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Abstract

In the paper, the authors establish some new inequalities of Hermite-Hadamard type
for functions whose third derivatives are convex.
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1 Introduction
It is common knowledge in mathematical analysis that a function f: 7 € R — R is said to

be convex on an interval [ if the inequality

f(rx+ (L= 1)y) <A @) + (1= 1)f () (L1)

is valid for all w,y €  and A € [0,1]. If f : I CR — R is a convex functionon ] and a,b € I
with a < b, then the double inequality

b

holds. This double inequality is known in the literature as Hermite-Hadamard’s inte-
gral inequality for convex functions. The definition of convex functions and Hermite-
Hadamard’s integral inequality (1.2) have been generalized, refined, and extended by many

mathematicians in a lot of references. Some of them may be recited as follows.

Theorem 1.1 ([1, Theorems 2.2 and 2.3]) Let f:I° C R — R be differentiable on I° and
a,bel° witha<b.
(1) If|f'(x)| is a convex function on [a, b), then

fla)y+fb) 1 [P
5 —b_dﬁf(x)dx
b_
< 8”(Lf/(a)|+lf/(b)|). (1.3)
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2) If|f (x)[P'V for p > 1 is a convex function on |a,b), then

fla)+fb) 1 [°
‘ - b_ﬂL Sx)dx
b-a lf/(a)|17/(ﬂ—1) + lf/(b”p/(p_l) (p-D)Ip
2 l)l/p[ 2 ] ‘ (1.4)

Theorem 1.2 ([2, Theorems 2.2 and 2.3]) Letf :I° C R — R be a differentiable mapping
on I° and a,b € I° with a < b. If |f [P~V for p > 1 is convex on [a, b], then

b l/p ) . , . _
H(457) ot [ e =57 (25) Wrar = sipwr )

+ (3v/(a)|p/(p—1) + V/(b) |p/(p—1))(p—l)/p] (15)

and

b
(53 [ el

Definition 1.1 ([3]) A function f:I € R — [0, 00) is said to be quasi-convex if

4

a 1/p
(,m) [F'@] + [F &[] (L6)

f(kx +(1- A)y) < sup{f(x),f(y)} (1.7)
holds for all x,y € I and X € [0,1].

Theorem 1.3 ([4, Theorem 2]) Let f :I C R — R be differentiable on I° such that f" €
L([a, b)) and a, b € I° with a < b. If |[f""| is quasi-convex on |a, b], then

/ﬂbfx)dx——[f() 4f(a+b>+f(b)”
el ()]l )

Definition 1.2 ([5]) Let s € (0,1]. A function f : Ry — Ry is said to be s-convex in the
second sense if

o] s

S+ (1= 2)y) <25 () + (1= 1)) (1.9)
forallx,y € I and X € [0,1].

Theorem 1.4 ([6, Theorem 3.1]) Let f :I C Ry — R be differentiable on I°, a, b € I° with
a<b,and f"” € L(la,b]). If ¢ > 1 and |f"| is s-convex in the second sense on |a, b] for s €
(0,1], then

‘f(a) +f(b) / fedx- "o @]

(b-a)? |: 2275(s + 6 + 25+2s)

1/q
7 q 111 q1l/q
=1 (s+2)(s+3)(s+ 4)] [ @[*+ @[] (1.10)
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For more information on Hermite-Hadamard type inequalities, please refer to [7-19],
for example, and to monographs [20, 21] and related references therein.

In this paper, we will create some new integral inequalities of Hermite-Hadamard type
for functions whose third derivatives are convex.

2 Lemma
For establishing some new integral inequalities of Hermite-Hadamard type for functions
whose third derivatives are convex, we need an integral identity below.

Lemma 2.1 Letf :1 CR — R be a three times differentiable mapping on I° and a,b € I°
with a < b. Iff" € L((a, b)), then

f(“T”’>-—/f(x dx+b
_(b-a)’ o 1- t 1+t
- [/0 H1-)2 - t)f( —b)d

. / {1-5)2 - t)f”’( ML b) dt} @.1)
0 2

Proof Integrating by part and changing variable of definite integral yield

1
/ td-1)(2- t)f”’(ua + ﬂb) dt
0 2

[f &) ~f'(@)]

2

! 1-t 1+t
=—— (3t2—6t+2)f/( 5 a+%b>dt

b-a 0

a+b 48 1 1-t 1+t
[f(b) zf( >]+(b—ﬂ)3/o “‘”df<7 b)
4 , [(a+b 48 a+b
z(b—a)z[f(b)”f( 2 >]+<b—a)3f( 2 )

48 L/l—t 1+t
‘(b—aﬁ/of(T“ _b>d

and

/Olt(l £)(2 - t)f’”( +—b)d
_ bfﬂ/ol(3t2—6t+2)f”<%a+ %b)dt
om0V (50)] G [ bo(Frae 5)
) (b—461)2 [f o (ﬂ+b>]_ (bzii)?’f(a;b)
+%/01f<¥a+%b) dr.

Lemma 2.1 is thus proved. d
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3 Hermite-Hadamard type inequalities for convex functions
Basing on Lemma 2.1, we now start out to establish some new integral inequalities of

Hermite-Hadamard type for functions whose third derivatives are convex.

Theorem 3.1 Let f : I € R — R be three times differentiable on I° and f" € L([a, b]) for
a,bel° witha<b. If|f"'|1 for g > 1 is convex on [a, D], then

()it [

- (b—(l)g 4lf///(ﬂ)|q+lllf///(b)|q 1/q 11[fm(ﬂ)|q+4lfm(b)|q 1/q
=T384 ” 15 } +[ 15 } }

[f b)-f' (a)]]

(3.1)

Proof Since |[f"'|1 is convex on [a, b], by Lemma 2.1 and Hélder’s inequality, we have

(450) -5 [ rwass o s
< (b;:)S {/0 t(l—t)(2—t)P’”(%a+ %b)'dt
+ /Olt(l—t)(z—t)v/’<%a+ %b)‘dt}
< ® ;:)3 [ /0 1t(1—t)(2—t) dt}l_uq
x {[/0 (1- )2 - t)P”’( ! +£b) d}l/q
1/
+[/0 ((1- )2 - t)}j”'(l-” +%b>th} q}
< (b;gl)g(%)ll/q”%/o £1- 222~ 1)|f"(@)|" dt
+ %/Olt(l-t2)(2-t)y/’/(b)|th]l/q+ B /01t(1-t2)(2-t)Lf”’(a)|"dt

1 1
[ a-ve-ororal”)
_ (b—(,l)?’ ”:4Ifm(ﬂ)|q + lllf///(b”q]l/q N |:11If///(a)|q + 4If///(b)|qj|1/q}

384 15 15

The proof of Theorem 3.1 is complete. O
Corollary 3.1 Under conditions of Theorem 3.1, if ¢ = 1, we have

P(d;b> /f(x)dx+—[f(b) —f(a)]

(b_ ) 111 111
< SSZ [ (@) + |f"®)]]. (3.2)
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Theorem 3.2 Let f:1 C R — R be three times differentiable on I° and " € L([a, b]) for
a,bel°witha<b. If|[f"|1 for q > 1 is convex on [a,b] and if g > r and s > 0, then

b 1t b-a,, ,
1(550) -5 [ rwa o -ra)

<(b—ﬂ)3 2B 2g-r-1 2g-s-1 B 3g-r-2 2g-s—-1\1""
- 9 qg-1 "~ g-1 qg-1 "~ gq-1

u
X (%) q{ ([2B(r+ 1,5 +2) - B(r + 2,5 + 2)]|f"(@)|"

+ [ZB(r +1,5+1)+B(r+2,5+1)—B(r+3,s+ 1)] V/’/(b)|q)l/q
+([2B(r+ 1,5 +1) + B(r+ 2,5 +1) = B(r + 3,5 + 1)]|f""(a)|"

+[2B(r+1,5+2) - B(r + 2,5 +2)] [f”’(b)|q)1/q},

where B(x, y) is the classical Beta function, which may be defined for Re(x) > 0 and Re(y) > 0
by

1
B(x,y) = /0 £ -t de (3.3)

Proof By Lemma 2.1, Holder’s inequality, and the convexity of |f”’| on [a, b], we have

a+b 1 b b-a, /

P( 5 )—m/ﬂf(x)dx-FT[f(b)—f(a)]‘
(b-a)| [ (1=t 1+t

< 96 {/0 t(l—t)(2—t)‘j (Ta+7b>'dt

+Anu—ﬂe—wﬂ<%¥a+£%%>hﬁ

3 1 1-1/q
< (b-a) (/ t(q—r)/(q—l)(l _ t)(q—S)/(q—l)(z —1) dt)
0

96
q 1/q
dt)

! 1-t 1+t
7'1_ S _ /1 - -
x{(/ot( 1)*(2 t)p<2a+ 219)
1 1+t  1-¢ \|7 \"
+(/ t’(l—t)s(2—t)L/”’<La+—b) dt) }
) 2 2
3 o e o e 1-1/q
S(b a) [2B(Zq r 1,2q s 1>_B(3q r 2,2q s 1>:|
96 qg-1 qg-1 qg-1 qg-1

1 ! /1
x {[5/0 F(1- 02 - 0)|f"(@)|" de

1 ! r s 111 q ta
+§At0+ﬂa—ng—nV(m|&]
1
+[%Atm+ﬂu—wa—ﬂVWmﬁw

1 ! /11 Y
+5/0 FA-0 2 -0)|f (b)|th} }
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_(b-a) 9B 2q-r-12g—s-1 3 3g-r-2 2g-s—-1\1""
9% qg-1 "~ q-1 g-1 = ¢q-1

v
x (%) q{[[zB(r +1,5+2) - B(r+2,5+2)]|[f"(@|"

+ [ZB(r +1,5+1)+B(r+2,5+1)—B(r+3,s+ 1)] V’//(b)’q]l/q
+ [[ZB(r +1,5+1)+B(r+2,s+1)—B(r+3,s+ 1)] [f’”(a)|q

+[2B(r + 1,5 +2) — B(r + 2,5+ 2)| [ (B)|"]").
The proof of Theorem 3.2 is completed. 0

Corollary 3.2 Under conditions of Theorem 3.2,
(1) ifr=0, we have

b 1t b-a_, ,
/(%50) -5 [ rwan 220 -r @)
E(19—61)3I:ZB<2q—l’2q—s—1)
96 q-1 q-1
p(31-2 2q-5-1 1-lg 1 Va
- (q—l’ q-1 )} <2(s+1)(s+2)(s+3)>

x {[(s +1)(2s +5) [f”’(a)|q + (2S2 +11s + 13) V”’(b)|q]1/q

+[(25% + 115+ 13)[f"(@)|" + (s + 1)(2s + 5) " (B)|"]"");

(2) ifs=0, we have

b 1 b-a,, ,
/(%50) -5 [ rwan 2o -ra)
S(b—a)sl:23<2q—r—1,2q—l>
96 qg-1 q-1
p(34-7-2 2-1 1-1/q 1 lg
- ( q-1 'q—1>] [2(r+1)(r+2)(r+3)}

x {[(r+5)|[f"(@)|" + (2r* + 11r +13) V///(b)|q]1/q

+[(2r% + 117 +13) [f"(@)|" + (r + 5)[f’”(b)|q]l/q};

(3) ifr=s=0, we have
a+b 1 b b-a
L/( 2 )_b—afaf(x)d“ 24

b-a) 29-1 2g-1 3g-2 2g-1\1"Y1/3\"
S( a° [, p(24 24 _p(31-2 % 3
96 q-1 ¢g-1 q-1" g-1 2

x { [Slf’”(a)w + 13tf“'<b>|q”q R [130‘”’<a>|q + Slf”’(b)l‘f}”q}.

[f'®) -f'(@)]

18 18
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4) ifr =q, we have

(28t

_(b-ap (5q-2s-3)(q-1) v
96 [(q—5)2+(5q—3s—2)(q—1)} (_>

2
x {[[2B(g+ L,s +2) - B(g + 2,5 +2)] If"(@)|*

f [f'(b) -f (@)]

+ [2B(q +Ls+1)+B(g+2,s+1)—B(g+3,s+ 1)] V”/(b)|q]1/q
+ [[ZB(q +Ls+1)+B(g+2,s+1)—B(g+3,s+ 1)] V/’/(a)|q

+[2B(g+1,5+2) - Bg+ 2,5+ D] ®)|"]");

5) ifs = q, we have

L/(d+b>
_b-a’( (@-D@g-r-3) \71\"
- % ((2q—r—1>(3q—r—2)> (5)
x {[[2B(r +1,q +2) - B(r + 2,q + 2)]|f"(@)|"

+ [2B(r+ 1,g+1)+B(r+2,g+1)-B(r+3,q+ 1)] V///(b)‘q]

f [f'®) -f'(@)]

1/q

+ [[28(r+ 1,g+1)+B(r+2,g+1)-B(r+3,q+ 1)] [f”/(a)|q

+[2B(r+1,q+2) - Bor+2,q+ 2]/ ®)|"]""};

6) ifr=s=q, we have

b b b-
p(a; >_bi—a/; o)+ 24a[f/(b) /(@)

3—1/q(b _ a)s
- 64

+ [ZB(q +1L,g+1)+B(g+2,q+1)-B(g+3,q+ 1)] V”/(b)|q]1/q
+ [[ZB(q +1L,g+1)+B(g+2,q+1)-B(g+3,q+ 1)] V’//(a)}q

+[2B(g + 1,4 +2) - Bl + 2.+ )]/ ®)] "]},

{[[2B(q+1,q+2) B(g+2, q+2)][f”’( )|q

Theorem 3.3 Let f : I C R — R be three times differentiable on I° and " € L([a, b)) for
a,bel°witha<b. If|[f"|1 is convex on [a,b] for g >1 and q > £ > 0, then

b _
H(437) - ta [ e 500 e

_ (b-a)®T (252 +1)& —26+2 4 51714 1 Vg
- 96 [$3+6.§2+11$+6] |:(£+1)(£+2)(£+3)(£+4):|

x {[(2e+1£2 _ (26+1 + 1)@ + 21&+3 _ 7) lfw(d)|q

(291 +1)8 +2(7 x 20 +5)€ =3 x 2+ 27) [ (b)| 1]
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+ (2" +1)€% +2(7 x 2° +5)€ - 3 x 2% +.27)|f"(a)|*

+ (25+1€2 _ (25+1 " 1)5 L3 _ 7) [f’/’(b)|q]1/q},

Proof By Lemma 2.1, Holder’s inequality, and the convexity of |f”’| on [a, b], we have
a+b 1 b b-a
I d ! b _ !
1(552) -5 [ rwas 2o -ra)
b-a)( [* 1-t 1+t
PGl {/ t(l—t)(2—t)P’”(—a+ Lb)‘dt
9% |Jo 2 2

! a1+t 11—t

—_ )3 1 1-1/q
<& 96“) ( / (1 - £)(2 - £)@0/aD dt>
0

1 1/
x {(/0 t(1-t)(2-t)’fp“/(%a+%b) th) !
1 1/
+<f t(l-t)(z-t)fv”(%m%b) th) q}
0

_\3 1 1-1/q
< ® 9:) ( / t(1—t)(2 — p)a-t/a-D) dt)
0

. . 1/q
) {[E/ t1- 0@ -0 [A- D" @] + A+ 1) B)]] ‘“}

1 1 1/q
+ [5 f H1-0Q2 -0 A+ 0|f" @]+ 1 -0|f"®)|] dt:| }
0

~ (b—ﬂ)3 (2§+2 + 1)%’ _ 2$+2 +5 1-1/q 1 1/q
9% |: E3+682+116+6 j| |:(E+1)(£+2)(£+3)(E+4):|

% {[(2“152 _ (2£+1 + l)g + 2l+3 _ 7) V/H(ﬂ)’q

(25 1) €2 +2(7 x 28 +5)€ -3 x 2% 1. 27) [ (b)|"]

+[((2%" +1)€% +2(7 x 2° +5)€ - 3 x 2% 4+ 27)|f"(a)|*

n (2Z+1£2 _ (243+1 + 1)15 4003 _ 7) vm(b)ml/q}‘

The proof of Theorem 3.3 is complete. O

Corollary 3.3 Under conditions of Theorem 3.3.
(1) if€£ =0, we have

b b b
P(T) g | e e s
(b-a)® ([ 1\VI[ (g -1)*(6q + 26a-V/la-) _5)7\-Va
96 (g) [ (2q-1)(37 - 2)(4q - 3) }

x ”W(a)w - 3W(b)|q”q . [Stf”%a)w - W(b)w]”q}
4 4 ’

<

(3.4)
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(2) ift =q, we have
b 1P b-
V(a; )_b—a/af(x)d“ 24a[f/(h)_f/(“)]‘

(b—a)3 1 1-1/g 1 1/q
=9 (€> [(q+1)(q+2)(q+3)(q+4>]

X {[(2q+1q2 _ (2q+1 + l)q + 24+3 _ 7) lf///(a)|q

+ ((2‘”1 + 1)42 + 2(7 x 29 4 5)q -3 x21% 4 27) lfw(b)|q]l/q
F (7 +1)@ +2(7 x 29+ 5)q -3 x 297+ 27) | (@)

+ (2’1”1q2 - (2“7+1 + 1)q 42043 _ 7) V’/’(b) ’q]”q}.
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