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Abstract

By means of the Schauder-Tychonoff principle, L,(k)-equivalence are established
between linear and nonlinear perturbed impulsive differential equations with an
unbounded linear part in an arbitrary Banach space. The feasibility of our theoretical
results is illustrated by an example involving partial impulsive differential equations of
the parabolic type.
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1 Introduction

Theory of impulsive differential equations has been emerging as an important area of in-
vestigation since these equations provide natural frameworks for describing many real life
phenomena appearing in physics, chemical technology, population dynamics, and eco-
nomics; see the remarkable monographs [1-3]. There have been significant contributions
regarding the investigations of qualitative properties of solutions of such equations in the
last three decades [4—12]. However, dealing with nonlinear impulsive differential equa-
tions have faced, as usual, several drawbacks that caused slackening progress of this the-
ory.

One of the most important ways to investigate the asymptotic structure of two equa-
tions is to build asymptotic equivalence between their solutions. Establishing such equiv-
alence enables researchers to comment on the asymptotic behavior of solutions of certain
nonlinear equations by studying another linear equation whose solutions bear the same
character. In spite of the fact that this way is of great significance in the theory of analysis,
it has been less considered in the literature.

In this paper, we introduce the definition of L,(k)-equivalence between linear and non-
linear perturbed impulsive differential equations with an unbounded linear part in an arbi-
trary Banach space. By means of the Schauder-Tychonoff principle, sufficient conditions
are established to guarantee the existence of such equivalence. To expose the feasibility
of our theoretical results, an example involving partial impulsive differential equations of
the parabolic type is provided. Similar problems but with different approaches regarding
L,(k)-equivalence for impulsive differential equations were first reported in the papers
[13-17].
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2 Statement of the problem
Let X be a Banach space with the norm || - || and the identical operator I. By D(T) C X, we
will denote the domain of the operator 7: D(T) — X.

Consider the following two impulsive differential equations:

W Ay, tF b,
w () = Qu(m(ty), n=12,...,

and

% =A(Q)uy +f(t,ua), t#ty,
MZ(thr) = Qn(”2(tn)) +hn(u2(tn))¢ n=12,...,

(2)

where A(?) : D(A(t)) - X (¢t € R,) and Q,, : D(Q,,) = D(A(t,)) are linear and possibly un-
bounded operators. The functions f(-,-) : R, x X — X and 4, : X — X are continuous
where R, = [0,00). The sets D(A(¢)) and D(Q,,) are dense in X. The points of jumps ¢,
satisfy the conditions 0 =ty <ty <ty < --- <, < - -+ withlim,_, « t, = 0c0. We set Qp = I and
ho(u) =0 (u € X).

Furthermore, we assume that all functions under consideration are left continuous and
that there exists the Cauchy operator U(t,s) (0 <s < t) of the linear equation

du1

— = A()uy. 3

7 (Om 3)
Sufficient conditions for the existence of UL/(¢,s) can be found in [18, 19]. One can easily
check that

V(t,s) = Ut,s)QulU(ty, tn-1)Qu-1 - - Qull(tr,s) (0 <s<tx <ty <t) (4)

is the Cauchy operator of the linear impulsive differential equation (1). We observe that
the operator V(z,s) is bounded if one of the following conditions hold:

(B1) Q,U(ty,t,_1) are bounded operators, n=1,2,....

(B2) U(ty41,t,)Qy are bounded operators, n=1,2,....

Lemmal Let one of the conditions (B1) or (B2) hold. Then the solution u(t) of the equation

u(t) = V(t,0)u(0) + /t V(t, s)f(s,u(s)) ds + Z V(t, t;)h,, (u(tn)) (5)
0

O<ty<t

satisfies the impulsive differential equation (2).

The proof of the above statement is straightforward and can be achieved by direct sub-
stitution.

Let the following condition be fulfilled:

(H) There exists continuous function k(-,-) : R, x R, — R, such that

[Vt s)E| <kt )&,

where 0 <s < tand & € D(A(s)).
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We introduce the following spaces:

Ly(k) = {g(-) :R, — X : sup /0 k(t,s) ||g(s)||p ds < oo}

teR,

and

lp(k) = {g: {gn ;321 CX:sup Z k(t;t,:)”gn”p < OO}

teRy O<ty<t

with the norms

t 1 t 1%
lglz,m = sup ( / k(t,9)||g(s)]” dS)p and |glls,w = sup (Zk(t, t;)llgnll"’> -
teR, 0

teRy 0

The following conditions are needed in the sequel:
(H1) There exists constant M; > 0 such that sup, g fot k(t,s)ds < M.
(H2) There exists constant M > 0 such that sup,cp, > o, . k(& 1) < M>.

Definition 1 Equation (2) is called L,(k)-equivalent to Eq. (1) in the nonempty, closed,
and convex subset B of X if there exists a convex and closed subset D of X such that for
any solution u; (¢) of (1) lying in the set B there exists a solution u,(t) of (2) lying in the set
BU D, and satisfying the relation u,(t) — u;(t) € L,(k).

If Eq. (2) is L,(k)-equivalent to Eq. (1) in the set B, and vice versa, we say that Eqgs. (1)
and (2) are L, (k)-equivalent in the set B.

By S(R,, X), we denote the linear set of all functions which are continuous for t #¢, (n =
1,2,...), having left and right limits at points ¢, and are left continuous. The set S(R,, X)
is a locally convex space with respect to the metric

_1 maxo<<r [|u(t) —v(©)|
p(u,v)= sup (1+7)7! == .
0o L+ maxozi=r [u(t) - v(0)]

The convergence with respect to this metric coincides with the uniform convergence on

each bounded interval. For this space, an analogue of Arzella-Ascoli’s theorem is valid.

Lemma 2 ([13]) The set M C S(R,,X) is relatively compact if the intersections M(t) =
{m(t) : m € M} are relatively compact for t € R, and M is equicontinuous on each interval
(tm tn+l]) n= 0; 1’ 2; oo

The proof of the above theorems is completed by applying the theorem of Arzella-Ascoli

on each interval (¢,,¢,,1], = 0,1,2,... and constitutes a diagonal line sequence.
Let C be a nonempty subset of X. Set

C={ueSR,X):ult)eC,teR,}

We now have the following lemma.
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Lemma 3 ([17]) Let C be a nonempty, convex, and closed subset of X. Suppose an operator

T transforms C into itself and is continuous and compact. Then T has a fixed point in C.

The proof of Lemma 3 follows by utilizing the fixed-point principle of Schauder-
Tychonoft.

The following lemmas are borrowed from [14].

Lemma 4 ([14]) Let the following conditions be fulfilled:

1. Condition (Bl1) (or (B2)) holds.

2. Conditions (H), (H1), and (H2) hold.
Then, for any function F € L,(k) and for any sequence H = {H,};>, € l,(k), the linear non-
homogeneous impulsive differential equation

D A)u+F(t), t#tn ©)
I/l(t;) = Qn(u(tn)) + Hn(u(tn)): n=12,...,

has a bounded solution u(t) for which

u(t) = V(t,0)u(0) + / V() ds + > V(tt;)H, (7)
0 O<ty<t
and
|u@®)] < ||V (£, 0)u(0) | + M I Fllz, @ + Mg 1 Hllg0- 8)

Lemma 5 ([14]) Let the following conditions be fulfilled:
1. Coundition (B1) (or (B2)) holds.
2. Conditions (H) and (H1) hold.

Then the operator G, defined by the formula

t
G\E(t) = / V(¢t,s)F(s)ds ©)
0
maps L, (k) into L,(k) and the following estimate is valid:
1G1FllL, k) < MillF L, k)0 (10)
where X + 1 =1,
rq
Lemma 6 ([14]) Let the following conditions be fulfilled:
1. Condition (BI1) (or (B2)) holds.

2. Conditions (H) and (H2) hold.
Then the operator Gy, defined by the formula

G H(t)= Y V(tt)H, (11)

O<ty<t

Page 4 of 12
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maps 1,(k) into L,(k) and the following estimate is valid:

1o
GaH ||, ) < My M3 | H|1, ), (12)

where L +1 =1,
r o q

3 The main results
Set

u(t) = us(t) — w1 (t),

where () is the solution of Eq. (1) and u;(¢) is the solution of Eq. (2).
Then u;(¢t) = V(¢,0)u1(0) and u»(¢) is solution of the linear nonhomogeneous impulsive
differential equation (6) for F(£) = f(¢, u2(¢)) and H,, = h,(u3(¢,)). Consequently,

u(t) = Gif (£, m(2) + u(t)) + Gahy (1 (6:) + u(t)).
We define the operator

T, 1)(8) = Gof (& 1r (£) + (£)) + Gy (141 (8) + (). (13)

Theorem 1 Let the following conditions be fulfilled:
1. Condition (B1) (or (B2)) holds.
2. Conditions (H), (H1), and (H2) hold.
3. There exists a nonempty, convex, and closed subset D of X such that

T(uy,u)(t) € D foreach u with u(t) € D (t € R,).

4. For any fixed uy € B, the following inclusions hold:
41 [y V(t,8)f (s,u(s) + u(s) ds € K (¢) (u € D),
4.2 3 oo V&G (i () + u(t)) € K (u € D), where K*\(¢) is for any fixed
t eR, and K, is for any fixed n =1,2,... a compact subset of X.
5. sup,csup (& w)ll < E(t), for t € Ry, where the function F(t) is continuous and
F e Ly(k).
6. sup,cpupn(W) < H,, forn=1,2,..., where the sequence H = {H,};2, € [,(k).
Then Eq. (2) is L,(k)-equivalent to Eq. (1) in the set B and the following estimate is valid:

11
lloe2 = ||z, ) < MallFllz, ) + M{ My || H ||y, k-

Proof We will prove that for each solution u(¢) of Eq. (1) lying in the set B the operator
T (u1, u) has a fixed point u(¢) such that uy + u € BUD and lies in Ly(k).

In view of condition 3 of Theorem 1, it follows that the operator T'(u, 1) defined by (13)
maps the set

D={ueSR,,X):ult)eD,teR,}

into itself for u; € B.
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Let M = {m(t) = T(uy,u)(t) : u € D, t € R, }. We will show the equicontinuity of the func-
tions in the set M. Let ¢’ > t” and ¢/, t” € (¢, t,.1]. It can be verified that

¢

In(e) =) = swp_ [ Jv(e.s) - ve"s) | Lsts ] ds

weBUD

t/
+ sup /// [V (E,s)||f(sw)| ds

weBUD V't

+osup Y0 V() = V(L) | )]

weBUD O<ty<t”

The continuity of the function V'(¢,s) on (¢, £,:1], condition (H) and condition 5 of Theo-
rem 1 imply the equicontinuity of the set M.

From condition 4 of Theorem 1 and (13), we deduce the compactness of the intersections
M(t) = {m(t) : m € M} for t € R,. Consequently, from Lemma 2, it follows that the set M
is compact.

We will show that the operator T'(u;,u) is continuous in S(R,,X). Let the sequence
{i}pe, C D be convergent to the function i € D in the metric of the space S(R,,X).

Then the sequence

{a®)}e, = {f (6 m(@) + im®) )5,

tends to z(t) = f (¢, u1 () + u(t)) for any ¢ € R, and the sequence

{Vk(n)}:il = {hn(ul(t,,) + ﬁk(tn))}:zl

tends to {v(n)}o2, = (M (u1(2,) + 8(8,))} 1 coordinate-wisely (n=1,2,...).

From conditions 5 and 6 of Theorem 1, it follows that
|la@®) || <F@®) (teRy)
and
lvem) | <H, (n=1,2,..).
In virtue of the theorem of Lebesgue, we take the limit inside the integral and obtain
that the sequence of functions Gjzi(£) tends for ¢ € R, to the function Gz(t). On the

other hand, by the analogue of the theorem of Lebesgue for the series, we obtain that the

sequence of functions G, (vk(n))(t) tends to the function G, (v(n))(t). Since the functions

Gizi(t) + G2 (vi(m)) (1)

lie in a compact set, they also tend to the metric of the space S(R,, X).
In view of Lemma 3, it follows that for any u; € Bthe operator T'(u;,u) has a fixed point
u e D, that is, T(u1,u) = u.
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From conditions 5 and 6 of Theorem 1, Lemma 5, and Lemma 6, it follows that this fixed

point u € L,(k) and the following estimate is valid:

11
lotllz, @) < MyllFllz, @) + MY My IH ||y, k),

where L +1 =1, O
A
Remark 1 The case when the operator A(¢) (£ € R,) is linear bounded and the sets B and

D are balls is considered in [15].

We shall illustrate the effectiveness of Theorem 1 by constructing an example involv-
ing the partial impulsive differential equations. For more details on the general theory of
partial impulsive differential equations, we suggest that the reader consults [20, 21].

4 An example
In this section, we consider linear and nonlinear perturbed partial impulsive differen-
tial equations. We transform these equations to ordinary impulsive differential equations
with an unbounded linear operator and show that they satisfy the conditions of Theo-
rem 1. More information regarding the theory of ordinary differential equations with an
unbounded linear operator can be reached at [19].

Let © be a bounded domain with smooth boundary 9Q2 in R”, Q = (0,00) x 2, and
I' =(0,00) x 9L2.

We denote

o0
Py={ltnx):xeQ}, P=JP,
n=1
and
Ap={(tnx):x€0Q}, A=A,

Consider the following linear impulsive parabolic initial value problem:

Y~ A(t,x,D)ur, (t,x) € Q\ P,

Dy (t,x) =0, |a|<m,(t,x) e\ A,

(14)
u1(0,x) =nx), x€Q,
i (t), %) = Q. (t,, %)), x€Qn=12,...,
and the nonlinear perturbed impulsive parabolic initial value problem
aaif :A(t,x, D)u, +f(t,x, u;), (6,x)eQ\P,
D%uy(t,x) =0, |o|<m,(t,x) e\ A,
2(t, %) || (tx)eT \ (15)

u(0,%) =va(x), xe€Q,

Mz(t;,x) = QM(MZ(tmx)) + ]jln(uz(tn;x)); X € §,I’l =1,2,...,
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where A(t,x, D) = ngzm aq(t,%)D%, Q, : D(Q,) — D(A(t,,x,D)) (n =1,2,...) are linear
operators andf(-, ,):R, x R" x R — R and /, : R — R are continuous functions.
Let X = L,(2,R) (1 < p < 00), where

L,(2,R) = {V:Q—)R;/ \V(x)|pdx<oo}
Q

with the norm |v|, = ([, [v(x)[” dx)ll’.
Along with the family A(t, x, D), t € R, of strongly elliptic operators, we associate a fam-
ily of linear operators A(t), ¢ € R, acting in X by

A(D)u=A(t,x,D)u foru e D.

This is can be achieved as follows: D = D(A(£)) = W?"?(Q2) N Wg"p(Q), teR,.
Letv; € X (i =1,2). We set

fEw@) =f(txult,x), ueXteR,xeQ,
and

Qn (u(tn))(x) = Qn (u(tn:x));
hy (M(tn))(x) = iln (M(tm x)),

where Q, : D(Q,) = D, D(Q,) C X lie dense in X and are linear operators, f : R, x X — X
and /4, : X — X are continuous functions.

We claim that Eqgs. (1) and (2) are L,(k)-equivalent. Let U(¢,s) be the Cauchy operator
of the linear equation (3).

Sufficient conditions for the validity of the estimate

|L[(t, s)| < Ce 9 (0 <s<#C, k>0 constants)
p—p

can be found in [19].

Lett,=n(n=1,2,.. .),f(t,x, u) = e ’tsinuy(t, %), iz,,(ug(t,,,x)) = e“"’lmzlﬂ and Q. =
2 M

%qn(n)é (¢ € R), where the positive constants «, y, and k; satisfy k+ k; —ap > 0, k + ky —
yp >0 and k > 27 C — k. The functions gn(): R, —> R (n=1,2,...) are defined such that
|g.(£)] <1foreachteR,.

Then

F(t 1) = e sinuy (o)
1

hy (”2(tn)) =e ™ m

and

—ky

Qun = %qn(n)n (n € X).
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We shall find the function k(t,s) (0 <s < t) of condition (H). Let 0 <s <m<n<t<n+1
and & € D. Then the following estimate is valid

’V(trs)é ’p = ’U(t, tn)Qn to QmU(tm,S)S ‘p

ke € et —k(m—s)
<Ce an(l’l) Tqm(m)ce |§|p

< Ce—k(t—s)e—kl (n-m+1) |%— |p

S Ce—(k+k1)(t—s) |g |p'
Set
k(t,s) = Ce*+k)E=s) (0 <5 <),

For the constant M; of condition (H1), we obtain

t t
¢
sup f k(t,s)ds = sup Ce~k+kt f elkrkus gg < .
teR, JO teR, 0 k+ ki
Hence,
M = ¢
e k+ /(1 '
For the constant M, of condition (H2), we obtain
u C
sup Z k(t, }’Z+) = sup Ce—(k+k1)t e(k+k1)/ < m
teRy O<n<t teRy j=1
Hence,
Mo = C
25 ] o ktk)
Letr >0 and
1 1
27 C(k + ky) r u? ()
p> 1 * e b (16)
k+k —27C k+k 1-ew 1

We shall find the function F,. ,(¢) and the sequence H,., = {H,,.,} o, so that conditions
5 and 6 of Theorem 1 are satisfied. We observe that

sup |f(t,w)| = sup e7!|sinw|, <e " (r+p)
[wlp=r+p p [wlp<r+p

and

sup [, (w)|, = sup e < ().

[wlp=<r+p [Wlp=<r+p

2
1+w »

1
Hence, Fr,(£) = €75 (r + p) and Hy i p = " 17 ().

Page 9 of 12
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It remains to show that F,.,, € L,(k) and H,,, € [,(k). Indeed

1
' r
vl = sup [ Cet ey ) )
0

teRy

1
C 7 .
={———) (r+p)su e vrt _ g (k+ki)t) b

<k+k1—yp> teRIi( )

( 2C )é( :
<|l—) (r+
k+ki—yp P

and

1
||Hr+p ”lp(k) = sup ( Z Ce—(k+k1)(t—n) |e_a”/va (Q)|P>

teRy O<n<t

— (C[/L(Q))Il_’ sup (e—(k+k1)t i e(k+k1—otp)j>

teRy ,n<t j=1

20u(Q) |7
< 1-— eozp—k—lq :
Set By = {u € X : |u|, < o}. We shall show that for any u,(¢) € B, (t € R,), the operator
T (uy,u) defined by (13) maps the set

ST

C(p) ={u e SR, X): u(t) €B,,t eR,}

into itself.
From (8), (13), and (16), we obtain

1 1
” T (e, u1)(t) “ =< Mlq ||FV+P||Lp(k) + qu 1Hpsp ”lp(k) <p
for each ¢ € R,. Hence, the operator T (i1, u) maps the set C(p) into itself.
By means of a compactness criterion in [22], we shall prove condition 4.1. We observe
that the set
t
M(t) = {m(t) = fo V(t,s)f(s, uy(s) + u(s)) ds:lul, <pte ]R*}

is compact subset of X for any fixed ¢ € R,. Indeed

|m(t)(x)| < /o t Ce "R eS| sin (141 (s) (%) + u(s)(x)) | ds

< Ce’(/”kl)t /te(k+klr)s ds < L (17)
= o T kt+tk -y
and
» }, 2C 1
@), = ([ [mowl ) < 2= k@) 19
r o k+k —y

and hence |m(t)(x)|, < N, where N is a positive constant.
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We shall show that
’m(t)(x +h) — m(t)(x) |p -0 (h—0).
This follows from the relations below

m()(x + h) - m(O)(x)], < Ce™ ) / t e® =5 sin (1 (s) (x + 1) + u(s) (x + h))
0
- sin(ul(s)(x) + u(s) (x)) ‘p ds

t
< Ce kot / e(k+k1’y)s|u1(s)(x +h) — u(s)(x) |p ds
0
t
+Ce Kkt / e(k+k1_y)s‘u(s)(x +h) — u(s)(x) ’p ds.
0

In a similar way, one can show the validity of condition 4.2. The conditions of The-
orem 1 are fulfilled, and hence Egs. (1) and (2) are in L,(k)-equivalent. Hence, every
solution u;(¢,x) of (14) induces a solution u;(t,x) of (15) such that the function «(f) =

|1 (2, %) — ua(t,x)| lies in L, (k) for any x € Q.
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