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Abstract

In this paper, we establish the global Poincaré-type inequalities for the composition
of the sharp maximal operator and Green’s operator with Orlicz norm.
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1 Introduction

The L?-theory of solutions of the homogeneous A-harmonic equation d*A(x, du) = 0 for
differential forms u has been very well developed in recent years. Many L”-norm esti-
mates and inequalities, including the Poincaré inequalities, for solution of the homoge-
neous A-harmonic equation have been established; see [1, 2]. The Poincaré inequalities
for differential forms is an important tool in analysis and related fields, including partial
differential equations and potential theory. However, the study of the nonhomogeneous
A-harmonic equations d*A(x, du) = B(x, du) has just begun [2—4]. In this paper, we focus
on a class of differential forms satisfying the well-known nonhomogeneous A-harmonic
equation d*A(x, du) = B(x, du).

Let us first introduce some necessary notation and terminology. € will refer to a
bounded, convex domain in R” unless otherwise stated and B is a ball in R”, n > 2. We
use o B to denote the ball with the same center as B and with diam(o B) = o diam(B), o > 0.
We do not distinguish the balls from cubes in this paper. We use |E| to denote the n-
dimensional Lebesgue measure of the set E C R”. We say w is a weight if w € L (R") and

loc
w > 0 a.e. For a function u, we denote the average of u over B by

1
uB:—/udx,
Bl Jg

where |B| is the volume of B and the p-average of u over B by

1
ug, = —— | udu.
B M(B)fB

Let Al = Al(R") be the set of all [-forms in R”, let D'($2, A') be the space of all differ-
ential [-forms on €2, and let L7($2, AY) be the [-forms u(x) = >, ur(x) dx; on Q satisfying
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fQ luslP dx < oo for all ordered [-tuples I, [ = 1,2,...,n. We denote the exterior deriva-
tive by d : D'(2, AY = D'(Q,APY) for [=0,1,...,n — 1, and define the Hodge star opera-
tor * : AK — A" as follows. If u = u;dxy, iy <iy < --- < iy, is a differential k-form, then

s = (-1)XDu; dxy, where I = (i1, i,...,ix), ] = {1,2,...,n} = I, and 3_(1) = K& ij:l i.

The Hodge codifferential operator
d*:D'(,A") - D' (@A)

is given by d* = (-=1)"*! % dx on D'(Q, A1), 1= 0,1,...,1n — 1. We write

1/s
lullse = (/ Iulsdx> .
Q

The well-known nonhomogeneous A-harmonic equation is
d*A(x, du) = B(x, du), 1)
where 4 : @ x A{R") — Al(R”) and B: Q x Al(R") — AFL(R”) satisfy the conditions:
A, &) <alslP,  AwE§)-£= 15, |B(x, )| < blg 1P (2)

for almost every x € Q and all £ € A{R™). Here, a,b > 0 are constants and 1 < p< oo
is a fixed exponent associated with (1). If the operator B = 0, equation (1) becomes
d*A(x,du) = 0, which is called the (homogeneous) A-harmonic equation. A solution to (1)
is an element of the Sobolev space W/li’f(Q, AR such that fg A(x,du)-de +B(x,du)-¢ =0
for all g € W,(£2, A1) with compact support. Let A :  x Al(R”) — A/(R”) be defined
by A(x, &) = £|€|P~2 with p > 1. Then A satisfies the required conditions and d*A(x, du) = 0
becomes the p-harmonic equation

d* (duldu’~*) =0 3)
for differential forms. If u is a function (0-form), equation (3) reduces to the usual p-
harmonic equation div(Vu|VulP~2) = 0 for functions. A remarkable progress has been
made recently in the study of different versions of the harmonic equations, see [1] for
more details.

Let C*(2, A) be the space of smooth [-forms on Q and

wW(Q, Al) ={uelL. (2 A') : u has generalized gradient}.
The harmonic /-fields are defined by

H(QA) = {ue W(QA") :du=d"u=0,ueL” for somel<p < oo}

The orthogonal complement of H in L! is defined by

HE = {ueLI:(u,h) =0f0rallhe7-l}.
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Then Green’s operator G is defined as
G:C™(Q,A) > H-NC®(Q,A)

by assigning G(u) to be the unique element of H+ N C>® (2, A/) satisfying Poisson’s equation
AG(u) = u—H(u), where H is the harmonic projection operator that maps C>°(2, A’) onto
‘H so that H(u) is the harmonic part of u. See [5] for more properties of these operators.
In harmonic analysis, a fundamental operator is the Hardy-Littlewood maximal opera-
tor. The maximal function is a classical tool in harmonic analysis but recently it has been
successfully used in studying Sobolev functions and partial differential equations. For any

locally L*-integrable form u(y), we define the Hardy-Littlewood maximal operator M; by

1

1 s 5
Mi(u) = M(u)(x) = SUP(M /B(x,r)|u(y)| dy) , (4)

r>0

where B(x, r) is the ball of radius r, centered at x, 1 < s < 0c0. We write M (u) = M;(u) if
s = 1. Similarly, for a locally L*-integrable form u(y), we define the sharp maximal operator

M by

# _ # _ 1 _ $ %
M =20 =G [ 0= ) ®

Some interesting results about these operators have been established, see [3, 4] and [6] for
more details.
The purpose of this paper is to estimate the global Poincaré-type inequalities for the

composition of the sharp maximal operator and Green’s operator with Orlicz norm.

2 Definitions and lemmas

We now introduce the following definition and lemmas that will be used in this paper.

Definition 1 We say the weight w(x) satisfies the A,(Q2) condition, r > 1, write w € A,(2)

if w(x) >1 a.e., and

1
1 1 1\  \*
sup(—/wdx) (—f(—) dx) <0 (6)
B \IB| Jp |B| Jp\w
for any ball B C Q.

Definition 2 A proper subdomain Q C R” is called a §-John domain, § > 0, if there exists
a point xy € 2 which can be joined with any other point x € Q by a continuous curve
y C Q so that

d(§,09) = Slx - §|

for each & € y. Here d(&, 9K2) is the Euclidean distance between & and 9€2.
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Lemma 1 [7] Each Q2 has a modified Whitney cover of cubes V = {Q;} such that

UQFQ; ZX\/EQL.ENXQ

QieV

and some N > 1, and if Q; N Q; # 0, then there exists a cube R (this cube need not be a
member of V) in Q; N Q; such that Q; U Q; C NR. Moreover, if Q is §-John, then there is
a distinguished cube Qo € V which can be connected with every cube Q € V by a chain of
cubes Qo = Qjy, Qjy,...,Qj, = Q from V and such that Q C pQj;, i = 0,1,2,...,k, for some
o = p(n,é).

3 Poincaré inequalities
In this section, we prove the global Poincaré inequalities for the composition of the sharp
maximal operator and Green’s operator with L” norm.

To get our result, we rewrite our Theorem 2 in [4] as follows.

Lemma 2 Let u be a smooth differential form satisfying A-harmonic equation (1) in a
bounded domain Q, let G be Green’s operator, and let M be the sharp maximal oper-

ator defined in (4) with 1 <s < p,q < co. Then there exists a constant C, independent of u,
such that

1/q
( /B M (G@w) - M?(G(u))qudu>

1/p
141141
<C@e, Q)BT q(/ Iul’”du)
oB

for all balls B with o B C 2, and a constant o > 1, where the measure | is defined by du =
w(x)dx and w(x) € A,(Q2) with w > § > 0 for some r > 1 and a constant §.

Theorem 1 Let u € LfOC(Q, AD, 1=1,2,...,n, be a smooth differential form satisfying A-
harmonic equation (1), let G be Green’s operator, and let M bethe sharp maximal operator
defined in (4) with 1 < s <t < 0o. Then there exists a constant C(n, t,80, N, Q2), independent
of u, such that

1/t
([ 1(600) - (Mi(G),, |'ai)
1/t
§C(}’l,t,80,N,Q)</ |u|td“f> (7)
Q

for any bounded and convex §-John domain Q@ C R”", where the fixed cube Qo C Q, the
constant N > 1 appeared in Lemma 1, and the measure | is defined by du = w(x) dx and
w(x) € A,(2) with w > 8o > 0 for some r > 1 and a constant &.

Proof First, we use Lemma 1 for the bounded and convex §-John domain 2. There is a
modified Whitney cover of cubes V = {Q;} for € such that @ = | Q;, and ZQieV X\EQ,‘ <
N xq for some N > 1. Moreover, there is a distinguished cube Qg € V which can be con-
nected with every cube Q € V by a chain of cubes Qo = Qjy, Qj;»...,Q;, = Q from V and
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such that Q C pQ;;,i=0,1,2,...,k, for some p = p(n,8). Then, by the elementary inequal-
ity (a + b)* < 2'(|al* +|b|*), t > 0, we have

</“ [M(6() = (M:(Gw))q, |’du)l/t
< (Z (2t/“|MS(G(u)) (Mi(GW)),

QieV Qi

o2 [ (), - (e, )

< qm((qg
(X

1/t
[ 16, - (6w, ai) ) ®
Qev’

1/t
[ 1E(G0) - (MG,

The first sum in (8) can be estimated by using Lemma 2.

> fQ i | ME(G(w) - (ME(G@w)),, I dy

Ql‘GV

<Clntbn @ Y [ uldu

Q;eV piQi

< Gs(n,t,80,2) Z / lul" du
Q

QL‘EV

§C4(H,t,N,80,Q)/ |M|td/1,, (9)
Q

where the measure u is defined by du = w(x) dx and w(x) € A,(Q2) with w > § > 0 for some
r > 1 and a constant §;.

To estimate the second sum in (8), we need to use the property of §-John domain. Fix a
cube Q; € V and let Qg = Qjy, Qjy; ..., Qj, = Q; be the chain in Lemma 1. Then we have

k-1

(ME(G) g, = (ME(G@)) g, | = D_I(ME(Gw)) g, ~ (ME(G@))g, | (10)

" i+1
i=0

The chain {Q;,} also has the property that for each i, i = 0,1,...,k -1, Q; N Q;,, #¥. Thus,
there exists a cube D; such that D; C Q;, N Qj,,; and Q;, U Q;,,, C ND;, N > 1. So,

maX{|le~|,|jS+1|}<max{|jS|,|jS+1|}<
1Q; NQj, 1 |D;| -

N. (11)

Note that

M(Q)=/QdM:/QW(x)de/QrSodx=50|Ql~ 12)

Page 5 of 9


http://www.journalofinequalitiesandapplications.com/content/2013/1/526

Gejun and Ling Journal of Inequalities and Applications 2013, 2013:526 Page 6 of 9
http://www_.journalofinequalitiesandapplications.com/content/2013/1/526

By (11), (12) and Lemma 2, we have

| t

|(ME(G@w)) g, — (M(Gw))

Qi
1 t
7Y M;(G MG d
M(thQ/Hl) Q/imQ/i+1’( S( (u))) ( ( (u)))QIH1| ®
1
- Mﬁ G _ Mt G td
: 01Q; N Qi | Q/',ﬂQim’( S( (u)))Q/i ( S( (u)))Qim‘ H
N
Mi(G - (Mi(G ‘d
SaomaX{|jS|,|jS+1|} leﬂjS+l|( s( (u)))Q/i ( S( (u)))Q,'H1| Hn
i+1
< Cs(n,t,60,N,Q) ) |ME(Gw) - (ME(GW))),, | du
k=i Q| Qe ik
o~ 1Qy 1
S Cﬁ(”l,t,(S(),N, Q)Z]ki/ |u|tdlL
k=i |Qj/<| % Yy

i+1

1
- Colm N, Y IQu 1 [ el d
k=i

%k Qg
i+1
< CG(n,t,80,N,2) Z|Q|”/ |u|" d
k=i

< Cs(n,t,80,N, Q) Z/|u| du

QieV

< Colm 1,60, N, Q) / ul* dpe. 13)
Q

Then, by (10), (13) and the elementary inequality | Zf\fl 4t < M Zf\fl |t;|*, we finally ob-

tain

2 [, IME(G) g, ~ (M (Gl 1)), | e

Q;eV

< Cuo(m, ,80, N, Q)Zf (/ Jul du)du

Q;eV

= Cuo(m, £,80, N, 9)(2[ du)f Jul’ dpe

Q;eV

SCu(Vl;t,tSo,N,Q)(/ du)/ lult du
Q Q

:CII(n’t78O’N79)M(Q)‘/ |u|tdy’
Q

i, £,50,N, ) / ' dy. (14)
Q

Substituting (9) and (14) in (8), we have completed the proof of Theorem 1. O
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4 Poincaré inequality with Orlicz norm
In this section, we give a global Poincaré inequality with Orlicz norm for the composition

of the sharp maximal operator and Green’s operator.

Definition 3 Let ¢ be a continuously increasing convex function on [0, co) with ¢(0) = 0,
and let A be a domain with p(A) < co. If u is a measurable function in A, then we define

the Orlicz norm of u by

el = inf{k 50: ﬁ A go('”;f)' ) du < 1}. (15)

A continuously increasing function v : [0, 00) — [0, 00) with ¢(0) = 0 is called an Orlicz
function. A convex Orlicz function ¢ is often called a Young function.
In [8], Buckley and Koskela gave the following class of functions.

Definition 4 We say a Young function ¢ lies in the class G(p,¢4,C), 1 <p <g<oo, C >1,
if (1) 1/C < o(tV7)/g(¢) < C and (ii) 1/C < ¢(tY1)/h(t) < C for all £ > 0, where g is a convex
increasing function and /% is a concave increasing function on [0, 00).

From [8] and [9], we know that the class G(p, g, C) contains some very interesting func-
tions, such as ¢(t) = ¢ and ¢(¢) = t” log(¢),p > 1, « € R, and each of ¢, g and / is doubling
in the sense that its values at ¢ and 2¢ are uniformly comparable for all ¢ > 0, and the con-

sequent fact that
Gl <h(p) =Ct!, G <g'(p() < O, (16)

where C; and C, are constants.
Now, we are ready to give our another global Poincaré inequality with Orlicz norm.

Theorem 2 Let ¢ be a Young function in the class G(p,q,Co),1 <p<g<00,Co >1,letu
Lt

loc

(,AD,1=1,2,...,n, be a smooth differential form satisfying A-harmonic equation (1)
in Q, let G be Green’s operator, and let M’ be the sharp maximal operator defined in (4)
with 1 < s <t < oo. Then there exists a constant C, independent of u, such that

[ ME(G) - ME(G) g, g 000 = C¥llierm
for any bounded and convex §-John domain Q@ C R” with (Q2) < oo, where the fixed cube
Qo C Q2 appeared in Lemma 1, and the measure | is defined by du = w(x) dx and w(x) €

A, () with w > 8¢ > 0 for some r > 1 and a constant §,.

Proof Let g, h be the functions in the G(p, g, Cy) condition. Note that ¢ is an increasing
function. Using Theorem 1, (i) in Definition 4, and Jensen’s inequality, we obtain

“’(% (/Q |ME(Gw) - ME(G(w),, I’du>w)

o3
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1/t
- ((k {f d“) )
SCog(PCf/QIMILdM>
=C Lttt a
=Cog o Kt 1|u| 1%

1 t t
<G | g PCIIMI du. 17)
Q

Again, from (i) in Definition 4, we have

gx) < Co‘P(x%)

Thus, we obtain

1
/ <ktCt|u| )dﬂECO/Q(p<%C1|u|>dM' (18)

Combining (17) and (18) yields
1 . . : 1/t
o(3( [ 16 - MiG)g an) )
< céfgw(%cum) du
-G /Q w(%@lﬂ) du. 19)

Now, using Jensen’s inequality for 471, (16) and (ii) in Definition 4, and noticing that ¢ is
doubling, we see

# i
/Q(p< | M (G(w)) —IMS(G(M))QO | ) .

K

o (a |ME(G(w) - ME(G(1)) g, |
([ a))
h( / . ( <|M (G(u» G()q, | )) du)
Q
IME(G(w)) - ME(G())g, |
(o f (HEEAFEE) )
SCW((CB /(w {(Gw) kM HGW)g| ) dﬂ>f)
Q
- oo (1 (5 [ (ME(G) - Mi(Gw) g ' a %
= Cov 2\ & J MGl s(G@)o 1) dn

< CM(%(/;Z(\Mf(G(u)) —Mf(G(u))Q0|)td,u>t). (20)

IA

IA
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Substituting (19) into (20) and using the fact that ¢ is doubling, we get

f g
/ (p( | M (G(w)) —kMs(G(u))Qo | ) d
Q

1
§C5/¢<%C1|M|>dﬂ
Q
1
<Co / w(zlul)du. (22)
Q

Therefore, from Definition 3, we have

| M2 (Gw)) = ME(GW)) o, | 100 = Colllion: 0
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