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Abstract

In this paper, we study the forced oscillation of the higher-order nonlinear difference
equation of the form

A" [x(n) = p(nx(n = T)] + g1 (NP (N - 07) + G2 (NP p(n - 02) = f(n),

where m > 1, T, 07 and 03 are integers, 0 < o < 1 < B are constants, ®(u) = lul~"u,
p(n), g1(n), g2(n) and f(n) are real sequences with p(n) > 0. By taking all possible values
of T, oy and o, into consideration, we establish some new oscillation criteria for the
above equation in two cases: (i) g1 =g1(n) < 0,9, =g>(n) > 0; (i) g; > 0,g, <O.

MSC: 39A10

Keywords: forced oscillation; neutral difference equation; positive and negative
coefficients; higher-order

1 Introduction
Qualitative theory of difference equations has received much attention in recent years
due to its extensive applications in computer, probability theory, queuing problems, sta-
tistical problems, stochastic time series, combinatorial analysis, number theory, electrical
networks, genetics in biology, economics, psychology, sociology, and so on [1, 2].

In this paper, we consider the oscillation of the following mth-order forced nonlinear

difference equation of the form
A"[x(n) = p(m)x(n — 7)] + q1(n) o (11 — 01) + G2 (M) Pp(n — 03) = f (n), 1)

where m > 1, 7, 01 and o, are integers, ®-(u) = |u| 'u, p(n), q1(n), g2(n) and f(n) are real
sequences defined on N = {0,1,2,...} with p(n) >0, 0 <« <1 < § are constants, and

Ax(n) =x(n +1) — x(n), Alx(n) = A(Ai_lx(n)), 2<i<m.

As usual, a solution of Eq. (1) is said to be oscillatory, if for every integer N > 0, there
exists n > N such that x(n)x(n + 1) < 0; otherwise, it is called nonoscillatory.

For the continuous version of Eq. (1), many authors have studied its oscillation (see
monograph [3] and references therein). To the best of our knowledge, little has been
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known about the forced oscillation of Eq. (1) with positive and negative coefficients (g; <0,
q> >0 or g1 > 0, g2 < 0) and mixed nonlinearities (0 < @ < 1, B > 1). For some particular
cases of Eq. (1), there have been many oscillation results in [4—19], to name a few. Moti-
vated by the work in [20-22], we study the forced oscillation of Eq. (1) in this paper.

The main contribution of this paper is that we establish some new oscillation criteria
for Eq. (1) with positive and negative coeflicients and mixed nonlinearities. Unlike some
existing results in the literature, all possible values of delays 7, 01 and o, are considered.

2 Main results
Throughout this paper, we denote

bon,s) =p(m,s)=(n—-5)® =(n-s)(n-s+1)---(n-s+k-1), k>m, (2)

di(n,s) = (1) Alp(n,s) = C(n—5)*D, i=1,2,...,m. 3)

By the straightforward computation, it is not difficult to see that

¢(n,s)=0, n<s<m+k-1,
pin+i+lLnm+m)=0, i=0,1,2,...,m—-1, (4)
dm(n,s) >0, 0<s<n-1,
and
nm+i+1,n
lim $intitln) =o(1), i=12,...,m, (5)

n—oo  ¢(n+1,np)

where 1y > 0 is an integer. We also denote Zle =0ifk <.

The following two facts can be easily proved.

Fact 1. Set F(x) = ax — bx*, where x > 0,2 > 0 and b > 0. If A > 1, F(x) obtains its maxi-
mum Fp = (A — l)kﬁaﬁbﬁ,

Fact 2. Set G(x) = cx — dx*, where x > 0, ¢ >0 and d > 0. If 0 < A < 1, G(x) obtains its
minimum G, = (A — l)kﬁcﬁ drs.

We now present the main results of this paper as follows.

Theorem 1 Assume that q:(n) <0, g2(n) >0, 01 > -mand oy — 7 < -m. If

n+m-1 n—o1-1
nlggo sup m: S=Zn() [0, 9)f (s) - Qu(m,9)] + S;O Ql(n,s)} = 400, 6)
n+m-1 n-o1-1
”li’noloinfM{ S:Zno [¢01.)f () + Qo 9)] - S:Zno Ql(”:s)} = —00, (7)
where
Qu,8) = (o = D6 [+ 7,5) |7 [, + o) s + O'I)Hﬁ’ (8)
Qa(,5) = (B - 1)/3& [dm(n+ m, S)P(S)]% [¢(n,5+ 02— T)ga(s + 0 — t)]ﬁ, 9)

all solutions of Eq. (1) are oscillatory.
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Proof Assume to the contrary that there exists a nontrivial solution x(n) of Eq. (1) such
that x(n) is nonoscillatory. That is, x(n) does not change sign eventually. Without loss
of generality, let x(n — 01) > 0, x(n — 02) > 0, x(n — v) > 0 for n > ny, where ny > 0 is
sufficiently large. By the straightforward computation, we have

n+m-1
Fi(n,s) = Fa(ms)= ) ¢(ms)f(s), (10)
where
n+m-1 n+m-1
Fi(ns)= Y ¢d(n)A"x(s)= Y ¢(m,5)|q(s)[x*(s - o),
n+m-1 n+m-1
Fy(n,s) = Z ¢(n,s)Am[p(s)x(n - r)] - Z B (1,5)q2(s)xP (s — o).
Noting that

¢ (n,8) Ax(s) = A[¢(n,s - l)x(s)] + ¢1(n,s — L)x(s)

= A[p(n+1,9)x(s)] + d1(n +1,5)x(s),

we can get from (2), (3) and (4) that

n+m-1 n+m-1 n+m-1
Z o (n,s) A" x(s) = Z A[qb(n + l,s)Am’lx(s)] + Z dr1(m+1,8) A" x(s)
n+m-1
=—¢p(n+1,n0) A" Yx(no) + Z d1(m+1,5) A" (s)
n+m-1
=—¢p(n+1,n0) A" Yx(no) + Z A[qbl(n + 2,5)A"“2x(s)]
n+m-1
+ Z $o(n +2,8) A" x(s)
s=n
= —¢(n +1,m0) A" ' x(n0) — 1 (n + 2, m0) A" ()
n+m-1
+ Z $o(n +2,8) A" 2x(s)
s=ng
m-1 n+m-1
==Y gin+i+Ln) A" Txlng) + Y Gln+ms)x(s). (A1)
i=0 s=ng

Since ¢(n,s) =0 for n <s <n+m—1 due to (4), we get from (11) that

n+m-1 n-1
Fi(ms)= Y $uln+m,s)x(s) = Y ¢(n,5)|q1(s)|x(s - o)

m-1

- Z di(m+i+1,m0) A" x(ng)

i=0
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n+m-1 n-o1-1

Z¢mn+ms)x Z ¢(n,s + o) ’qls+al ‘x

s=Hq s=np—o1
m-1

- Z dim+i+1,m0) A" x(ng). (12)
i=0

Noting that ; > —m, we have that n + m —1 > n — 01 — 1. Therefore, we get from (12) that

n-o1-1

Fi(n,8) = Y [pumln + m,s)x(s) — p(n,s +01)|qu(s + 01) | (5)]

s=ng

no-1

= Gms+o)|ails+ o))

s=ng—01

m-1

- Z di(n+i+1,m0) A" x(ny). (13)

i=0

By Fact 2 and (13), it is not difficult to see that

n-o1-1 no-1
Fi(n,s) > Z Qi(n,s) — Z ¢(n,s+01) ‘qls+01 ’x
$=ng $=np—o1
m-1
- Z oi(n+i+1,n0) A" x(ng), (14)
i=0

where Q;(n, s) is defined by (8).

On the other hand, similar to the above analysis, we have that

n+m-1 n+m-1
Fy(n,s) Z G+ m, $)p(s)x(s — T Z ¢(1,5)q2()x" (s — 03)
m-1 )
=) diln+i+1,n) A" [plng)x(ng - 1)]
i=0
n+m-1 n-1
= Y Guln e mop©als—1) = 3 $(n,)q:x" (s~ 02)
m-1
- Z¢i(” +i+1,m0) A" x(no — T)p(no) |
i=0
n+m-1
= Y uln+m,)p(s)x(s — )
n—-og+t-1
Z O(n,s+ 09 — T)ga(s + 0y — )P (s - 1)
m-1 .
- Z Gi(n+i+1,m) A1 [p(no)x(no - 1:)]. (15)

i=0
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Since 0y — 7 < —m, we have that n — oy + T =1 > n + m — 1. By (15), we get

n+m-1

Ex(ms) < Y [$mln + m,s)p()a(s - ©) = p(,5 + 03 — T)gals + 03 — D (s = 7)]

s=ng

no—oo+7-1

+ Z ¢(n,s+ 09 —T)qa(s + 09 — P (s - 1)

m-1
=) din+i+ 1) A" [plng)x(ng — 7)) (16)
i=0

By Fact 1 and (16), we have that

n+m-1 no—o2+7-1

B < ) Qn)+ Y dns+o-0gpb+o-0x (s-1)
m-1 )
=Y iln+i+1,m0) A" [plng)a(ng - 1)), (17)
i=0

where Q;(#n,s) is defined by (9).
Multiplying m on both sides of (10), by (14), (17) and (5), we have that there exists
a constant M; such that

n+m-1 n-o1-1
m{ > [pns)f(s) + Q)] - > Ql(”l»s)} > M,

s=ng s=ng

which contradicts (7). For the case when x(n) is eventually negative, we can similarly get

a contradiction to (6). This completes the proof of Theorem 1. O

Theorem 2 Assume that q1(n) > 0, g2(n) <0, 01— T > -m and 0y < -m. If

n+m-1 n-oy+t-1
nll)rgo sup m ! S:Zno [d)(n, s)f (s) = Pi(n, s)] + S:Zno Pz(l’l,S)} = 400, (18)
1 n+m-1 n—-oo+t-1
Jim inf 2 [ 2; [6(n,5)f (s) + Pi(n,5)] - 22 Pz(n,s)] = —00, (19)
where
B B 1
Pi(n,s) = (B = DB [$u(n + m,8) |1 [$(n,5 + 02) |qa(s + 02) || 7, (20)
Py(n,5) = (& = Do e [ @l + m,8)p(s)| " [ ¢, + 01 = D)ga (5 + 01 = 7)) =3 (21)

all solutions of Eq. (1) are oscillatory.

Proof Suppose to the contrary that there exists a nontrivial solution x(#) of Eq. (1) such
that x(#) is nonoscillatory. We may let x(n — 01) > 0, x(n—02) > 0, x(n— t) > 0 for n > ny,
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where 1y > 0 is sufficiently large. By the straightforward computation, we get from Eq. (1)

that
n+m-1
Gi(1,5) = Galm,s) = Y (m,s)f(s), (22)
where
n+m-1 n+m-1
Gims)= Y ¢pm)A"x(s) = Y ¢(n,5)|qa(s)|x" (s — 02),
n+m-1 n+m-1
Ga(ms)= Y. $ns)A"[ps)xn-1)] - Y $n,5)an()a%(s - 01).

Noticing that ¢(r,s) = 0 for n <s < n+ m — 1, we get from (11) that

n+m-1 n-1
Gi(m,$) = Y duln+m,s)x(s) =Y _ $(m,5)|qa(s)|x" (s - o)
m-1
- Zqﬁi(n +i+1,m0) A (ng)
i=0
n+m-1 n-oy-1
= Y Gl mas) = Y plns+02)|aals + 02)| ()

m-1

— Z din+i+1,m0) A" x(ng). (23)
i=0

Since oy < —m, we have that n + m — 1 < n — 0y — 1. Thus, we can get from (23) that

n+m-1
Gi(1,8) < Y [dmln + m,5)x(s) — p(n, 5+ 02)|qas + 02) [ (s)]
no—op—1
+ Z o(n,s+ 02)|q2(s + 02)|x'3(s)
m-1
- Z @i +i+1,m0) A" x(ng). (24)
i=0

By Fact 1 and (24), it is easy to see that

n+m-1 no—oy—1
Gims) < Y Pims)+ Y ¢(ns+02)|ga(s +02)|x"(s)

s=ng s=n(

m-1
= " iln + i+ 1,m0) A" (), (25)

i=0

where P (n,s) is defined by (20).
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On the other hand, similar to the computation of (11), we can get

n+m-1 n-1
Go(m,5) = Y Pl + ms)pls)xls — 1) = Y pm,9)q(s)x*(s — 01)

m-1 ’

= piln+i+1,n) A" plng)x(ng - 1)]
i=0

n+m-1

= Y buln+ms)pls)x(s— 1)

n—-o1+7-1

- Z o(m,s+01—T)qi(s+01—1)x%(s—1T)
m-1 ‘

- Z Gi(n+i+1,m) A1 [p(no)x(no - r)]. (26)
i=0

Noting that o1 — 7 > —m implies n + m —1 > n — 01 + T — 1, we get from (26) that

n—-o1+7-1

Go(ms)= Y [$mln + ms)p(s)a(s - 7) = p(n,5 + 01 — T)u(s + 01 — Ta(s = 7)]

s=ngp

no—1

- Z ¢(n,s+01—T)q(s + 01— T)x%(s — 1)

§=np—01+T

m-1

=) diln+i+ 1) A" [plng)x(ng — 7)) 27)

i=0

By Fact 2 and (27), we have that

n-o1+7-1 no-1
G(ms) = Y Pams)= Y $lms+or-qls+or-1)a(s - 1)
S=HnQ S§=np—01+T
m-1
=Y giln+i+1,m0) A" plng)x(ng - 7)), (28)
i=0

where P,(n, s) is defined by (21).

Multiplying m on both sides of (22), from (25), (28) and (5), we have that there

exists a constant M, such that

1 n+m-1 n-og+7-1
o(n+1,m) Z[‘i’(n,s)f(s)—Pl(n,s)]+ Z Py(n,5) § < M.

This is a contradiction to (18). For the case when x(n) is eventually negative, we can simi-

larly get a contradiction to (19). This completes the proof of Theorem 2. a

By Theorems 1 and 2, the following two corollaries are immediate.
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Corollary 1 Assume that q1(n) > 0, g2(n) >0 and 0o — T < -m. If

n+m-1
Jim sup S 3 019 Qa9 = o0
' ' 1 n+m-1
nl;n;o 1nfm 5:2,,2 [6(n,5)f (s) + Qa(n,5)] = —00,

where Qx(n,s) is defined by (9), all solutions of Eq. (1) are oscillatory for any constant o;.

Proof In fact, we have that Fy(n,s) > 0 for any constant o3 since ¢;(#,s) > 0. So, we can
drop Fi(n,s) in the estimation of (10). The other proof runs as that of Theorem 1, and hence
it is omitted. O

Corollary 2 Assume that q1(n) <0, g2(n) <0 and oy < -m. If

n+m-1

Jlim sup m S;E [¢(n,9)f (s) — P1(n,5)] = +00,
n+m-1

. 1
lim mfm S:Xn; [¢(1,9)f (5) + Py(n,5)] = —o0,

where Pi(n,s) is defined by (20), all nontrivial solutions of Eq. (1) are oscillatory.

Proof For this case, we have that G,(n,s) > 0 for any constant o7 since g;(#,s) < 0. There-
fore, we can drop G, (#,s) in the estimation of (22). The other proof runs as that of Theo-
rem 2. O

For other cases of o7 and o, that are not covered by Theorem 1 and Theorem 2, the
above method usually does not give sufficient conditions for the oscillation of all solutions
of Eq. (1). However, when assuming that the solutions of Eq. (1) satisfy appropriate con-
ditions, sufficient conditions for such solutions can also be derived. In the following, we
are focused on the oscillation of all solutions of Eq. (1) satisfying x(n) = O(n") for some
r > 0. Here, x(n) = O(n") means that there exists a constant ¢ > 0 such that |x(n)| < cn” for

n=ngp.

Theorem 3 Assume that q1(n) < 0, g2(n) > 0, and (6) and (7) hold. All solutions satisfying
x(n) = O(n") are oscillatory if one of the following conditions holds:

(i) o1 <—m, 00 — T < —m, and

n-o-1

Z [¢m(n + m,s)sr] < 00, (29)

S=n+m

lim sup ——
nrso P GG+ 1, o)

(ii) 01> -m, 09 — T > —m, and

n+m-1
A s L) SZH_Z,;H["’(”’S 103 = T)ga(s + 05— 1)5] < 00, (30)

(iii) 01 <—m, 03 — T > —m, (29) and (30) hold.
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Proof Assume that there exists a nontrivial solution x(n) of Eq. (1) such that x(n) is
nonoscillatory. Without loss of generality, let x(n — 01) > 0, x(n — 02) > 0, x(n —7) > 0
for n > ny, where ny > 0 is sufficiently large.

(i) For the case o1 < —m, we have that n + m — 1 < n — o1 — 1. Therefore, we get from (12)

that
n-o1-1
Fi(n,s)= Y [pm(n+m,5)x(s) — p(n,5+ 01)|qa (s + 01) |5 (s)]

n-o1-1 np—o1-1

= Y Pmrrmx(s)+ Y plns+o1)|qi(s +01)|x*(s)
m-1

- Z dim+i+1,nm0) A" x(ng). (31)
i=0

By Fact 2 and (31), and noting that x(n) < ¢n” for n > ny and some constant ¢ > 0, we get

n-o1-1 n-o1-1
Fins)> Y Qms)-c Y ¢(ns+01)|qls+o1)s
s=nq s=n+m
m-1
- Z oi(n+i+1,nm)) A" x(ny), (32)
i=0

where Q;(n,s) is defined by (8). Multiplying m on both sides of (10), from (32), (17),
(5) and (29), we get a contradiction to (7).

(ii) For the case oy — T > —m, we have that n — oy + T — 1 < n + m — 1. By (15), we get

n+m-1

Fy(n,s) = Z [dm(n + m, $)p(s)x(s — T) — p(n,s + 02 — T)qa(s + 02 — )P (s — 7)]

s=nq

n+m-1

+ Z o(n,s+ 09— T)qa(s + oy — )P (s - 1)

S=n-02+T

no-1

- Z o(n,s+ 09— T)qa(s + 09 — )P (s - 1)

§S=np—02+T

m-1

- Z Gi(n+i+1,m) A1 [p(no)x(no - ‘L')]. (33)

i=0

By Fact 1 and (33), and noting that x(n) < cn” for n > ny, we have that

n+m-1 n+m-1
B < Y Q)+ Y ¢ns+or—t)g(s+0os—1)(s— 1)
m-1
= pin+i+1,ne) A" plng)x(ng — 1)), (34)
i=0

where Qy(n, s) is defined by (9). Multiplying m on both sides of (10), from (14), (34)
and (5), we can get a contradiction to (7).
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(iii) Multiplying ¢(n+1 ; on both sides of (10), from (32), (34), (29) and (30), we derive a

contradiction. The proof of Theorem 3 is complete. d

Theorem 4 Assume that q1(n) > 0, q2(n) <0, (18) and (19) hold. All solutions satisfying
x(n) = O(n") are oscillatory if one of the following conditions holds:

(i) 01—t > —-m, 09 >—m, and

n+m-1
. rﬁ
nlingo sup —¢(n L) S:nX_;,z [¢(n,s + 02)|q2(s + 02)|s ] < 00, (35)

(ii) o1 — T < -m, 0y < —m, and

n-o1+7-1
Jim sup o= Zm [ (11 + m,8)p(s)(s — 7)"] < 00, (36)

(iii) o1 —t <—m, 03 > —-m, (35) and (36) hold.
Proof The proofis similar to that of Theorem 2 and Theorem 3, and hence it is omitted. [

3 Examples
We here work out two simple examples to illustrate the importance of Theorem 1 and

Theorem 2.

Example 1 Consider the following third-order neutral difference equation:
A3 [x(n) —x(n— 1)] — ®15(n—01) + Do(n—03) =¥ sinn, n>0, (37)
where k > 0 is a constant. It is evident that m =3, 01 =17 =1, 00, = -2, ¢ =1/2, B = 2,

p(n) =1, q1(n) = -1, q2(n) =1 and f(n) = #* sinn. If we choose ¢(n,s) = (n —s)®), we have
¢3(n,s) = 6. By the straightforward computation, we have that

Qns) =—[(1-s-D)PT'124,  Qulms)=[(n-s5+3)7]"

By Theorem 1, we have that every solution of Eq. (37) is oscillatory if

. 1 n+2 n-2
P G D+ 2)(n+ ) {Z(’H ’ Sl““§‘31“ -

. . 1 n+2
nlig)lomf i Ds2) e 3) |:Z(n (S)Sk sins — Z Qi(n,s ]

s=0 s=ng
It is not difficult to see that the above two inequalities hold for appropriate k > 0.

Example 2 Consider the following third-order neutral difference equation:

A3 [x(n) —x(n— 1)] + ®ip(n—01) — Py(n—0y) =nfcosn, n>0, (38)
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where k > 0 is a constant. It is obvious that m =3, 01 =-2, 00 =1t =1, 0 =1/2, B =2,
pn) =1, q1(n) =1, q2(n) = -1 and f(n) = n*
the straightforward computation, we have that

cosn. We also choose ¢(n,s) = (n — s)®. By

Pi(n,s) = [(n —S+ 3)(3)]_1, Py(n,s) = —[(n —s— 1)(3)]2/24.

By Theorem 2, we have that every solution of Eq. (38) is oscillatory if

n+2 n-1
1
- @k _
nlingo sup D0 D03 ;(n s)¥scoss + ;Pz(n, s) | = +o0,
1 n+2 n-1
.. Bk _ - _
nlingo inf D)2 e 3) ;(n s)*¥s" coss ;Pz(n,s) 0.

It is not difficult to see that the above two inequalities hold for appropriate k > 0.
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