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Leray-Schauder fixed point theorem, we establish the existence of periodic solutions
when the domain of the solution is sufficiently small.

1 Introduction
In this paper, we consider the following periodic quasilinear parabolic equation with non-
linear convection terms and weakly nonlinear sources:

aa—Ltt - Di(a,-j(x, t, u)Dju) +b(u) - Vu=B(x, t,u) + hix,t), (xt)e€Qr, (1.1)
ulx, t)=0, (x,t)€dQx[0,T], (1.2)
ulx,0)=uxT), x€, (1.3)

where Q is a bounded domain in RN with a smooth boundary 32, Qr = Q x (0, T), and
we assume that
(A1) ay(-, - u) = az(-, -, u) € Cr(Qy) and there exist two constants 0 < A < A such that

}‘|‘§>:|2 = aij(xx L M)‘Ei‘fj = A|'§>:|2: V(xr t) € QT’S eR".

(A2) B(x,t,u) is Holder continuous in Q x R x R, periodic in ¢ with a period T and
satisfies B(x, t, u)u < bo|u|**! with constants by > 0 and 0 <« < 1.

(A3) h(x,t) € Cr(Qr) NL>®(0, T; W&’OO(Q)), h(x,t) > 0 for Q x R, where C(Qy) denotes
the set of functions which are continuous in 2 x R and w-periodic with respect to .

The existence of periodic solutions for parabolic equations has been considered by sev-
eral authors; see [1-12] and the references therein. As a work related to this paper, we refer
to Nakao [10], in which the author considered the following parabolic equation:

0

8—1: — AB(u) = B(x, t,u) + h(x, t),
with Dirichlet boundary value conditions, where B, / are periodic in ¢ with a period w > 0,
B(u) satisfies () > 0 except for u = 0 and B(u) is fulfilled by |u|”'u if m > 1. Under the

assumption that B(x, t, u)u < by|u|, Nakao established the existence of periodic solutions
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by the Leray-Schauder fixed point theorem. In [12], Zhou et al. considered the quasilinear
parabolic equation with nonlocal terms. Based on the theory of Leray-Schauder’s degree,
the authors established the existence of nontrivial periodic solutions. In this paper, we
consider the quasilinear parabolic equation (1.1) with weakly nonlinear sources and non-
linear convection terms. The convection term b(u) - Vu describes an effect of convection
with a velocity field b(u). Under a restrictive condition that the domain is sufficiently small,
we establish the existence of periodic solutions of the problem (1.1)-(1.3).

This paper is organized as follows. The definition of the generalized solution and a useful
a priori estimate are presented in Section 2. Our main results will be given in Section 3.

2 Preliminaries

Our main efforts will focus on the discussion of generalized solutions since the regularity
follows from a quite standard approach. Hence, we give the following definition of gener-
alized solutions.

Definition 1 A function u is said to be a generalized solution of the problem (1.1)-(1.3) if
u € L*0, T; Hy(2) N Cr(Qr) and

// (—u%—i) +aj(x, t,u)DiuDjp — B(u) - Vo — B(x, t,u)p — h(x, t)go) dxdt=0 (2.1)
Qr

forany ¢ € C'(Qr) with ¢(x,0) = ¢(x, T) and ¢|s0x(0,7) = 0, where B(u) = (B1 (), ..., Bn (1))
and Bi(u) = fou bi(s)ds,i=1,...,N.

For convenience, welet || - ||, and || - ||, denote LP(£2) and W"?(Q2) norms, respectively.
First, we establish the following a priori estimate which plays an important role in the
proof of the main results of this paper.

Lemmal Let u be a solution of

ou

o — Di(aj(x,t,u)Dju) + b(u) - Vu = 0 B(x,t,u) + oh(x,t), (x,1) € Qr, (2.2)
ulx,t)=0, (xt)edQx][0,T], (2.3)
ulx,0)=ulxT), x€L, (2.4)

with o € [0,1], then there exists a positive constant R independent of o such that
” u(t) HLOO(QT) <R, (2.5)
when the measure of Q2 is small enough.

Proof Suppose u is a solution of the problem (2.2)-(2.4). Multiplying equation (2.2) by
|u|Pu (p > 0) and integrating the resulting relation over €2, noticing that

N N
ou “
b(u) - VululPudx = / bi(u)|ulPu— dx = / </ bi(s)|s|”sds> dx
/Q Q ; 0x; ; e \Jo X
N u
= Z/ (/ b,-(s)|s|psds> cos(n,x;)dx =0,
- Jaa \Jo
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where n is the outer normal to 92, we have

p+2 = / |u(@)[P** dx - f Dy(a(x, £, u)Djua) |u(®) [P u(e) dx

< by / (@) dx + / |u(0) | u(t)h dx. (2.6)
Q Q

The second term of the left-hand side in the above integral equality can be written as

/ (a,,(x,t u Du)’u(t |p t)dx = (p+1)/ | a,, (%, t,u)DjuD;u dx
Q
4r(p+1) g
> (p+2)2 /‘V } t) ’ dx,

and

/Q‘u(t) ’Pu(t)h dx < (/Q‘u(t)}mz dx)M (/Q 2 dx>m,

Hence, from (2.6), we have

p
2

d +
el + GV (u)]

u(®) [, < Colp + 2)(|u@] ey + Nl ), (2.7)

pra+l

where C;, C, are positive constants independent of u(¢), p.
If 0 <« <1, by Holder’s inequality and Young’s inequality, we have

p+a+l

/|u(t)|p+a+ldx§ </|u(t)|p+2dx) P2 |Q|%
Q Q

< max{L, (22} [u(o)| 1"

(p+1)(1-a)

= max{L 1212} w5 Jut@)],

p+2

< [uol}y; + Cluol} (28)

Combined with (2.7), it yields

)4
2

0)l; < G+ (@75 + [u@)];7). (2.9)

pt+2 p+2

d -
1O+ G (@]t

If o =1, from (2.7) we can get (2.9) directly.
Set

w®) = || T ), pe=2-2(k=1,2,.),

then py = 2pi_1 + 2. From (2.9), we have

2(pr+1)

- ||Mk(t ”2 +C HVMk(t)H2 < Co(pr +2) || ui(2) ||2 + Colprc + 2| @],
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By the Gagliardo-Nirenberg inequality, we have

lue®], = C[ Vx| @), with o =

€ (0,1).
N +2 ©,1)

Noticing ||u()|1 = ||uk-1(£)||3, by (2.10) we obtain

d 2 200-1)
Z @} = -Clw@f @], + Cator+ 2 |

2(pg+1)

+ Cy(pr +2) ||uk(t)H2pT

2 46-1) 2
< =Ci|ux@®)|] | mr®)], T + Colpr + 2)| @)

2pgD)
+ Colpr + 2) ()],

Set A = max{1,sup, || ux(?)||2}, then

d 2 Lo 22D sy
@, = Jw@]L," {=Glu@f ™ 2

_2
+ Colpr + 2) (@) | 257 + Calr +2))

2

pk+2

Now, we estimate (px + 2)|lux(2)|l, " . By Young’s inequality,
(1 /1\F
ab<ead” +e v - (—/)p b7,
q \p
wherep’' >1,4 > 1, 1% % =1 with
% 1 46-1
a:”uk(t)“gkz, b=pr+2, e:E)»kj ,
- _pr+2 1_(pk+m+1)(N+2) 1
p =l= 9 Pk = N Pk )
we have

2 2(pgtl) 4(6-1)

It is easy to see that limy_, o [ = +00. Denote

Ik 4(1-0)
=—) by = .
I =1 0l —1)

ak
From (2.12), (2.13), we have

d
Zlu];

2pg+1) C 2 2pktD)
< Juo)] " {—71

zﬁ 1 07 P2y T zli ;(’;QD
(i +2) ”uk(t) Hz = 5 llzelly A +Clpr+2)%! Al -

220D g0
0 2 . b
lux@® |, ™7 0]+ Colp + 200, + Colpi +2)

(2.10)

(2.11)

(2.12)

(2.13)

I
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That is,

WP
0x+2) 0 uxt0)

2 20t 49-1)

Cl g~ + —g b
< 5 ([ (£) ||29 P2 A+ Cilpr +2)™ 05 + Colpr +2).

(2.14)

The periodicity of u(t) implies that there exists ¢’ such that ||u(£)|» takes its maximum

and the left-hand side of (2.14) vanishes. Then we have

4(1-6)

i@, = {Cl@e+ 2 + o+ 200 ] T ),

where

2 2(pk + 1) Zlk
Gh=————=——,
k 0 P +2 Pr+2
Since A1 > 1 (k=1,2,), it follows that

4(1-6)

(@], < {Clor+ 2% | = {Clou + 2%}

L 2 2
Noticing that 7= = L and ’% are bounded, we have

-6 ~ 1-6

Ju®)], < 227,

where a’ is a positive constant independent of k. That is,

lnHuk(t) ||2 <Inly <InC+klnA +2Inl_,,

where A =29 > 1, then

k=2 k=2
1n|| u(t) ||2 <InC Z 2425 Ina; +InA (Z(k -2

i=0 j=0

< (2" -1)InC+ 2 Ina; +f(k) InA
with
flk) =251 ok _j—2,
That is,
|u®], ., < leartaiives

Letting k — 00, we obtain

Ju)]., = €32 = € (max{1,5upute L})

(2.15)
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In order to estimate ||u(£)||, we set p = 0. From (2.9), we obtain

d
@[5+ Gl vu@l; < Glu@]; + Cluw],

According to the Poincaré inequality, we have

Colu®]; < |vu)];,

where C, is a positive constant which depends only on N and the measure of 2 and be-

comes very large when |Q2| becomes small. Then
d 2 2 2
2140, + G ud], = Glu@)]; + Cu@],.
So, when || is sufficiently small, we have C;C, > C,. Then by Young’s inequality, we obtain
d
@[3+ cluo];<c
where C is a constant independent of u. By the periodicity of u, we have
[u@], =&

where R is a positive constant independent of o. Combining the above inequality with
(2.15), we obtain (2.5). The proof is completed. O

3 The main results

Our main result is the following theorem.

Theorem 1 If (Al), (A2) and (A3) hold, then the problem (1.1)-(1.3) admits at least one

periodic solution u.

Proof First, we define a map by considering the following problem:

6;_1: — Di(aj(x,t,u)Dju) + b(u) - Vu = f(x,1), (x,t) € Qr, (3.1)
ulx,t)=0, (x,t)edQx][0,T], (3.2)
ulx,0)=ulxT), x€2, (3.3)

where f(x,t) is a given function in C7(Qy). It follows from a standard argument similar
to [10] that the problem (3.1)-(3.3) admits a unique solution. So, we can define a map
T : Cr(Qr) — Cr(Qy) by u = Tf and the map u = Tf is compact and continuous. In fact,
by the method in [9], we can infer that ||u||1=(q,) is bounded if f € L*°(Qr) and u, Vu €
C*(Qr) for some & > 0. Then (by the Arzela-Ascoli theorem) the compactness of the map
T comes from ||u||;=(q,) and the Holder continuity of x. The continuity of the map T
comes from the Hoélder continuity of V.
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Let ®(u) = B(x,t,u) + h(x,t), by (A2)-(A3) and the above arguments, we see that T(o ®)
is a complete continuous map for o € [0,1]. By Lemma 1, we can see that any fixed point
u of the map T (o ®) satisfies

lulloe < C,

where C is a positive constant independent of o. Then, by the Leray-Schauder fixed point
theorem [13], we conclude that the problem (1.1)-(1.3) admits a periodic solution z. The
proof is complete. O
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