Zhang et al. Advances in Difference Equations 2012, 2012:227 ® Advances in Difference Equations
http://www.advancesindifferenceequations.com/content/2012/1/227 a SpringerOpen Journal

RESEARCH Open Access

New oscillation results for second-order
neutral delay dynamic equations

Chenghui Zhang', Ravi P Agarwal?, Martin Bohner®” and Tongxing Li'

“Correspondence: bohner@mst.edu

3Department of Mathematics and Abstract

Statistics, Missouri S&T, Rolla, MO . . . . . .

65409-0020, USA This paper is concerned with oscillatory behavior of a certain class of second-order
Full list of author information is neutral delay dynamic equations

available at the end of the article

(rO[x(O + pOx(T@)] )™ + gOx(80) =0,

on atime scale T with sup T = oo, where 0 < p(t) < pg < 00. Some new results are
presented that not only complement and improve those related results in the
literature, but also improve some known results for a second-order delay dynamic
equation without a neutral term. Further, the main results improve some related
results for second-order neutral differential equations.

MSC: 34K11;34N05; 39A10

Keywords: oscillation; neutral delay dynamic equation; second-order equation; time
scale

1 Introduction
In this paper, we are concerned with oscillation of a class of second-order neutral delay
dynamic equations,

(r(&)[x(2) + pO)2(z(0)]*)" + qx(8(0)) =0, 1.1)

where ¢ € [y, 00) 1 := [t,00) N'T, and

(Hl) np,qe Crd( [t(): OO)T’R)' r(t) >0,0 SP(t) < pPo <X, Q(t) > 0;
(Hy) 6 € Cry([tg,00),T), 8(¢) <t lim; . 8(t) =00, T08=8071;
(Hs) © € Cly([to,00) 1, T), T(t) <, t2(t) > 19 > 0, T([to,00) 1) = [z(to), 00) 1, Where 19 is

a constant.

Throughout this paper, we assume that solutions of (1.1) exist for any ¢ € [¢p, 00) 7. A solu-
tion x of (1.1) is called oscillatory if it is neither eventually positive nor eventually negative;
otherwise, we call it nonoscillatory. Equation (1.1) is said to be oscillatory if all its solutions
oscillate.

A time scale T is an arbitrary nonempty closed subset of the real numbers R. Since we
are interested in oscillatory behavior, we suppose that the time scale under consideration
is not bounded above and is a time scale interval of the form [y, 00) 1. For some concepts
related to the notion of time scales, see [1, 2].
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Recently, there has been an increasing interest in obtaining sufficient conditions for os-
cillatory or nonoscillatory behavior of different classes of differential equations and dy-
namic equations on time scales; we refer the reader to the papers [3—38]. In the following,
we present some details that motivate the contents of this paper. Regarding oscillation of
second-order neutral differential equations, Grammatikopoulos et al. [16] established that

the condition

/ q(s)[l -pls— 8)] ds=o00

0

ensures oscillation of the linear neutral differential equation
(x(8) + pOx(t - 1)) + q)x(t - 8) = 0.

Later, Grace and Lalli [15] obtained that the conditions

o de
/to @ =0 (12)

and

0 ’ 2 _
[ (el ps-0) - CHTE ) s

for some positive function 8 € C([£,, 00), R) ensure oscillation of the linear neutral differ-

ential equation
(r(t) (x(t) + p(t)x(t - r))/)/ +q(t)x(t-38) = 0.
Baculikova and DZurina [8] established that the conditions
1< p; <p(t) < py <00, 7'(t) > 19 >0, Tod=8o0r1, 8(t) <t(t) <t,

and

/mq(s)dwoo

Lo

ensure oscillation of the linear neutral differential equation

(r®)[x(®) + pO)x(z(®))]) + q(©)x(5(2)) = 0. (1.3)

Recently, Zhong et al. [38] improved this result, and they obtained that the conditions
(12),p>0,p#1,and

o l-¢ (0/(s))*r(5(s))
/to (9(5)"“)1+p(1+s>‘ 46(95'(5) )d““



http://www.advancesindifferenceequations.com/content/2012/1/227

Zhang et al. Advances in Difference Equations 2012, 2012:227 Page 3 of 14
http://www.advancesindifferenceequations.com/content/2012/1/227

for some constant ¢ € (0,1) and for some positive function 8 € C!([ty, 00), R) guarantee
oscillation of the linear neutral differential equation

(r(@®) (%(2) + pax(t - r)),)’ +q()x(3(t)) = 0.

Hasanbulli and Rogovchenko [20] used the standard integral averaging technique to ob-
tain some new oscillation criteria for the second-order neutral delay differential equation

(r()(x(®) + p)x(t - 7)) + qO)f (x(t), 2(0 (1)) = 0.

For oscillation of second-order dynamic equations on time scales, Erbe et al. [13] estab-
lished a sufficient condition which ensures that the solution x of the delay dynamic equa-

tion
(rx* ()" + g()x(z(8)) = 0 (1.4)

is either oscillatory or satisfies lim;_, o #(t) = 0 under the condition

/: % /t : q4(s) AsAt = co.

Zhang [36] obtained some oscillation results for (1.4) in the case where

/: % /totq(s)/soo %ASAL‘ = 00. (1.5)

Agarwal et al. [4], Saker [29], and Tripathy [33] considered the equation
(r(0) (x(®) + p(e)x(t — 7)) ) + q(e)x(t - ) = 0, (1.6)

and established some oscillation results for (1.6) provided that 0 < p(¢) <1 and

© At
/to @ = Q. (17)

In particular, Tripathy [33] obtained some oscillation criteria for (1.6) when (1.7) holds
and 0 < p(¢) < po < 00, and established that the condition

/oo min{q(s),q(s — 1)} As = 00

]

ensures oscillation of (1.6).

The question regarding the study of oscillatory properties of (1.1) (including the case
when T = R) has been solved by some recent papers; see [4, 8, 17, 19, 25, 29, 32, 33] etc.
Based on the conditions 7(¢) < £ and o () < ¢, they established some results. The ideas can
be divided into two aspects, i.e., comparison methods and the Riccati transformation. In
order to compare our results in Section 2 with those related subjects in [4, 8, 17, 19, 25,
29, 32, 33], we list their results as follows.
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Theorem 1.1 (See [8]) Let (1.2) hold and 7! be the inverse function of t. Assume (H;)-(Hz)
forT=Rand§(t)<t(t)<t.If

t 8(s)
liminf/ (min{q(s),q(t(s))} / %) ds> 0 FPo ’

=0 Jr-15()) to To€

then (1.3) is oscillatory.

Theorem 1.2 (See [17, 32]) Let (1.2) hold. Assume (H;)-(Hs) for T =R and t > 5(t) > ©(¢).
If there exists a positive function o € C!([ty, 00), R) such that

limsup/t[a(s) min{q(s),q((s))} - (1 + ‘@) M] ds = oo,

t—00 To 4":005(5)
then (1.3) is oscillatory.

Theorem 1.3 (See [4, 29]) Let (1.7) hold. Assume (Hy)-(Hs) for t(t) =t —t, 8(¢) =t - 6,
and po = 1. If there exists a positive function a € Cid( [£9, 00) 1, R) such that

r(s = 8)(a®(s))?

lim sup/ |:Ot(5)6](5)(1 —pls=9) - 4(s)

t—00 0

]As:oo,

then (1.1) is oscillatory.

Theorem 1.4 (See [19, 25]) Let (1.7) hold. Assume (H1)-(Hs) and t > §(t) > t(¢). If there

exists a positive function o € Cid( [£0,00) 1, R) such that

limsup/t[a(s) min{q(s),q(z(s))} - (1 ¥ @> M]As = 00,

1o Jig 7 4toa(s)
then (1.1) is oscillatory.

Theorem 1.5 (See [33]) Let (1.7) hold. Assume (H1)-(Hs) for t(¢) =t — 7, 8(t) =t - 8, and
8 >t > 0. If there exists a positive function o € Cid( [£0,00) 1, R) such that

(1 + po)r(s — 7)(a”(s))?
4o (s)

lim sup/t[a(s) min{q(s),q(s - 1-)} -

t—00

]As:oo,

then (1.1) is oscillatory.

The natural question now is: Can one obtain new oscillation criteria for (1.1) that improve
the results in [4, 19, 25, 29, 33]? The aim of this paper is to give an affirmative answer to
this question. As a special case when T = R, the obtained results improve those by [8, 15,
17, 32, 38]. As a special case when p(t) = 0, the obtained results improve those reported in
[13, 36].

2 Main results
In this section, we establish the main results. All functional inequalities considered in this
section are assumed to hold eventually, that is, they are satisfied for all ¢ large enough. For
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our further references, let us denote
Q() :=min{q(t),q((¢))} and =z(t):=x(t) + p()x (7 (2)).

Theorem 2.1 Assume (H,)-(H3) and (1.7). If there exist functions n,a € Cld( [£9,00) 1, R)
such that n(t) >0, a(t) > 0, and

limsup/ ( 7(s)Q(s) ftl ) E(s))As:oo (2.1)

t—00 (s) Av

oo r)

for all sufficiently large t; and for some t, > t;, where

) : % A BZ(S)
E(s):=—n° S e
() :=-n"(s) [r(s)“ (s) f:(S) 2 (r(s)a(s) ] T 2A()

T(s) Av
oot ()ffih) - re)a)* |- 220

() 705 n2s) 207 ()als) Jy
A= e i BTG T T e ar
" ftl r(v) 1 1 ftl r(v)
T(s) Av
wn’s) Jo 1) 2ton°(s)als) Jy
C = D = )
VT eomre o PV n(S) f;““)%

then (1.1) is oscillatory.

Proof Assume that (1.1) has a nonoscillatory solution x on [ty, 00) . Without loss of gen-
erality, suppose that it is an eventually positive solution. From (1.1) and [1, Theorem 1.93],

we obtain

Tf‘zt) (r(r(®)2* ()" + poq(z(®)x(8(z (1)) = 0. 2.2)

Combining (1.1) and (2.2), we are led to

(02" ()" + fz(( 7(0)2 (t@®))" + Q)z(5()) < 0. (2.3)

From (1.1) and (1.7), we have

Z2(#) >0 and (r(t)zA(t))A <0

for t € [ty,00) 1, where f; € [ty, 00) 1 is large enough. Define the function w by

r(t)z* ()
2(t)

o) = (t)[ r(t)a(t):|, t> 1. (2.4)

Hence, we have w(f) > 0 for ¢ € [£;,00) 7 and

A
A alrZ® o[ re?
=0t =—+ra|+n°| = +ra
z z
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A A A
rz
S0 s n° (ra)® +n° |:—:|
n z

A AVA AN2
rz zZ—=r\z
= —a)+n"(m)A+n"M

zz°
A 0( )A " (rZA)A " I’(ZA)Z
=—w+n°(ra)” + -
g 7 z° zz°
A AA AN 2
= n—a) + 0% (ra)® +n° (rz") - n"r(z—) i (2.5)
n z° z z°
By virtue of (r(t)z>(¢))* < 0, we have
A L As
z(t) =z (Or@) | —=»
5% r(S)
and so
2(t) \*
(%) <o 2.6)
1 r(s)

which implies that

t As
A Jur
a(f) = ro®) As’
z°(t) ftl As

r(s)

(2.7)

On the other hand, we have by (2.4) that

AN 2 2 2
z 1) w g L Wa
(—) = [— —a:| = |:—:| +ta”—-2—. (2.8)
z rn rn rn
Putting (2.7) and (2.8) into (2.5), we have
I 75
1 r(s)
fa(t) As
15} r(s)
t As t As
+[ﬁ+2ﬂ"ﬂ fam] 1

n n f0(t) as |77 Wf:(t) As

o r(s) 7(s)

AYA
a)A<7]J(rZ) _ a|: 2
Pod

- (m)A}

t As

AVA LA B2
<n’ _(rzza) -1 |:m2 fatt) (A; - (m)A:| A (2.9)
fn r(s)
Now, define the function u by
u(t) := n(t)[%;(;(t)) + r(r(t))a(t)}, t>t. (2.10)

Hence, we have by [1, Theorem 1.93] and (H3) that

] U[(ror)(zA oT)
+(rot)al+n’| ——

oT

Bk zZOoT

A
+(ro r)a:|
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nt A U[(VOI)(ZAOI)T
0| ——

:7u+n ((rot)a) e

A

((ro‘L')(Z ot)?(zot)=(rot)(z? 0 1)(z2 0 7)T?

_n ((ro A
=T ((rom)a)” + (zoT)(z017)

A A A 2
= n_u+r]"((ro r)a)A —((ror)(z °7)) n°t2(ro t)(Z OT) Zot
n zo1% zZoT zoT1?
A DD o 7)A
< n—u + n"((ro t)a)A +n° —((ro Jz" o)
zo1°
2ot\? zot
—10n° (ro 'L’)( ° ) °r. (2.11)
zotT ) zot1°
Note that (2.6) implies that
() A
2c®) _ S o
> Jn 9 (212)
A (0) ~ [0
1 r(s)
On the other hand, we have by (2.10) that
2ot)? u 2 u 1P, ua
= —al| = +a” -2 . (2.13)
zoT (rot)n (rot)n (rot)n
Putting (2.12) and (2.13) into (2.11), we have
t
a_ o(roD)E o) | -
u® <n e 7o(r o 7)a? D A ((rot)ol)
tl r(s)
() A
UA 270’7 a ftl r(s 7:0770 f Tss) 2
A 0 as |47 2 00 as
7 g 151 7(s) (ro ‘E)i] ft 7(s)
T(t) As
(rot)(z2o1))2 2° ftl Ju 79 Al D?
<n° = e -n% | 1o(ro -[)(,z 0 A ((7’0 ‘L')(l) + ic
31 7(s)
(roT)(z* 0 7))* L5 D?
< naz—a -0\ 1o(rot)a? W A —((ro r)a) *Ic (2.14)

tl 7(s)

Recalling (2.9) and (2.14), we have by (2.3) and (2.6) that

(rz®)2 + B((rot)(z® o 7))?
o+ B2t < n° T +E
To z°
zZo
=-n°Q——+E
zZ
fﬁ(t) As
f _no*Q 5% r(s +E.

Page 7 of 14


http://www.advancesindifferenceequations.com/content/2012/1/227

Zhang et al. Advances in Difference Equations 2012, 2012:227
http://www.advancesindifferenceequations.com/content/2012/1/227

Hence, we have

t f‘s(s) _V
/ (n (5)Q(s) 2 E(s>)As < () + Pute),

tl V(V)

which contradicts (2.1). The proof is complete. O

Based on Theorem 2.1, we have the following corollary when 7(¢) = ¢ and a(¢) = 0.

Corollary 2.2 Assume (H,)-(Hs) and (1.7). If

5(s) Av s) 7(s) Ay
t = 1 ar
lim sup o (s)Q(s) Jy Y _ r(s )ftls Arl(,v) + p—or(r(s))u As =00
G(s v 2 (s) Av
t=o0 Jip J; nry O Jo 7

for all sufficiently large t, and for some t, > t,, then (1.1) is oscillatory.

When T = R, we have from Corollary 2.2 the following result for the neutral differential
equation (1.3).

Corollary 2.3 Assume (H1)-(Hs) for T =R and (1.2). If

¢ 3(s) dv 1
limsup/ (sQ(s)tls—c;EV)—4 ( ()+—r( ())))ds:oo
t—00 t f W S 7,'0

for all sufficiently large t and for some t, > t,, then (1.3) is oscillatory.

Example 2.4 Consider the second-order neutral differential equation
1 " 7/
x(t) + Ex(t -1 + t—2x(t) =0 fort>1, (2.15)

where ¥ > 0 is a constant, r(¢) = 1, po = 1/2, 10 = 1, q(t) = Q(t) = y /£, ©(t) = t — 1, and
8(t) = t. Note that

1imsup/ (sQ(s ftls ;VV) 415 <r(s) + Z—Zr(t(s)))) ds

t—>00 4 V(V)

3 i /tds £ 3
= - = 1m su — =00, 1 > —.
Y it A Y>3

Hence, by Corollary 2.3, (2.15) is oscillatory if y > 3/8. Let 6(¢t) = ¢t and p = p(¢) =1/2. Then

foo<9(s)q(s)[1 -p(s— 6)] - (91(522#) ds=o00, ify>1/2

and

i l-¢ (0'(s))%r(8(s)) ~ ) 1+3(1+e)
[, (oo - S ) = > i

Page 8 of 14
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for some constant ¢ € (0,1). Since

1+%(1+£) 3

4(1-¢) >8

’

our result is better than [15, 38] in some cases.

Example 2.5 For ¢ > 1, consider the second-order neutral delay differential equation

(ot em(2)]) + on(2) =0 019

where 0 < pg < 0o and a > 0 is a constant. In [8], Baculikové and DZurina obtained that the

condition

1+2pg
>
eln2

ensures oscillation of (2.16) (using Theorem 1.1). Letting n(¢) = t2,an application of The-
orem 2.1 yields that the condition

1/1 2
a>— |-+ V2po for some constant ko € (0,1)
ko \ 8 4

guarantees oscillation of (2.16). For example, we can put a > 1/6 + +/2po/3 (by letting ko =
3/4). Hence, our result improves that in [8] since

1+2p0 1 +/2po
+—.

>
eln2 6 3

Example 2.6 For t > 1, consider the second-order neutral delay differential equation

t\1" a
|:x(t) +pox<§>] + t—2x(t) =0, (2.17)
where 0 < py < 00 and a > 0 is a constant. An application of Corollary 2.3 implies that the
condition
1
a>—+
4 bo

guarantees oscillation of (2.17). However, applications of Theorem 1.2 and Theorem 1.4
(by letting «(£) = £) yield that

1
a>—+
5 Po

ensures oscillation of (2.17). Hence, our result is new. Note that Theorem 1.3 and Theo-

rem 1.5 cannot be applied in (2.17).

Page 9 of 14
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In the following, we give an oscillation criterion for (1.1) when

© At
/to @ < 00. (2.18)

Theorem 2.7 Assume (Hy)-(Hs) and (2.18). Suppose further that there exist two functions
n,a € Cid( [t0,00) 1, R) such that n(t) > 0, a(t) > 0, and (2.1) holds for all sufficiently large
4y and for some t, > 1. If there exists a positive function b € Cid( [£9, 00) 1, R) such that

1 1
b(t) - rOR(E) >0, b(t) - m >0, (2.19)
and
t Ro
limsup /to (n“(s)Q(s) = (Ta(zs))) —E*(s)> As = oo, (2.20)
where
* As
R(t) ZZ/; @,
2
E-(s):=—n(s) [r(s)bz(s) - (r(s)b(s))A] + 454((53)
" D2(s)
- Olar(r )60 - ((9)p6)* - 1oy |
o n7(s) %) 2n°(s)b(s)
Ale) = r(s)n(s)’ Bs) = s o)
o) ) 2077 (5)bls)
CO=womwee PO T e

then (1.1) is oscillatory.

Proof Assume that (1.1) has a nonoscillatory solution x on [ty, 00) 1. Without loss of gen-
erality, suppose that it is an eventually positive solution. By the proof of Theorem 2.1,
we have (2.3). From (1.1), there exists f; € [ty,00) such that z*(¢) > 0 or z*(t) < 0 for
t € [t;,00) 1. The proof of the case when z2(¢) > 0 is the same as that of Theorem 2.1, and
we can get a contradiction to (2.1). Now, we assume z2 () < 0. Then we have

28(s) < —2Z8(t), s>t>t.
r(s)

Integrating this from ¢ to oo, we get

Z5() _ 1 Z2(z(t)) o 1
z(t) ~ r®R@)’ Z2(t(@) ~ r(x@®))R((@)’

and

2\ 2
<E> >0. (2.21)

Page 10 of 14
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Define the function w by
A
olt) = n(t)[r(t)z O, r(t)b(t)], =
z(t)

Then w(t) > 0,
A AVA
w® = n—w+n”(rb)A+n”( )
n 2
and

2
[2:| + b - 2w—b.
m m

ERE

Note that z/z° > 1. By virtue of (2.22) and (2.23), we have

AYA A 2 ab o
a)Afn"(rZ) —n"[rbz—(rb)A]+[n—+—’7 :|a)—n—2a)2
z° n n rm
(rz®)4 9 A 2
C———n°rb° = (rb —.
=N e O

Now, define the function u by

r(z(8)z%(z(8))

Z(‘L’(t)) + 7'(1' (t))b(t):|, t>t.

u(t) - n(t)[

Hence, we have u(t) > 0,

((ro7)(z* 01))®

A
ur <y n’((ro r)b)A +n°
n zZoT1?

2ot\% zot
—rm)”(rof)( >
z

oT zot1%’

and
A 2 2 2
20T\ _ LY R L T SN ub .
zZoT (rot)n (rot)n (rot)n

Note that z(z(¢))/z(t? (t)) > 1. By virtue of (2.25) and (2.26), we have

ut <y CeDEEOR o b ((ro0b)]

- zoT1?
[UA 2To77”b:| 077
+—+ u-—
n n (rot)n?
L(ron)@ o)t ) sy D?
=n T—T] [To(rof)b —((l"OT)b) ]+4_C*‘

Recalling (2.24) and (2.27), we have by (2.3) and (2.21) that

(rz®)2 + 2 ((rot)(z® 0 1)) 4o
wd +@uA <0
To z°

zot1®?

N R
° +E <-1°Q

log

Rot°

+ E-.

Page 11 of 14
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Hence, we have

¢ R(s
/ (n" Q) B —B(s)) As = o(tr) + Zun),
4 R(z7(s)) 70
which contradicts (2.20). The proof is complete. d

Example 2.8 Consider the second-order neutral differential equation
(t2 (x(t) + pox(t — 1))/)/ +qox(t) =0 fort>2, (2.28)

where r(t) = t2, 19 = 1, q(t) = Q(t) = g0, (t) = t — 1, and §(¢) = t. Note that R(¢) = t1. Let
n(t) =1/t and a(t) = b(t) =1/(t —1). Then

, Ju 7%

. o 1 r(v
lim sup f (n (s)Q(s) ;(TAV -E (s)) As

oo Jiy )

¢ 2 2
. 90 2 (s+1) (s+1)

-1 0 _ _ ds
I?lilolp /;2 [ s * (s—1)2 4s(s—1)2 20 43

1+ po
4

=00, ifgy>

and

t RO‘
tim sup / <"U (S)Q(S)R(rﬂ( 2))

: /t[qo(s—l) 2 (s+1)%
= lim sup +
2

-E: (s)) As

_po(s+1)2]ds

=00 s2 (s—1)2  4s(s—1)2 453

1
lfqo > +Po‘

=00,
4

Hence, by Theorem 2.7, (2.28) is oscillatory if go > (1 + pg)/4. When pg =0, go > 1/4 is a
sharp condition for oscillation of the equation (£2x'(¢))’ + gox(t) = 0. Note that the results
of [13, 36] cannot give this result (see (1.5)), and hence our results improve those of [13,
36].

3 Discussions

In this paper, we have suggested some new oscillation criteria for second-order neutral
delay dynamic equation (1.1) by employing the generalized Riccati substitution. To achieve
these results, we are forced to require, similar as in [33], that 72(f) > 79 >0,7 08 =8 o T,
and t([ty,00) ) = [t(fy), 00) 1. It would be interesting to seek other methods for further
study of oscillatory properties or asymptotic problems of equation (1.1) in the case where
pt) > 1.

During the past three decades, there have been many classical results regarding oscil-
latory behavior of equation (1.1) in the case where T =R, some of which provided that
0 < p(t) < 1; see, for example, [15, 16]. Examples given in this paper reveal some advan-
tages even when one applies the obtained criteria to the case where 0 < p(t) < 1.
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These results show that the delay argument 7 plays an important role in oscillation of
second-order neutral delay dynamic equations; see the details in Example 2.6 and differ-
ences between Corollary 2.3 and Theorem 1.2, Theorem 1.4. Let us go through Exam-
ple 2.6. One can easily see some superiorities in comparison to those related results, e.g.,
Theorem 1.2 and Theorem 1.4.

As a special case when p(£) = 0, the established results improve those of [13, 36] in some
sense, which is shown by Example 2.8.
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