrating equation (3.1) from &(£) > t3 to t > t, we get

t
AE W) = / q(5) X (£ (5))As. (3.19)
&(1)

Using (3.18) in (3.19), we have

n—1 n—1 A ‘
e = (7 € w) / By (69,6 ()4 () As
§(0)

or

n—1 1-2 :
(=) 2 [Haco.cmanas
£

Taking the lim sup as ¢ — <o, we obtain a contradiction to condition (3.4). O

The following immediate result can be extracted from Theorem 3.1.

Corollary 3.1. Let n be an odd and condition (3.4) hold. Then every bounded solution
of Equation (3.1) is oscillatory.

Next, we claim that inequality (3.15) can be replaced by

1 -1
xE@W = hEO, t)xt (1), (3.20)

To prove this, we write that

t t

AZ*I
A7 = /XA(_I (s) As =/s (x s (S)) As

t 51

and hence by (3.6) we find
A€71
i t
= (t)zhza,n)(x t()>.
Integrating this inequality (£ - 2)-times from #; to ¢ > ¢, and using (3.6), we obtain

A£71
x(0) = he (6, 11) (x t m) .

Thus, there exists a t, > t; such that

> eEm 1

£ @) _the@(t),tl)x“’l(t), [> 0.

x (& (1) = he (1), 1)

This completes the proof of our claim.
Set

Qi (t, o) = §nt—2 (0 (), A} (E (1), 10)q(r), T>1
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and

[e¢]

q; (t, to) = / TMQ} (T, 1) AT, £ > Lo,

t

In view of Theorem 3.1 and inequality (3.20) we may state the following theorem.

Theorem 3.2. In Theorem 3.1, let q, and Q, be replaced by q; and Qj, respectively.
Then the conclusions of Theorem 3.1 hold.

Let T = R, i.e., the continuous case. Here Equation (3.1) becomes

XM (@®)+q X E @) =0 (3.21)

and the functions ¢; and Qj take the form

oo

q; (t, o) = / QS (t,t, to) dt

t

and

() =) (z =)' 2

Qfg(l’,t,to)= (£|))\ (n—E—Z)'

q(7).

From Theorem 3.2 we have the following theorem.
Theorem 3.3. Let ty € T. Suppose that for € € {1, 2, .., n - 1},

sz (T, to, t) dt = o0. (3.22)

Then, Equation (3.21) is oscillatory if
(i) for n even, the equation

Y +45(tto)y =0, (3.23)

forall € € {1, 3, .., n - 1} is oscillatory;
(ii) for n odd, the Equation (3.23) for all € € {2, 4, ..., n - 1} is oscillatory and

t

) — £\ Owhen0 < i <1
lim sup f ((5 (Szn —51())!) ) q() As > { 1 when & = 1 (3:24)

Next, we let T = Z, i.e., the discrete case. Then, Equation (3.1) reads as
A"x (m) +q (m)x* (€ (m) =0 (3.25)

and the functions ¢; and Qj become

q¢ (m,mo) = > Q¢ (j m, mo)

j=m
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and

[(5 (J) - MO)(Z)])» (] Cen— 2)(n—£—2)

Qi (j-m. mo) = (e (n—€—2)! 1)

where £ = £(¢ - 1)(t - 2) ... (¢t - m + 1) is the usual factorial function.
Theorem 3.4. Let mgy € Z. Suppose that for £ € {1, 2, .., n - 1}

Z Q? (j/ mo, mO) = 0o0. (326)

Jj=mo

Then, Equation (3.25) is oscillatory if
(i) for n even, the second-order difference equation

A%y (m) + gt (m, mg)y* (m) = 0, (3.27)

forall ¢ e {1, 3, ..., n - 1} is oscillatory;
(ii) for n odd, the Equation (3.27) for all € € {2, 4, ..., n - 1} is oscillatory and

i " (EG) —cm) "\ [Owheno <A <1 598)
lrrnnsolipj;,:n) (n—1)! 90) > 1 when A = 1. '

Remark 1. The oscillation of Equation (3.1) is obtained via a comparison with a set
of second-order dynamic equations whose oscillatory behavior has been studied exten-
sively in the literature. In fact, there are many sufficient conditions for the oscillation of
Equation (3.3) which can be employed rather easily.

4. Even order dynamic equations without delay
In this section, we present new oscillation criteria for (3.1) when # is even. That is, we

consider
2 eqm (@) =o. (4.1)

For t € T, we define

Q[ (t) =/ / .../q(s)AsAsl o ASyp_e—1, £€{1,3,...,2n — 1}. (4.2)

L Son—e—1 S1

Theorem 4.1. Let 2 > 1 and tg € T. If for every integer € € {1, 3, ..., 2n - 1},
0
[ 6w as-x, (@.3)
to
then Equation (4.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Equation (4.1), say, x(¢) > 0 for ¢ > t,.
From Equation (4.1), we see that xA™ () < 0 for ¢ > #,, where x2™ () is not identi-

cally zero for all large . Using Lemma 2.1 there exist a ¢; = ¢, and an integer £ € {1, 3,
..., 2n - 1} such that (2.1) and (2.2) hold for all ¢ > ¢;. From (2.1), we see that

XA (t) > 0 and decreasing on [t1, 00)y. Now,

Page 9 of 18



Grace et al. Advances in Difference Equations 2012, 2012:67
http://www.advancesindifferenceequations.com/content/2012/1/67

AT =2 ) = / A1) AT =y (5, 0) 5 (s),

t
or
O NI ES OV (4.4)
Integrating (4.4) (€ - 2)-times from #; to s > t;, we have
¥ (6) = hey (5, ) 2% (5), s> 0. (4.5)

Next, we integrate Equation (4.1) from s; > t; to v > 51 and let v — o to get
o0 o0
A () 2 /q(r)xA (0 (1) AT > /q(r) AT | & (o (s1)) .
$1 S1

Integrating this inequality from s, > #; to v > s, and then letting v — o and using
(2.2), we get

—x2" (s2) = //q(T)ATASI X (0 (52)).

$2 51

Continuing this process, one can easily find

A (s) > / / / q(T)ATAS) ... Asyp—o—1 | X" (0 (5)),

S Son—e-1

or
A= Qe O6), s> (4.6)
From (4.5) and (4.6), we find

X)X @) = hey (50)Qis), s>,

and hence

t

t
/ X (0 ()X (5) As > / he-1 (5,t1) Qe (5) As.
3]

31
By employing the first inequality in Lemma 2.3, we get
t -~ A t
(x'7* (5)) .
As = [ hey (5,11) Qe () As,
131

1—-A

51
and so

X' ()
<

/ o1 (s, t1) Qe (5) As < )
0

Page 10 of 18
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But this contradicts condition (4.3). The proof is complete. O
Theorem 4.2. Let 2 > 1 and tg € T. If for every integer € € {1, 3, ..., 2n - 1},

o]

/ he- (5, o) / Sn—t-1 (0 (1),9) 4 (1) At | As = 0, (4.7)

to s

then Equation (4.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Equation (1.1), say, x(t) > 0 for ¢ > £,.
By Taylor’s formula, we see that

o0

A0 > - / on i1 (0 (1),9)6%" () AT, s> 1. @3)
N
Using Equation (4.1) in (4.8), we get
o0

A (5) > f Qi1 (0 (1),5) (D)% (@ (1)) At

s

(4.9)

o0

> /gzn_e_l(am,s)q(r)m P (), s=h.

s

Combining (4.8) with (4.9), we find
o0

X2 (s) > hyoy (s, 1) f Sn—t—1 (0 (1), 9)q(@) AT | (0 (), s> 1.

s

Dividing both sides by x*(o(s)) and integrating from ¢; to ¢ > t;, we have
t

t [ee]
/ X7 (0 (9)x% () As = / ey (s, t1) / San—-1 (0 (1),9)q (1) ATAs.
t s

L

The rest of the proof is similar to that of Theorem 4.1 and hence it is omitted. This
completes the proof. O

Next, we apply Theorems 4.1 and 4.2 to obtain oscillation criteria for Equation (4.1)
when A < 1.

Theorem 4.3. Let A < 1 and ty € T. Assume that there exists a positive constant o
such that oo + A > 1. If for every € € {1, 3, ..., 2n - 1}, condition (4.3) or (4.7) holds with
q(t) replaced by cq (t) h;* (t,0) , where ¢ is any positive constant, then Equation (4.1) is
oscillatory.

Proof. Let x(£) be a nonoscillatory solution of Equation (4.1) and assume that there

exists a ty > 0 such that x(¢) > 0 for ¢ > £y, and (2.1) and (2.2) hold for ¢ > t,. From

(2.1) and the decreasing nature of x2° (t) » there exists a constant ¢; > 0 such that

xA" (1) < ¢; for t > t,. Integrating this inequality £ -times from o to £, we have

x(t) <chg(t,0), t=>to, (4.10)

Page 11 of 18
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where c is a positive constant. Now, from Equation (4.1), we have

0=x" (1) +q (X~ (0 (1) X** (0 (1))

o (4.11)
>x2 O+ g R (0 (D), 0 (0 (D), =t

By applying Theorems 4.1 and 4.2 with inequality (3.20), we arrive at the desired
conclusion. This completes the proof. O
Theorem 4.4. Let A < 1 and tg € T. If for every € € {1, 3, .., 2n - 1},

A

[ee] t
/ q( f he—1 (8,0 () &an—e—1 (L, u) Au | At = o0, (4.12)
to to

then Equation (4.1) is oscillatory.

Proof. Let x(t) be a nonoscillatory solution of Equation (4.1), say, x(¢) > 0 for ¢ > ¢,.
As in the proof of Theorem 4.1, we see that (2.1) and (2.2) hold for ¢ > £; > £, It is
easy to see that

t
NOE f heoy (4,0 () X (u) Au
4L

and
A( A2n—1
X (u) > 8on—t—1 (tr u)x (t) ’ L>u=t.

Therefore,
t
x(0) > / heos (4o @) gane-1 () du | 25" () fort> 1y,
41

Using this inequality in Equation (4.1), we get

2n—1 A
~(*"0) =q0F @)z g0 @

¢ A
2n—1 A
= q() (/ he1 (t, o (W) &an—e—1 (t,u) Au) (XA (t)) ;L=
t

Set w (1) = xA"" (1) , then
A

t
W O Wt (©) = (0 / hes (6,0 ) gan_r (1) A |, €11,
3]

Finally, in view of a chain rule, we integrate the last inequality from ¢, to ¢ to get

Py
w'™* (1)

t N
0> " > /q(S) /he—l (5,0 (W) on—t—1 (s, u) Au | As,
I8 I8

a contradiction with condition (4.12). O

Page 12 of 18



Grace et al. Advances in Difference Equations 2012, 2012:67 Page 13 of 18
http://www.advancesindifferenceequations.com/content/2012/1/67

As an example, we shall reformulate some of the above results for the case T = Z, i.
e., the discrete case. The Equation (4.1) takes the form

APx(m) +q () x* (m+1) =0 (4.13)

and establish new criteria for the oscillation of Equation (4.13).
We let

Q?(m)= Z -"ZZq(u), tef{l,3,...,2n— -1}, m>mg.

Son—e—1=t S1=52 U=s;

Theorem 4.5. Let & > 1 and mg € Z. If for every € € {1, 3, .., 2n - 1},

Z 5“71)@? (s) = oo, (4.14)

S=mo

then Equation (4.13) is oscillatory.
Theorem 4.6. Let A > 1 and my € Z. If for every £ € {1, 3, .., 2n - 1},

ZS(Z—U Z (t—s+ D@ Dg (1) = 00, (4.15)

s=ig T=5

then Equation (4.13) is oscillatory.
Theorem 4.7. Let A < 1 and my € Z. If

Z (sk)(znfl)q (s) = 00, (4.16)

s=mg

then Equation (4.13) is oscillatory.

Theorem 4.8. Let A < 1 and mg € Z. Assume that there exists a positive constant o
such that o« + A > 1. If for every € € {1, 3, ..., 2n - 1} condition (4.14) or (4.15) holds
with q(t) be replaced by c q(t)(t)(e)/ﬁ!)’a, where c is any positive constant, then Equation
(4.13) is oscillatory.

Remark 2. For Equation (4.1) of odd order, one may obtain results for the oscillatory
and asymptotic behavior, while for complete oscillation, we may consider Equation (1.1)
and employ the technique given in Theorem 3.1. The details are left to the reader.

5. Further oscillation criteria

In this section, we consider
2 aqm () =0, (5.1)

subject to the condition

o0 00 OO

///q(s) ASAUAV = o0. (5.2)

o v u

Note that if x(£), t > ¢, is a positive solution of Equation (5.1), then by Lemma 2.1,
Equations (2.1), and (2.2) hold for ¢ > ¢,. Here, we claim that £ = n - 1. Otherwise, we

find x2"" (t) > 0, 2" (t) < 0 and 2" (t) > 0 on [f;,00)y. Integrating Equation



Grace et al. Advances in Difference Equations 2012, 2012:67 Page 14 of 18
http://www.advancesindifferenceequations.com/content/2012/1/67

(5.1) from ¢ > £; to u > t and letting u —> oo, we have
o0
) = / q(s)x" (0 (5)) As. (5.3)
t

Since x is increasing on [t1, 00), there exists a constant ¢ > 0 such that
x(@) >c te][t,00)y. (5.4)

Using (5.4) in (5.3), we get
") < = / q4(s) As.
t

Integrating this inequality twice, once from v > ¢ to w > v and letting w — < and

then from ¢; to t > t;, we have

t 00 o0

A () < —c* / / f q (u) AuAsAv — oo ast — oo,
tl v N

which contradicts (5.2). Thus, we must have £ = n - 1, i.e,
Thus, we have
t
A0 = () + f AT As = hy () @), =1

t

Integrating this inequality (n - 2)-times from ¢, to t, we obtain
X(0) = hoy (0N @, >0 (5.5)

Now, by making use of earlier results in [6], we obtain the following interesting

theorems.
Theorem 5.1. Let condition (5.2) hold. If there exists a positive nondecreasing, differ-

entiable function n € Cy (T, R*) such that for any ¢ > t,,

t
A(s, 1
lim supf [n $)q(s) —n° (s) (5 fo) ] As = 00, (5.6)
t—00 ’ hu-1 (s, t0)
where
c1,C1 1s any positive constant, when A > 1
At =141, when A =1

czh}lj (t,to), cy is any positive constant, when A < 1,

then Equation (5.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Equation (5.1), say, x(¢) > 0 for £ > #; >
fo.
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Define

O (5.7)

w () =n(t) o0 t>t.

It is easy to see that for ¢ > £,
n A -1\ 77 n
wh= (o) (7)) = () &)
- (xa) )| e 8
=M X Xt (x0)* .
By [[8], Theorem 1.90],

1
(x*)A = aw? / [x+ /,thA]'\_ldh > 0. (5.9)
0

Using (5.9) in (5.8) we have

(xAH (t))o- ‘X.A"’1 (t)
wh (O <=0 q@®) +1°©® o S UCLICRL RO RPN
and hence in view of (5.5), we find
A
A _ "= g 1
w= () <—n)q() + e (t,tl)x t, t>t. (5.10)

Let A > 1. Since there exist ¢ > 0 and &, > #; such that x(¢) > ¢ for all ¢ > £,, we have
x'Me) <M=y forall £ >ty If A = 1, then 2**(¢) = 1 for all £ > ¢,. If A < 1, then

there exist » > 0 and t3 > ¢; such that xA""' (t) <b for all £ > ¢35, and hence
X7 (1) < hi 7% (t,ty) for all £ > t3, where ¢, @ = b'*. Combining all these we see that

TR <AL, t>1 (5.11)

for some t, > max{t,, t3}. From (5.10) and (5.11),

At ty)

A _ A
w= () =—n®q@® +n° (@) s (411 > 1y
Integrating this inequality from ¢, to ¢, we find
t A )
$)q(s) —n™ (s s h j|A5<wt.
[lroae —re 290 Tas<w

ty

Taking limit superior as t — o, we obtain a contradiction to condition (5.6). This

completes the proof. O
In the following result, we employ the lemma below, see [10].
Lemma 5.1. If X and Y are nonnegative and o > 1, then

X —aXY* e (@—1)Y* >0, (5.12)

where equality holds if and only if X = Y.
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Theorem 5.2. Let condition (5.2) hold. If there exists a positive, nondecreasing, differ-
entiable function 1 € Cyy (T, R*) such that for any t; > t,,

t

I / )4 0) (% )" A (5.13)
im sup n(s)q(s) — s =00, .
oo (e DM (R 5, 10) 1 (5) B (5, 10))”
where
1, €1 1S any positive constant, when A > 1
B(t,to) =11 when & =1 (5.14)

a1 , .
c2(hS_, (t,10))""", ¢y is any positive constant, when A < 1,

then Equation (5.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Equation (5.1), say, x(¢) > 0 for ¢ > ¢,.
Let w be as in (5.7). Then (5.8) and (5.9) hold. We also have

A

n x4 14
wh < —nq + : w® — An ( . ) (w/n)”. (5.15)

Using the fact that £ = # - 1 and

() e

in (5.15), we obtain

nA w\° 1+1/A -
wh < -ng+ " w — Anhn_z<( ) ) (=) (5.16)
n n

If A > 1, then from x°(¢) 2 x°(t,) for ¢ 2 ¢;, we have (x°(9))*" 2 ¢; = (x°())*". In
case A = 1, (°(®))*t = 1 forall £ > £,. Finally, let A < 1. We see that there exist £, > ¢;
and b > 0 such that x&"" (t) < b for all t = t,. It follows that x(¢) < bh, (¢, t;) for all ¢

> 15, and hence (x° (t))F1 > (R (@, tl))xf1 for all £ > £, where ¢, = b*"'. Putting

all these together, we have
@ o) =B, t=tn. (5.17)

In view of (5.17) and (5.16), we find

TIA (t) W() o 1+1/2
wh (1) < —n ) q )+ n w® (£)—An (t) hy—o (t, t1) B (L, t1) ((n ) ) , t>1. (5.18)

Now, setting

A
o o\ N 1 A/t 1)
X = Gphy_oB)Y 0 (M) and v = A
(Anhn—2B) ) " e1) 09 A, 2B

and o = (A1 + 1)/ > 1 in Lemma 5.1, we have

oy 1+1/A o A\A+1
(3 ) ) =
n n (A + 1)*" (nhy—1B)
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Therefore, from (5.18)

A+l
1 nA
w < —nq+ 1 = (%) =Y
(+1) (nhp-1B)

Integrating this inequality from t, to ¢ results in

t )A+1

/ 1OIO— o (" © | as<w,
(4 1M1 () ha (5,11) B (s 1)

5]

which contradicts (5.15). This completes the proof. O

Finally, we present the following result.

Theorem 5.3. Let condition (5.2) hold. If there exists a positive, nondecreasing differ-
entiable function 1 such that for any t, > t,,

t

i (" )"
im sup n(s)q(s) — , |As=00, (5.19)
(00 40 (5) B (5, o) hn—2 (5, t0) (HS_, (5, t0))

L

where B(t, to) is as in (5.14), then Equation (5.1) is oscillatory.
Proof. Let x(t) be a nonoscillatory solution of Equation (5.1), say, x(t) > 0 for t > .
Proceeding as in the proof of Theorem 5.2, we obtain

w o w oy 1+1/A
w® S_nqu(n) _MhnzB«n) )

w\° (wa)l/)hfl
= —nq+ r)A< > — Anh,_,B
n ne

52

where B = B(t, t;) and 4,5 = h,,5(t, t;). Since

XA ()

Ya=1 ¢ _ 4 1/A-1
w ) =xr ( (0

1—A
) > LRy,

it follows that

o o\ 2
WA =< —774+77A<t;}> _)\thnl(hzl))L1<w )

nU
2
1\ 1/2 o A
= —ng— ()\thnfz(hzfl)A 1) <w> - 1 12
’7 2(xn3hn,2(hg_l) )
oy
4nBh, 5 (hg_,)""
A 2
=-nq+ (77 ) L= 1.

4xnBhy, 5 (hg_ )



Grace et al. Advances in Difference Equations 2012, 2012:67 Page 18 of 18
http://www.advancesindifferenceequations.com/content/2012/1/67

Integrating this inequality from ¢, to ¢, we have

t

A 2
f n(s)q () — (" ©) | As<wa,
441 () B (s,t1) By (s, 11) (hG_y (5, 11))

153

which contradicts (5.19). This completes the proof. O

Remark 3. We note that the oscillation criteria given in this article are new for the
corresponding difference equations and some of these results are new for the correspond-
ing differential and/or delay differential equations. The results can be extended easily
to equations of the form

A O+fExE®) =0,

when f: T x R — Ris continuous and f is strongly superlinear or f is strongly sub-
linear, see [4].

As examples, we have reformulated some of the obtained results for the time-scales
T =R (i-e., the continuous case) and T = Z (i.e., the discrete case). One may obtain
more results by employing other types of time scales such as T = hZ with & > 0,

T = g™ with ¢ > 1, and T = N2, see [8]. The details are left to the reader.
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