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1 Introduction
This paper is concerned with the second-order nonlinear neutral differential equations of
mixed type of the form

(a(t) (x(t) +bx(t — 1) + cx(t + rz))/)/ +p()x(t — 1) + q(O)xP (t + 03) = 0, (1.1)

t >ty > 0, subject to the following conditions:

(c1) a € CY([ty,0),R) and is positive for all £ > ;

(ca) b and c are constants; 11, 72, 01 and 0, are nonnegative constants;
(cs3) « and B are the ratio of odd positive integers;

(ca) p,q € C([to,0), R).

By a solution of equation (1.1), we mean a function x € C([T,, 00),R) for some T, > £,
which has the properties x(¢) + bx(t — 71) + cx(t + T2) € CH([Ty, 00), R) and a(¢)(x(¢) + bx(t —
7)) + cx(t + 13)) € CH((Ty, o0), R) and satisfies equation (1.1) on [T}, 00). As is customary,
a solution of equation (1.1) is oscillatory if it is neither eventually positive nor eventually
negative; otherwise, it is called non-oscillatory. A non-oscillatory solution x(¢) of equation
(1.1) is said to be weakly oscillatory if x(¢) is non-oscillatory and x’(¢) is oscillatory for large
value of ¢.

Second-order neutral delay differential equations have applications in problems dealing
with vibrating masses attached to an elastic and also appear, as the Euler equation, in some
vibrational problems (see [1] and [2]).
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In [3] the authors considered equation (1.1) with g(¢) =0, b = h(£), ¢ = 0 and « =1 for
all ¢ > ¢y, and classified all solutions of (1.1) into four classes and obtained criteria for
the existence/non-existence of solutions in these classes. In [4] the authors considered
equation (1.1) withg <0,b =c(t),c=0,a =1, 8 =1forall £ > £, and classified all solutions
into four classes and obtained the solutions in these classes. For p(£) = 0 or g(¢) = 0 and
¢ =0 for all t > ty, the oscillatory and asymptotic behavior of solutions of equation (1.1) is
discussed in [5, 6] and [7].

In [8-12] the authors considered equation (1.1) with a(t) =1, a = =1o0r a = 8
and obtained conditions for the oscillation of all solutions of equation (1.1). Motivated
by this observation, in this paper we consider the cases p,q > 0 and p, g changes
sign for all large ¢, to give sufficient conditions in order that every solution of equa-
tion (1.1) is either oscillatory or weakly oscillatory and to study the asymptotic na-
ture of non-oscillatory solutions of equation (1.1) with respect to their asymptotic be-
havior. All the solutions of equation (1.1) may be a priori divided into the following
classes:

M= {x = x(t) solution of (1.1): there exists £, > £, such that x(¢)x'(t) > 0, > tx},
M = {x = x(t) solution of (1.1): there exists £, > £, such that x(£)x'(¢) < 0,t > tx},
0S = {x = x(t) solution of (1.1): there exists {¢,},¢, — oo such that x(¢,) = O},

WOS = {x = x(¢) solution of (1.1) x(¢) # O for all large ¢ but x'(¢) oscillates}.

In Section 2, we obtain sufficient conditions for the existence/non-existence in the above
said classes. In Section 3, we discuss the asymptotic behavior of solutions in the solutions

M* and M~. Examples are provided to illustrate the main results.

2 Existence results

First, we examine the existence of solutions of equation (1.1) in the class M*.

Theorem 2.1 With respect to the differential equation (1.1), assume that

(Hy) b>0andc>0;
(Hy) p(t) >0 forall t > to;
(H3) a> B and oy < o,.

If

lim sup/t(Lp(s) + q(s)) ds = o0, (2.1)

t—00 to

forevery L >0, then M* = ().

Proof Suppose that equation (1.1) has a solution x € M*. Without loss of generality, we
may assume that there exists #; > £, such that x(t) > 0 and «'(¢) > 0 for all ¢ > ;. (The
proof if x(t) < 0 and /() < 0 is similar for large ¢.) Let z(t) = x(¢) + bx(t — 1) + cx(t +
17y) for ¢ > #. Then by assumption (H;) we have z(¢) > 0 and z/(¢) > 0 for all £ > #.
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Now,

( a(t)z (t) )/ _ (a@)z @)  Ba()z ()« (£ - 02)
)

B(t—03))  xP(t—03)  xPl(t—0)
< —p(t)% —q(0)
< —p(t)% —q(®)

<-pO)x"P(t-00) —qlt), t=>t.

Since x(t) > 0 and «'(£) > 0, we have x(¢) > Lo > 0 and by (H3), x*7#(¢) > L > 0 for all
t >t > ty. Thus

VAORY
(20 <ot ). 2

Integrating the last inequality from ¢, to ¢, we obtain

a®)Z(t)  alt)Z(t) ¢
xB(t—0y) xP(ty —o0) = /tz (Lp(s) + q(s)) ds.

From condition (2.1), we obtain

hmme —
t—00 xﬁ(t-o‘z) B

which contradicts the fact that z/(¢) > 0 for all large ¢. This completes the proof of the
theorem. 0

Theorem 2.2 Assume that condition (Hy) holds. Further assume that

(Ha) q(t) = 0 forall t > ty;

(Hs) B>c.
If
lim sup /t(p(s) + qu(s)) ds = 00, (2.2)

forevery Ly >0, then M* = (.

Proof Suppose that equation (1.1) has a solution x € M*. Without loss of generality, we
may assume that there exists #; > £, such that x(¢) > 0 and x'(¢) > 0 for all £ > . (The
proof is similar if x(¢) < 0 and x'(¢) < O for large ¢.) Let z(¢) = x(¢) + bx(¢t — 1) + cx(¢ + 15) for
¢t > t1. Then by assumption (H;) we have z(¢) > 0 and Z/(¢) > 0 for all £ > ;. Now,

( a(t)z (t) )’ _ @®)Z®)  aa®)Z@Ox(t-01) _ ) - (t)xﬂ(t+02)
w-o)) ~ w-o)  wit-o) D0 Ty

<-p(t)-qOx"(t-01), t>t.
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As in the proof of Theorem 2.1, we have x#~*(t —07) > L >0 fort > t, > t; by condition
(Hs). Thus

(%) =-(p®) + Lig(®)), t=t,.

Integrating the last inequality from £, to ¢, we have

at)Z(t)  alt)Z(t) t
x(t—01) x%(t, —01) = _/t (P(S) + LIQ(S)) ds.

2

From condition (2.2), we obtain

.. a7 ()
liminf ——~— = —o0,
B (¢~ o)

which contradicts the fact that z/(¢) > 0 for all large z. This completes the proof of the
theorem. O

Theorem 2.3 Assume that conditions (Hy) and (Hy) hold. Further assume that
(He) o =B.
If
t
lim sup/ (p(s) + q(s)) ds = o0, (2.3)
t—00 to
then M* = (.
Proof Suppose that equation (1.1) has a solution x € M*. Without loss of generality, we
may assume that there exists #; > £, such that x(t) > 0 and «'(¢) > 0 for all ¢ > #;. (The

proof'is similar if x(¢) < 0 and «'(¢) < 0 for large ¢.) Let z(t) = x(¢) + bx(t — 71) + cx(¢t + 1) for
¢t > t;. Then by assumption (H;) we have z(¢) > 0 and z/(¢) > 0 for all £ > #;. Now,

( a()z (t) )’ _ @@®Z©®)  aa(®Z @O« - o1)

x(t-01))  x(t-o1) x* (¢ - o7)
x"‘(t + 0'2)
< -p(t) - Q(t)m

<-(p)+q®), t=t,>n.

Integrating the last inequality from £, to ¢, we have

a0Z(1)  alt)? () _ /@@w@

x*(t —o1) x"‘(tz - 01) o

From condition (2.3), we obtain

a(t)z'(t)
liminf ——— = —o0,
t—>oo x%(t —o01)

Page 4 of 13
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which contradicts the fact that z/(¢) > 0 for all large ¢. This completes the proof of the
theorem. 0
Theorem 2.4 Assume that conditions (Hy)-(Hy) hold. Further assume that

(Hy) -1<b+c<0,withb<0andc>0.

I

oo 1 o0
/to % ds=00 and /to (Lp(s) + q(s)) ds = o0, (2.4)

forevery L >0, then M* = (.

Proof Suppose that equation (1.1) has a solution x € M*. Without loss of generality, we
may assume that there exists #; > £y such that x(¢) > 0 and /() > 0 for all £ > #. (The
proof if x(¢) < 0 and «'(¢) < 0 is similar for large ¢.) Let z(£) = x(¢) + bx(t — 11) + cx(¢ + T2) >
(1+b+c)x(t — 1) >0, for t > ;. From equation (1.1), we have

Y 2%(t - oy) xB(t + o9)
(a®Z(@®) = —(p(t)xﬂ(t_az) +q(t)xﬁ(t_02))xﬂ(t—oz)

< —(Lp(®) + q())x" (t - o)

<0, t>t.

Hence, a(t)Z/(t) is non-increasing for ¢ > t;, and we claim that a(t)z'(¢) > 0 for t > #. If
a(t)z (t) < 0 for ¢ > t5, then a(t)z'(t) < a(ty)Z'(t;) < 0 for t > £, > 0. Now,

, a(ty)z (ta)
z (t) < W <0

and integrating the last inequality from ¢, to ¢, we obtain

2(t) — 2(ty) < / fab) ()

ty ﬂ(S)

This implies that z(¢£) — —oc0 as t — 0o, which is a contradiction. Thus a(t)z/(£) > 0. Now,
proceeding as in the proof of Theorem 2.1 and using condition (2.4), we have

a7 (t)
t—00 xﬁ(t_gz) -

This contradicts the fact that z'(t) > 0 for all large ¢. This completes the proof of the the-
orem. g

Theorem 2.5 Assume that conditions (Hz), (Ha), (Hs) and (H7) hold. If

/OO ——ds=00 and /Oo(p(s) + qu(s)) ds = 00, (2.5)

forevery Ly > 0, then M* = (.
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Proof The proof is similar to that of Theorem 2.4 and hence the details are omitted. [

Theorem 2.6 Assume that conditions (Hy), (Ha), (He) and (Hy) hold. If

oo 1 o0
fto E ds=00 and /;0 (p(s) + q(s)) ds = 00, (2.6)
then M* = (.

Proof The proof is similar to that of Theorem 2.4 and hence the details are omitted. O

Next, we examine the problem of the existence of solutions of equation (1.1) in the class
M.

Theorem 2.7 Assume that conditions (Hy)-(Hz) and (Hy) hold. Further assume that

(Hs) m <o
(Ho) foy Z—Z < 0o and f_Oy Z—Z > —00 for some y > 0.

I

1
limsup/ —<
t—oo JT als)

forall T > ty and for every L > 0, then M~ = (.

/S(Lp(v) +q(v)) dv) ds =00 (2.7)

T

Proof Suppose that equation (1.1) has a solution x € M~. Without loss of generality, we
may assume that there exists #; > £, such that x(¢) > 0 and x'(¢) < 0 for all £ > ;. (The
proof is similar if x(¢) < 0 and x/(¢) > 0 for large ¢.) Let z(¢) = x(¢) + bx(¢ — 11) + cx(t + 12),
then in view of (Hy), z(t) > 0 and z'(¢) < 0 for all £ > #. As in the proof of Theorem 2.1, we
obtain

at)Z(t)  a(t)z(n)

<_ /t(Lp(s) +q(s)ds, t>n

X (t —09) B Bl-o) =y
or
Z(t) -1 [t
Pl—oy) — ald fh (Lp(s) +q(s))ds, t=n. (2.8)

Since x is non-increasing and by (Hg), we see that z(¢) < (1 + b + ¢)x(t — 03) > 0 and
@) <Q+b+)PxPt-ay). (2.9)

Combining (2.8) and (2.9), we have

Z(t) Z(t)
ZP(t) = 1+ b+ c)Pxb(t —07)
-1

: m/n (Lp(s) +q(s)) s, t=>t.
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Integrating the last inequality from #; to ¢, yields

20 ds t 1 s
/z(tl) o= _/ﬁ as)(1+b+c)f </¢1 (Lpv) +q(v)) dv> ds

z(t1) ds t 1 s
/Z<t> & /:1 a1 +b+c)f ( /n (Lp(v) +q()) dv) ds

and by condition (2.7) we see that

or

2t ¢
lim sup/ — =00, (2.10)

t—>o00  Jz(t) sh
which contradicts condition (Hy). This completes the proof of the theorem. d

Theorem 2.8 Assume that conditions (Hy), (Hy), (Hs) and (H;) hold. Further assume that

(Hio) @ <o1;

(Hy) J"i“<ooomalf0 du  _oo, for some y > 0.

0 u% y u%
If
t 1 s
li?_liljp/T ol (/; (p(vV) + Lig(v)) dv) ds =00 (2.11)

forall T > ty and for every Ly > 0, then M~ = ().

Proof Suppose that equation (1.1) has a solution x € M~. Without loss of generality, we
may assume that there exists #; > £, such that x(t) > 0 and «'(¢) < 0 for all ¢ > #;. (The
proof is similar if x(¢) < 0 and «'(¢) > O for all large ¢.) Let z(£) = x(¢) + bx(t — 71) + cx(t + 12),
then in view of (Hy), z(¢) > 0 and Z/(¢) < O for all £ > #. As in the proof of Theorem 2.2, we
obtain the inequality

a@®)Z(t) at)Z(t) t
(o) -0y _ftl (p(s) + Lig(s)) ds, t=1

or

Z(t) -t [t(p(s) +Liq(s)) ds, t>t. (2.12)

x%(t —o1) — alf)
Since x is non-increasing and by (Hjo), we see that z(¢) < (1 + b + ¢)x(¢ — 01) > 0 and then
22() <X+ b+0)*x" (¢~ o). (2.13)

Combining (2.12) and (2.13), we have

Z@) _ Z'(t)
z¢(t) — 1+b+ c)“x“(t —01)

[0+ naw)as =

a(t)(l + b +c)¥

Page 7 of 13
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The rest of the proof is similar to that of Theorem 2.7 and hence the details are omitted.
This completes the proof of the theorem. d

Theorem 2.9 Assume that conditions (Hy), (Hy), (Hg), (H7), (Hyo) and (Hyy) hold. If

t 1 s
lim sup/; m (/T (p(v) + q(v)) dv) ds = 00 (2.14)

t—00

forall T > ty, then M~ = .
Proof The proof is similar to that of Theorem 2.8 and hence the details are omitted. [J

Next, we establish sufficient conditions under which any solution of equation (1.1) is
either oscillatory or weakly oscillatory.

Theorem 2.10 If conditions (H;), (Hy), (Hs), (Ha) and (2.4) hold, then every solution of
equation (1.1) is either oscillatory or weakly oscillatory.

Proof From Theorem 2.1, it follows that for equation (1.1) we have M* = {J. To complete
the proof, it suffices to show that for equation (1.1), M~ = . Let x be a solution of equation
(1.1) belonging to the class M~, say that x(¢) > 0 and «'(¢) < 0 for ¢ > #; > £y. (The proof'is
similar if x(¢) < 0 and «'(¢) > O for all large ¢.) Let z(£) = x(¢) + bx(¢t — 71) + cx(t + 75); then
in view of (H;), we have z(¢) > 0 and 2/(¢) < 0 for all £ > ;. Proceeding as in the proof of
Theorem 2.1, we obtain

a(t)z (t) Z' (1) Bals) (s — 09) ¢
HE=) xﬂ(n o) / xﬂﬂ(s oy BET / (Lp(9) +4(5) ds
Set
o a@®)Z(¢)
W(t) = m, > 1.

Then w(t) <0 and for ¢ > 1,

(a()Z'(t)) a(t)z'(¢)

x'(t—0oy)
xB(t — 09) _'Bxﬂ”(t—og)

x(t—0y) "

w(t) = & (t - 0) < —(Lp(t) + q(t)) — Bw(t)

Integrating the last inequality from #; to ¢ and using condition (2.4), we have

W(t)SW(t1)+/tW(S)<—/3M> ds, t>t,>1.

0 x(s —02)

By Gronwall’s inequality, we obtain

x(t; — 09) )ﬁ

w(t) < W(tl)( X —oy)

and so

a@)Z () < w(t)xP (- 02) = M1 < 0
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or
()< —, t>b.
The integration yields

o) < 2lts) + My / % ds - —o0

as t — oo by condition (2.4). This contradiction completes the proof. g

Theorem 2.11 Ifconditions (H;), (Ha), (Hs) and (2.5) hold, then every solution of equation
(1.1) is either oscillatory or weakly oscillatory.

Proof The proof is similar to that of Theorem 2.10 and hence the details are omitted. [J

Theorem 2.12 Ifconditions (H;), (Ha), (He) and (2.6) hold, then every solution of equation

(1.1) is either oscillatory or weakly oscillatory.

Proof The proof is similar to that of Theorem 2.10 and hence the details are omitted. [J

3 Behavior of solutions in the classes M* and M~

First, we study the asymptotic behavior of solutions in the class M~.

Theorem 3.1 Assume that conditions (Hy)-(Hs) and (Hg) hold. If condition (2.7) holds,

then for every solution x(t) € M~, we have lim;_, , x(t) = 0.

Proof The argument used in the proof of Theorem 2.7 again leads to (2.10). This implies
that lim,_, o, z(£) = 0. But z(¢) > x(¢) for all £ > # implies that lim;_, o, x(£) = 0 and the proof

is complete. d

Theorem 3.2 Assume that conditions (Hy), (Hs), (Hs) and (Hyo) hold. If condition (2.11)
holds, then for every solution x(t) € M~, we have lim,_, », x(t) = 0.

Proof The argument used in the proof of Theorem 2.8 again leads to (2.14). This implies
that lim,_, o z(t) = 0. But z(¢) > x(¢) for all ¢ > ¢; implies that lim;_, o, x(¢) = 0 and the proof

is complete. g

Theorem 3.3 Assume that conditions (H;), (Ha), (He) and (Hyg) hold. If condition (2.14)
holds, then for every solution x(t) € M~, we have lim;_, » x(t) = 0.

Proof The argument used in the proof of Theorem 2.8 again leads to (2.14). This implies
that lim;_, o, 2(¢) = 0. But z(£) > x(¢) for all £ > £; implies that lim;_, o, x(¢) = 0 and the proof

is complete. 0

Finally, we examine the asymptotic behavior of solutions in the class M*.
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Theorem 3.4 If the assumptions (H;)-(Hs) hold and

lim sup/t(Lp(s) +4(s)) (/s 1 dv) ds = 00 (3.1)

oo JT r a(v)
forall T > ty, and any L > 0 is satisfied, then every solution in the class M* is unbounded.

Proof Let x be a solution of equation (1.1) such that x € M*. Without loss of generality,
we assume that there exists #; > #o such that x(¢) > 0 and x'(¢) > 0 for all ¢ > £, for some
t1 > to. (The proof is similar if x(¢) < 0 and «'(¢) < O for all large ¢.) Let z(¢) = x(¢) + bx(t —
71) + cx(t + 12); then in view of condition (Hy), z(¢) > 0 and z/(¢) > 0 for all £ > #;. Consider
the function

a@®)Z@) [ 1
W(t):_m/ﬁ mds, 1> =>1.

Then we have for ¢ > ¢,

2O @@y [f 1 pa®)F O (t-0s) [F 1
v = ooy ), 7% /

Tx(t—0y) 1 (= oy) ek
Z(t)

t
> _x—ﬁ(t p + (Lp(s) + q(s))/;l E ds.

Integrating the last inequality, we obtain

w(t) > w(ty) + /tZ (Lp(s) + q(s)) (ftl ﬁ dv) ds — [z % ds. (3.2)

. 20 . .. . t 2 .
As the function Flimoy) positive for ¢ > t,, then the limit lim,_, », ft2 —3) ds exists. We

xB (s
claim that it is co. Assume that

. L)
lim

— dS =My < 00.
% fy, sy © T

In view of (3.1) and (3.2), we have limsup,_, ., w(t) = 0o, which contradicts w(z) being neg-
ative for all large values of ¢. Thus

t /
lim / A0, (3.3)
t—>00 t xﬂ(s_o‘z)

Now, for all values of ¢ > t,, we have & (¢t — o) > x?(; — o), or
and consequently

/ttﬂdsst/tz’(s)ds

xﬂ (t - 0‘2) ty

1 1
- < - =
Fl-o) = Plaop = Ms>

= M5 (Z(t) - Z(tz)).
From (3.3) we obtain

lim z(¢) = oo. (3.4)

t—00
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Since z(£) = x(¢) + bx(t — 11) + cx(¢ + 12) and x(¢) is nondecreasing, we have z(¢£) < (1 + b +

€)x(t + 12). In view of (3.4) we get lim,_, o x(¢) = co. This completes the proof. O

Theorem 3.5 Ifthe assumptions (Hy), (Hs) and (Hs) hold and

lim sup/t(p(s) +L1g(s)) (/S 1 dv) ds =00 (3.5)

t>o0 JT 7 a(v)

forall T > ty, and for any L, > 0 is satisfied, then every solution in the class M* is un-
bounded.

Proof The proof is similar to that of Theorem 3.4 and hence the details are omitted. [

Theorem 3.6 If the assumptions (H;), (Ha) and (Hg) hold and

liin sup/T (p(s) + q(s)) (/T % dv) ds =00 (3.6)

forall T > t, is satisfied, then every solution in the class M* is unbounded.

Proof The proof is similar to that of Theorem 3.4 and hence the details are omitted. [

4 Examples

In this section we present some examples to illustrate the main results.

Example 1 Consider the differential equation

1 A\ 1 5
(E(x(t) +2x(t —1) + 3x(t + 1)) ) + mxs(t— 1)+ 201 x(t+1)=0 (4.1)

)

for t > 2. All the conditions of Theorem 2.1 are satisfied except condition (2.1). We see
that equation (4.1) has a solution x(¢) = t € M* since it satisfies equation (4.1).

Example 2 Consider the differential equation

BE+2)=0  (4.2)

(% (w(2) + 4o(t - 2) + 5l + 1))/) + x(t-1)

2(t-1) " £2(t + 2)3

for ¢ > 2. All the conditions of Theorem 2.2 are satisfied except condition (2.2). We see
that equation (4.2) has a solution x(¢) = ¢ € M"* since it satisfies equation (4.2).

Example 3 Consider the differential equation

(%(x(t) +a(t —1) +x(t + 1))’) + ﬁxs(t -1) Bt+1)=0 (4.3)

2
+ S
t2(t+1)3

for t > 2. All the conditions of Theorem 2.3 are satisfied except condition (2.3). We see
that equation (4.3) has a solution x(¢) = t € M* since it satisfies equation (4.3).
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Example 4 Consider the differential equation

(£ (x(t) = 3x(t = 1) +x(¢ + 1)) ) + x(t—1)+ B(t+2)=0 (4.4)

t
(t-1) (t+2)3

for ¢t > 2. All the conditions of Theorem 2.5 are satisfied except conditions (H7) and (2.5).
In fact, it has a solution x(¢) = t € M*.

Example 5 Consider the differential equation
1 AN
(e” (x(t) +=x(t—1) +ex(t + 1)) ) + e 0x3 (£ —2) + 26X 3x(t +3) = 0 (4.5)
e

for £ > 0. Since the function x(¢) = e! is a solution of equation (4.5), we have M~ # (.
Moreover, condition (2.7) holds in Theorem 2.7, while condition (Hy) is not satisfied.

Example 6 Consider the differential equation
1 /
(ezt (x(t) +—x(t—1) +e*x(t + 2)> ) +e3@lys (t-2)+2e¥3x(t+3)=0 (4.6)
e

for £ > 0. Since the function x(¢) = e’ is a solution of equation (4.6), we have M~ # {.
For this equation condition (2.11) does not hold in Theorem 2.8, while condition (Hyg) is
satisfied.

Example 7 Consider the differential equation (4.5). It is easy to see that all the conditions
of Theorem 3.2 are satisfied. In fact, x(¢) = e* € M~ is a solution of equation (4.5) such
that x(¢) =e* — 0 as t — oo.

Example 8 Consider the differential equation (4.3). It can easily be seen that all the con-
ditions of Theorem 3.4 are satisfied. Here x(¢) = t € M* is a solution of equation (4.3) such
that x(¢) — oo as t — oo.

We conclude this paper with the following remark.

Remark 1 In this paper we obtained conditions for the non-existence of solutions in the
classes M* and M~ and the existence of solutions in the classes OS and WOS. It would be

interesting to extend the results of this paper to the following equation:
(a(®)(x(0) + bOx(t = 1) + cOa(t + 7)) ) + O (£ = 1) + gD (¢ + 02) = 1 (1),

where r(¢) is a real valued continuous function.
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