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Abstract

In this paper, we prove the weighted endpoint estimates for multilinear commutator
of singular integral operators with non-smooth kernels.
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1 Introduction
Let b € BMO(R") and T be the Calder6n-Zygmund operator, the commutator [b, T]
generated by b and T is defined by [b, T](f)(x) = b(x)T(f)(x) — T(bf)(x). A classical re-
sult of Coifman et al. (see [1]) proved that the commutator [b, T] is bounded on L?(R")
(1 < p < 00).In [2, 3], the boundedness properties of the commutators for the extreme
values of p are obtained. In this paper, we will introduce the multilinear commutator of
singular integral operators with non-smooth kernels and prove the weighted boundedness
properties of the operator for the extreme cases.

First let us introduce some notations (see [3—12]). In this paper, Q will denote a cube of
R" with sides parallel to the axes. For a cube Q and a function b, let bg = |Q|™! /. Q b(x)dx
and b(Q) = fQ b(x) dx, the sharp function of b is defined by

1
b*(x) = sup — / |b(y) - bo| dy.
Qax |Q| Q

It is well known that (see [6])

1
b#(x)zsupinf—/b ) —c|dy.
s int g Jo P el

Moreover, for a weight function w (that is, a non-negative locally integrable function), b is
said to belong to BMO(w) if b* € L*(w) and define [|b]lprow) = 16" l100w), if @ = 1, we
denote BMO(w) = BMO(R"). It is well known that (see [11])

16— bykgllsmo < Ck||bllsaro-
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The A, weight is defined by (see [6])

p-1
Ap={0<weLlloc( OF sup(|Q|/w(x)dx>(|Q|/a)(x) V-1 dx) <oo},

l<p<oo

and

A= {O<a)eLlOC(R” sup—fw(y dy < }
Qs 1Ql

’

Definition1 A family of operators D;, t > 0, is said to be an ‘approximation to the identity
if, for every ¢ > 0, D, can be represented by the kernel a,(x, y) in the following sense:

DY) = [ af Oy

for every f € L?(R") with p > 1, and a,(x, y) satisfies
|ac(@,y)] < helx,y) = CE"25(jx - 51 2),

where s is a positive, bounded, and decreasing function satisfying
rli)rgo r”“s(rz) =0

for some € > 0.

Definition 2 A linear operator 7 is called the singular integral operators with non-
smooth kernels if T is bounded on L?(R") and associated with a kernel K(x, y) such that

T(F)(x) = /R K@) 0)dy

for every continuous function f with compact support, and for almost all x not in the
support of f.
(1) There exists an ‘approximation to the identity’ {B;, ¢ > 0} such that 7B, has
associated kernel k;(x,y) and there exist ¢1,c; > 0 so that

/ D |K(x,y) - kt(x,y)‘ dx <c, forallyeR".
[x—y|>c1t

(2) There exists an ‘approximation to the identity’ {A,, ¢ > 0} such that A, T has
associated kernel K;(x,y) which satisfies

\Kt(x,y)| <ct™? if |x—y| < catt?
and
1/2

|K(x,9) - K (%, 9)] < cat®®lx -y if lx—y| > cst

for some ¢3,¢4 >0, 6 > 0.
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Given some locally integrable functions b; (j = 1,...,m). The multilinear operator asso-
ciated to T is defined by

Ty(f)x) = /R ) {]_[(b;(x) - b;(y))}K (% 9)f () dly.

j-1

Definition 3 Given the ‘approximations to the identity’ {A;¢ > 0} and a weight func-
tion w.
(1) The weighted BMO space associated with {A;,t > 0} is defined by

BMO4(w) = {f € L, (R") : If | BmO () < 20},

W]:lere
”.}CHBIWO (0] Sup / V(JC) ‘lt (f)(x)|w(x) dx}

tq = 1(Q)* and /(Q) denotes the side length of Q.
(2) The weighted central BMO space associated with {A;,¢ > 0} is defined by

CMO4 (@) = {f € Liyc(R") : If lcmoq ) < 00}

where

1
W lewow =sp oo /Q 1F(6) — Arf ()| eo() i,

r>1
and tg = 2.

Definition 4 Let 1 < p < oo and w be a weighted function on R”. We shall call B,(w) the
space of those functions f on R”, such that

1113, () = SUP[w(Q(O, N I xo0n I7w) < 0.

For b € BMOR") (j = 1,...,m), set ”Z”BMO = ]_[]"i1 16;llzmo- Given a positive integer
m and 1 <j < m, we denote by C;" the family of all finite subsets o = {GSI)’ ..., 0 (j)} of
{1,...,m} of j different elements. For o € Cj’”, set 0¢={1,...,m}\o. For b = (by,...,b,,)
and o = {0 (1),...,0()} € ij, set IZU = (boq)s -+ bs()s bs = by - bo(j) and ”EUHBMO =

165wy llBato - - - 16 ) | BMO-

2 Theorems and proofs
We begin with some preliminaries lemmas.

Lemma 1 ([5, 7]) Let w € A1, 1 < p < 00, and T be the singular integral operators with
non-smooth kernels. Then T is boundedness on LP (w).

Lemma 2 Let € Ay, {Ay,t > 0} be an ‘approximation to the identity and b € BMO(R").
Then
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(a) foreveryf e L®(R"),1<p < 00, and any cube Q,

1 1/p
(@ /Q’A‘Q((” ~ba)O)f dy) < Cllbllawollf 1~

b) foreveryf € By(w), 1 <r < p <00, and any cube Q,

1/r
(%Q) fQ‘AtQ((” ~ba)f)0)[ @) dy) < Clbllawo I 15,

where tq = [(Q)* and I(Q) denotes the side length of Q.

Proof (a) Write

(& o)
<|Q|/ f g 7)"| (b0) - bo)f(y)|”dydx>

Ip

Ip

<|Q|f / g ey | (60) - bQ>fu>|dedx)

o0 1 1/p
— By (x| (b(y) — b Pdyd
+<§|Q| L Lo e 100 balf OO x)

=11 +12.

We have, by Holder’s inequality,

T [, [ 1w -saror dya)

1 1/p
< Clfllz (m /2Q|b<y) - bQI”dy)
< Clibllzmollfllzos-

1/p

For I, for x € Qand y € 281Q\2*Q, we have |x—y| > 2"t and h, (x,y) <

1/p
IZ<C22“ k1<|2k+lo|/“ b)) )

1

1/p
(k— (k— p
<C|[f||LooZZ Dreg (226 1)<|2k+1Q| 2k+lQ|b(y)—bzk+1Q| dy)

oo
+ Cllfllzee Y 2%75(226D) b = byt
k=1

< C|fllz Zz (226D (k + )16l smo
k=1

= Clibllsmollf Iz,
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where the last inequality follows from
> 2k g2 Mk +1) < CY k2 <00
k=2 k=2

for some € > 0.
(b) Write

1 , 1/r
(m /Q|At0 (0 -ba)f )| @1 dy)
1/r
= <ﬁ /QfR higx,9) [(60) = bQ)f )| () dydx)
1/r
: (ﬁ /Q /ZQ g9 | (bG) = bo)f 0| () dydx)

00 1/r
1 r
— hy, (%, 9)" | (B(y) = b dyd
+<kzlj 5@ | Lo g V100~ b O ) x)

=1+1I

For I, since w € A;, w satisfies the reverse of Holder’s inequality

1/
(ﬁ/(za)(x)qu) q< @ w(x) dx

for some 1 < g < 00, and £ \Qzl w( 11 < C for all cubes Q;, Q with Q; C Q, w € A, for

1< u,v<oowith u'v=gqand p > ru (see [6]). We have, by Holder’s inequality,

< (ﬁ fQ ] RCOREIOIED dydx)m

IA

1 . 1/r
(g .60 -0 o) @)

(
C[| l(IZQI/ [66) = bol " 0" )/u,(@ﬁ()lf@)!’”dy)w}m
o58) (oo a) ™ (o)™
(g [Lyora) "
(B2 ) (582)" (1 | v s)”

v lp 1 i p (p—ru)lpru
sc||b||BMo(|2Q| / (f )] () 7)™ dy> <m /zQw(y) i dy>

1 1/p 1 -1/p
SC”b”BMO(m> |le2Q||LP(w)(|2—Q| /zQw()')dy)

A

2Q
(

A
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1 1 _ pl rﬁu—l 1/p
— dy ) — Fld
* [(uol /ZQW) y)(IZQI fw”(y) y) ]

< ClIbllsmo@2Q) ™7 ||f x20ll2(w)
< ClIbllsmollf I By (w);

1R o~ e 206-1) N
n<cC ool 22 |2/<+1Q| (b) = ba)f 0) () dy
1r oo 1 " ) 1ru/
( c ) sz v (|2k+1Q| 2k+1Q|b(y)‘b2’<+1Q| )" dy>

1 o 1/ru
B <I2k*1QI /WQW)‘ & >

|Q| 1/r o0 e - 1 ol 1/ru'v
<C|—= g (255 b(y) — byks d
- (w(Q)) 220l )(I2k“QI A )

k=1

1 ) 1/ru'v 1 1ru
- uv - ru d
X <|2k+1Q| 2k+le(y) dy) <|2k+1Q| Lk+1Qf@) )’)

k+1 1r
Clb kg (26D (. 1(&.60(2 Q))
<C| ||BMOkZI )( +1) o(@Q  2°10]

1 » 1/ru
X ( 2K+ Q) /k+1Qf(y) dy)

-1/,
<CZz“ (224 D) (k + D115 smow (2 Q) If xargllr)

< Clbllzarolf 1B, )

This completes the proof. O

Theorem 1 Let T be the singular integral operators with non-smooth kernels, w € A;
and b = (by,...,by) with bj e BMO(R") for 1 < j < m. Then T} is bounded from L*°(w)
to BMOy(w).

Proof It suffices to prove, for f € C5°(R"), the following inequality holds:

| Ty(f)(®) = Ay To(F) () |0(x) dx < CIf [l
(Q)

We fix a cube Q = Q(x¢,d). We decompose f into f = fi + fo with fi = fxq, o =f x@n\Q)-
When m =1, set (b1)g = |Q|™ fQ by (y) dy, we have

1)) = [ [(016) - (1)) - (020) - () K ()0 dy
- (b - (o) [ KGOy [ (Bi0) - (oK) 0)dy
Rﬂ RVI

and

A To (@) = (1) - (b)) /R Koyl 0)dy - fR (B10) = (b)) Kil ) ) .
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Then

| T, ()(6) = Aso T, () ()|

< |(bilx) = (b1)q) / K(x,y)f(wdy‘
RYI
+ / (bl(J’)—(bﬂQ)K(x,y)ﬁ(y)dy‘
R”l
+ (bl(x)—(bl)Q)/ Kt(x,y)f(y)dy’
RVI

+ /Rn (b1(9) = (b1) Q) Ki(x, )i (9) dy‘

| [ 001 000) (k) - Kt

=L (x) + Ir(x) + I3(x) + Io(x) + I5(x).

For I (x),let1/p+1/p’ =1,1/qg+1/q' =1, by the reverse of Holder’s inequality with 1 < g < 0o,
Lemma 1, and Holder’s inequality, we have

%Q) / |11(x)|w(x) dx

1/p’
b b v d ) ( T i d )
ol ( / 1b1(x) = ()| () dx /R TP ol xo dx

1/p’ 1/p
/ 1b3(x) = ()| () dx) ( /R el o xet) dx)

—Q<

C 1/p 1/p
— b )—(b)p()d) °°w< ()d)
Q< |1 (x Dol” w@)dx )  IIfIlz )/Qa)xx

L[

(Q

1/q 1/gq1/p’
( bl(x - (b)) dx) (/Qw(x)qu> ] f 1l 200 (@) (Q)MP

p'q
< Co(QYP11Q" ||b1||BMo(|Q| / (x)qu) Nl 2 (@)

1/p

I A

I A

< Clbilsmollf Il 20 (w)-

For I,(x), taking p > 1, by Holder’s inequality, we have

1
m / ylz(x)‘w(x) dx

1/p
<w(Q)/ |T((b2 = (Ba)o)i <x>|”w<x>xQ<x)dx>

1/p
< Co(Q)™? </Rn|(b1(x) — (b1)Q)fi®) | (%) xo ) dx)

~1/p _ rd e 1z q v
<Cw(Q) |b1(x) = (1) dx [f ) [ w(x)? dx
Q Q
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< Co(Q)P ( fQ |b1(x) -

< Co(Q) ( fQ 1by(o) -

< Co(Q)VP|QVPY ||b1||BMo|Q|“W(

1Ql
Q)

< Cllbrllsmollf 1z ()

< C||b1||BMO<

1/pq

, Upqd
(bl)Q’pq d") " < V(x)‘pqw(x)qu)
Q

ol 1pq' 1/pq
(b1)ol dx) ( / w(x)qu) T
Q

1 l/pq
|Q|/w(x)”dx) I 1l 2o ()

1/p Up
) <|Q|/Qw(x)dx> 1f 1l 20 (@)

For I53(x) and I4(x), we get, for 1 < p1,pa < 0o with 1/p; + 1/py +1/g =1,

(Q) / |13(x)|a)(x) dx

< m/|b1(x)_(bl)QHAtq(f)(x)’w(x)dx

IQI
w(Q)

<|QI/|bl

p1 e
(bl)Q| dx

1/p2 1/q
(IQI / Aol dx) (ﬁfq‘”(x’qd’“>

< C%”bluBMO“f”L

< Cllbillsmollf 1 Lo ()

1
m /(;|I4(x)|a)(x) dx

1
=20 /R Ay (B

3 (IQI /‘AtQ

w(Q
C%||b1||BMouf||L
< Cllbillzmollf 1200w

For I5(x), we have

(Q)
"l

— (B))fi) ) |w(x) dx

1/q 1 1/q
— (b)) )| dx) (@ /Q a)(x)qu>

(Q)
"1l

I5(x) = ‘/R” (21(9) = (B1)Q) (K (x,y) = Ki(x, ) (0) dy'

=y

ok+1 Q\ZkQ

dd
bi(y)— (b ——d
[210) = @0el f )] = s

00 d(S
= CZ (2k—1d)n+8 |
k=1

1 1/p
2k ( ”d)
Niza /mlfw g
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1 Y 1/p’
(g [, o=@ %)

o0
< CZI(’”T/(‘SIIbl llBmollf ll oo w)
k=1

< Cllbillsmollf Il 20 (@)
o

1
»(Q) /;|15(x)|w(x) dx < Cllb1llsmo lf ll oo (@)

When m > 1, set Z;Q = ((b1)qs ..., (bm)q) € R", where (b))q = |Q|™ fQ bi(y)dy, 1 <j<m,
we have

m

1) = [ [0 - o) [ Kesf )y

Jj=1

m-1
+ 30 X bW - 0c), [ (60) - (), K s 0)dy

j=1 qu].m

+e0" [ T100 - 6K 0D
j=1

and

m

AT = [[(5) - (5)0) /R Kl ) 0) dy

j-1

3 Y b - 6ha), / (b0) - (b)) 0) dy

j=1 GEC"’
w0 [ TT0)- Gkt 0)dy
j=1

then

| To () = A T () ()|

m

< [T -6 [ Keoro1a

' Z Z (b - ®)o), [ (0) - Bho), K0y

+ /R [1(60) - Bo)Kt)i0)dy

+ [T - 1)) / Koy () dy
j=1
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m-1

Y X 0= ®a), [ (60)- B)o), Km0y

j=1 aEClm

+ /RH Q) K (x, y)fi (v) dy

s / n (L o) (K(x,) = Ki(x,0))fa () dy
R

=Ji(x) + o (%) + J3 (%) + Ja(x) + J5 (%) + Jo (%) + J7(x).

For Ji(x),sameasm =1,forsomel < g < 0o,letl/q1+1/gs+---+1/qu+1/qg=1,1/p+1/p' =1,
by Hélder’s inequality, and the reverse of Holder’s inequality, we get

1
Q) /Q ()| (%) dx
1/p’
.. _ 14
= 0@ </ [(Brtx 2+ (bn) = (b)) " @ dx)
1/p
x ( / | T() )| o(x) dx)
Q
¢ 14 o up'
1/p
X(w ( )d )
< If I, U(/wa .
C m o 1/gj Vg 1y
B (—Q)Hf“L"o(w)w(Q)WH[(_/(;|b/(x)—(bj)Qip 9 dx) (/(;w(x)qu> ]

7 1/p/ +1/p-1 1/p/ et 1/g-1
< ClllsaolIf 102 @y (Q)MP */P=1 | QUMP Wars—+t/am +1/g=1)

= Clblismollf )

For J,(x), by Holder’s inequality and the reverse of Holder’s inequality, we have

1/p
x(/| ((b bg)ocf )(x)|pa)(x)dx>
Q
m-1 Z( / , 1/p
|(b(x) - bQ) | w(x)dx)
= \o@

j=1 o€

1 » 1/p
g (m/(ﬁ((b—be»cfxx)\ o(3)ds )

IA
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1/4 1/g1/p
SCZ > o [(/| (bx) - bo), "7 dx) </Qw(x)qu> ]

j=1 aeC"’

1/p
w(Q) ( /R (6 = o), S @ 0l xq dx)

m-1

<CY" > w(@ QU QY by |l uo

j=1 JEC;”
1/pq 1/pq
m@”(fmm-%p”da (/W@Wmmm>
Q Q
Sl ; Q"
< C,lecm ||ba||BMo||boc||BMo(w(Q))

1 1/p
< (@ /Q w(x)dx) Wl

< ClIbllsaollf 2o ()

For /53(x), taking p > 1, by the L?(w)-boundedness of T, we have
1
a@/mmwwm
1/p
( [ 171 @00) - (0 - G W o) dx)
1/p
< Cw(Q)™"? (ﬁn|(b1(x) —(b1)q) - (bin(®) = (b)) i) dx)

1 1/pq
< Co(Q)VP|QVPT ||b||BMo|Q|”"’f(|Q| / aﬂdx) I1f Nl 20 (@)

. 1/p 1/p
scnanMo< '%) (%) T

< Cl1bllzmollf Il 20 (@)

For J4(x), J5(x), and Js(x), choose 1 < p,gj < 00, =1,...,m, such that 1/p+1/q1 + - - - + 1/q, +
1/q, by Lemma 2 and similar to the proofs of J;(x), J2(x), and J3(x), we get

/ Ja()|w(x) dx
Q) o )
w(Q)n(|Q|/|b(" (b)o)[" da

1/p 1/q

< C”b”BMO”f”L"o(w)’

1
(Q)

1
ol /Q 5 () () dx
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Q) ZXC:<IQ|/ (669 - o), | dx)

1p l/q
(|é| /!AtQ(b bQ)a‘_f)(x)|pdx> (lla/w(x)qu)

o1 w(Q)
a)(Q) Z Z 166 llzat0 1Boe | zato 120 ()~ 0l

j=1 aeC"’
< ClIbllzaollf | 2o (w)»

= /Q o) o) dx

IQI o
(IQI/ [Aiq (b1 = (1)) -+ (b = (Bm)o)fi) )| dx)

X (ﬁ/()w(x)’%ix)

< ClIbllzmollf 22 ()

For J;(x), note that |x — y| > d = t"%, taking 1 < g; < 00, j = 1,...,m such that 1/q; + - -

1/g,, +1/r =1, then

]7(x)§Cka [Tie0)- =~ Bo)lf O y|n+ady
k=0

+1Q\2kQ i1

0 40 ' 1 . 1r
= C; (2k—1d)n+5 |2 Q|(|2kQ| /Z‘kQVv(y)| dy>

(- b by)ol|" d .
H(le—Ql /ZkQ} i) = (b))l J’)

< ciz-kéuﬂwmlﬂ[(% [ 15:6)-@)ql” d)’)
P i1 12%Q] Joxg

1/gj

< CX:k’”Tk‘S l_[ 1651l BroIf 1 22 (@)

k=1 j=1

< Cllblismollf 2o (w)s

S0
%Q) A|/7(x)|w(x)dx5 C”Z’”BMoI[fHLoo(w)

This completes the proof of Theorem 1.

O

Theorem 2 Let 1< p <00, w € Ay and b= (by, ..., by) with b e BMO(R") for 1 <j < m.

Then Ty, is bounded from B,(w) to CMO4 ().

Page 12 of 17


http://www.journalofinequalitiesandapplications.com/content/2014/1/371

Zhang and Guo Journal of Inequalities and Applications 2014, 2014:371
http://www_ journalofinequalitiesandapplications.com/content/2014/1/371

Proof It suffices to prove for f € C3°(R"), the following inequality holds:
1
ol /Q | T5(N®) — Ay ToN®] @) dx < CIf 15,00
for any cube Q = Q(0,d) with d > 1. Fix a cube Q = Q(0,d) with d > 1. Set f; = fxq, fo =

fx@n@ and bq = ((B1)qs---» (b)) € R", where (b))q = |QI™" [, 1b(0)ldy, 1 <j < m, we
have

| Ty() () - Ary To() )]

< [T - / K(x,9)f () dy
j=1

" Z > () - (b)), /R (b0) - (b)q) . K (%,9)f () dy

J=1 aeCf'”

[1(6:0) - Bo)K .3 0) dy

n
j=1

+
—

~.

s

(56 - o) [ K01y

—

~.

§

+ Z (b(x) - (b)q), f ﬂ(b(,)/)—(b)Q)cht(x»J’)f()’)dy

m
j= O'EC,

,_.

m

ar [16:0- a0

+/R1‘[ bi(y) — (b)) (K(x,y) — Ke(%,9))f2(9) dy

=L1(x) + Ly(x) + L3(x) + La(x) + L5(x) + Le(x) + L7(x).

For Li(x), we have

w(Q) / |L1 x)|a) (x) dx

, 1/p’
—Q</| (b1(x) = (B1)q) - - (bm(x) — (b)) [” w(x)dx)

/

1/
( | T(F)@)|" (%) dx) ’

L _ o B v )Uq/( . )l/q]l/p/
= w(Q)[( fQ (1) = (B1)Q) -+ - (bm(®) — (b)o)|”? dx fQ () dx

")
X (/ [f(x) |pw(x) dx) ’

1 1
—IQI W9 )| B|| garo| Q|77

1/p’
o) (”(Q)) I xelr@)

1Q
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< C11b1l a0 Q™ If xoll @)

< ClIblismollf 1B, ()

For Ly(x), taking 1 < s,s' < 00, and 1/s + 1/s' = 1, we have

1
m ’/Q|L2(x)|6()(x) dx

m-1 1 g 1/
= CZ Z (mv/é‘(b(x)—bQ)U’ w(x)dx)

j=1 aeCjW’
1 s 1/s
* (mf |T((b~ bo)oef ) )] ) dx)

et () (o) |

j=1 JECW'

1/s
x a)(Q)”‘( /Q |(b(x) - bg),,of @[ () dx)

m-1
~1/s 1/s'd’ +1/s g—1/s' 1s' 11
<CY > o(@QMQM I 1 ( Q) |y |80

j=1 geC]V’

~1/s| Ay 1/rs) 7, P v q w-olpas
x o(Q) ™ 1QI*||bge llamo| | |f )| w(x) dx o(x)? dx
Q Q

m-1

<CY > ks llswol1Boc 1o Q77 If xqll1rw)

j=1 o-eC]m
< ClIbllsamollf 1B,

For L3(x), we have

1
m /;|L3(x)|6()(x) dx

. 1/s
<¢( g LT 000) -+ 6= Gulolf) 0wt s

1/s
< ColQ ( /Q [(B16) = (B1)0) -+ (Bn() = (Bar)Q)f @) () dx)

< Cao(Q ™16l molIf Xall 2 (w)
< ClIbllsmollf 1,

For L4(x), L5(x), and Le(x), by Lemma 2, we have

a)(Q) / |L4(x)|a)(x) dx

1 ) "
_C<m/Q|(b1(x)—(bl)Q)...(bm(x)_(bm)Q)| w(x)dx)
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1/s
X (%Q)/Mw(f)(x)rw(x)dx)
‘o 1/q
_C<w(Q)) [(/| (01— (b)) -+ () — (b)) dx)
lig1/s
(x)7d ) ] "
X(/wa X £ 118, )

1 1 1/s' 1/s (Q) s
< C<w(Q)) 1QIY 7 1BllsarolQ q< Q] ) 8,00
< C”b”BMO”f”Bp )

w(Q)/|L5(x |a)(x)dx

5 1 s 1/s'
_nggm(mﬂl(b(x)—%m w(x)dx)

1 s 1/s
X (m / |AtQ ((b - bQ)a'Cf) (x)| o(x) dx)

q 1/gq1/s
scz > Q) “S[(/| (b(x) - b), [ dx) (/Qa)qu) ]

j=1 GECm

* 1Boe lsrollf 115, @)

m-1
<CY > o @Q QM T 60( Q) I |l a0 1Boc I 8ato I 113, @)

j=1 geCI,’”
< Cllbs |lsmolf I8, (w)s

1
m ’/Q|L6(x)|a)(x) dx

1 1/s
< (m /R” ’ArQ((bl - (bl)Q) - ( )fl) x)’ (%) dx)

< ClIbllsmollf 18, ()

For L;(x), note that |x — y| > d = £*/2, taking 1 < u < p, then
L@ < c/ 1‘[|b 0= Blollf 0| —=s W dy

< CZf 1‘[|b )=l 0| 5
Py yl

k+1 Q\2 k

o0 d5 X 1 u 1/u
= C;WP Q|(|2kQ| fszLf(y)l dy)

m 1/d
1 o
x (|2/<Q| _/2kQ!:1[|b/()/)_(b/)Q| dy)
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R i s 1 1/u
< Clbllsmo Y k"2 ( - )
= 12%Q|
p-u

) [(/zkelf(y)’pw(y)dyy (/szw(y)_’:” dy)p]l/u

00 1/u k -1/p
A me— w(2°Q) z_pl
< C||blizmo E k™2 ka( > ”fXZkQ”U’(w)(W) ‘2kQ|(” >
k=1

1
2¢Q|

1 1 —pl Z1q1/p
— da [ w1l
) [(mk@ /quw(” y)(IZ"QI /sz“’(” y) ]

(o]
7 _ -1/,
< Clbllsuo Y k"2 (25Q) Il xaroll )
k=1

< ClIblismolf |8 w)»

s0
1 -
m/Q|L7(x)|w(x)dx§C||b||BMO|Lf||Bp(w)'

This completes the proof of Theorem 2. d
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