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1 Introduction

The notion of symmetric duality in nonlinear programming, in which the dual of the dual
is the primal, was first introduced by Dorn [1]. Dantzig et al. [2] discussed symmetric dual
programs and established a symmetric duality under the convexity-concavity assumption.
Mond and Hanson [3] first formulated a pair of symmetric dual variational problems by
providing continuous analogue of the symmetric dual pair of Dantzig et al. [2] and proved
the usual duality theorems under the convexity-concavity assumption. Suneja et al. [4]
formulated a pair of Wolfe-type multiobjective symmetric dual programs over arbitrary
cones, in which the objective function is optimized with respect to an arbitrary closed
convex cone by assuming the functions involved to be cone-convex. Later on, Khurana
[5] formulated a pair of Mond-Weir-type multiobjective symmetric dual programs over
arbitrary cones and derived the symmetric duality theorems involving cone-pseudoinvex
and strongly cone-pseudoinvex functions. Recently, Kim and Kim [6] extended the re-
sults of Suneja et al. [4] and Khurana [5] to nondifferentiable multiobjective symmetric
dual programs for weak efficiency involving cone-invex and cone-pseudoinvex functions.
Very recently, Ahmad et al. [7] extended the results of Suneja et al. [4] and Khurana [5]
to a pair of multiobjective mixed symmetric dual programs over arbitrary cones. On the
other hand, Chandra et al. [8] first introduced a symmetric duality in nonlinear fractional
programming. Mond and Schechter [9] studied nondifferentiable symmetric duality, in
which the objective function contains a support function. Following Mond and Schechter
[9], Yang et al. [10] presented a pair of symmetric dual nonlinear fractional programming
problems and established duality theorems under pseudo-convexity/pseudo-concavity as-
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sumptions on the kernel function. Further, Gulati et al. [11] generalized these results to
static and continuous nonlinear fractional programming. For the multiobjective case of
static nonlinear fractional program, symmetric duality was established under convexity
assumptions. Subsequently, Gulati ez al. [12] and Kim and Lee [13] gave two pairs of multi-
objective symmetric dual variational programs, in which duality results were obtained un-
der pseudoconvexity-pseudoconcavity and invexity assumptions, respectively. Chen [14]
and Kim et al. [15] discussed duality results for multiobjective symmetric fractional vari-
ational programs involving invex functions. Recently, Mishra et al. [16] gave a symmetric
dual pair for a class of nondifferentiable multiobjective fractional variational problems.
Weak, strong, converse and self-duality relations were established under certain invexity
assumptions. Recently, Ahmad et al. [17] formulated a pair of multiobjective fractional
variational symmetric dual problems over cones and established duality theorems. Weak,
strong and converse duality theorems are established under the generalized F-convexity
assumptions. In this paper, we introduce a pair of symmetric duals for nondifferentiable
multiobjective fractional variational problems with cone constraints over arbitrary cones.
On the basis of weak efficiency, we obtain symmetric duality relations for Mond-Weir-type
problems under invexity and pseudo-invexity assumptions. Our duality results extend the
results in Mishra et al. [16] to the cone constraints over arbitrary cones with weak effi-
ciency.

2 Preliminaries and notations

The following convention for vectors x and y in R” will be used:
x>y <<= x>y foralli=1,...,n,
x2y <= «x; 2y forali=1,...,n,
x>y <= x;2y forali=1,...,n, but x#y,
x %y isthe negation of x > y.

Throughout this paper, we will use the following notations.

Let ] = [a, D] be areal interval, let f := (f1,...,fx) : I X R” x R” — Rk,g:: (g1,--rg1): I x

R” x R” — R¥ be continuously differentiable functions. In order to consider f(t, x(t), %(t)),
where x : [ — R” is differentiable with derivative %, denote the partial derivatives of f by

PO 2 R 2 T

ax;’ 0x,, 9k, 0%,

Let C(1,R™) denote the space of continuous functions ¢ : I — R”, with the uniform norm;
C,(I,R™) is the cone of nonnegative functions in C(,R”). Denote by X the space of piece-
wise smooth functions x : I — R”, with the norm x| = ||%]loc + [|D%| 0, Where the differ-
entiation operator D is given by

t
u=Dx <+ x(t):a+/u(s)ds,

where « is a given boundary value: thus D = d/dt except at discontinuities. For each ¢ € I,
let B;() be a positive semidefinite # x » matrix with B;(-) continuous on 1, i =1,2,...,p
and the symbol T denotes the transposition.
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Consider the following multiobjective fractional variational problem:

(EVD)
[P f(t,x(0),5(0)) dt
17 g(t,x(2), k() dt

_ (f:ﬁ(t,x(t),x(t))dt S filt,x(0), %(0)) dr)
[P aex@),5@)de’ [P gt x(0), 7(0)) de

subjectto x(a) =«a, x(b) = B,

Minimize

h(t,x(t), %) <0, tel,

where i1: I x R” x R" — R/,
Assume that g;(¢,x(£), %(¢)) > 0 and f;(¢,x(¢),%(t)) = 0 for all i = 1,2,...,k. Let X denote
the set of all feasible solutions of (FVP).

Definition 2.1 (1) A point x* € X is said to be an efficient (Pareto optimal) solution of
(FVP) if there exists no other feasible point x € X such that

fbftx(t) x(t)) dt f f(&,x*(8),x%(2)) dt
f g(t,x(2), %(2)) dt f g(t,x%(¢), x*(t))dt

(2) A point x* € X is said to be a properly efficient solution of (FVP) if it is efficient for
(FVP) and if there exists a scalar M > 0 such that, for alli € {1,2,...,k},

LA @& @) de [} filtx(), 5(6) dt
[? it (@),55e) dt [7 gilt,x(2),5(z)) dt

o ( L@, s@)de [, ﬁ(t,x*(t),a'c*(t))dt)
 \ et xe),x@)de [P gt,xr(8),54(0) dt

for some j # i such that

ff(t x(8), x(¢)) dt fftx*(t) x*(t)) dt
f g(t,x(2), %(t)) dt f gi(t, x*(t), x%(¢)) dt

whenever x € X and

f:ﬁ(t,x(t),a'c(t))dt ff(t x*(t),x*(¢)) dt
fﬂ” gi(t,x(2),%(2)) dt f gi(t,x%(2), x*(t))dt

(3) A point x* € X is said to be a weakly efficient solution of (FVP) if there exists no other
feasible point x € X such that

fabf(txx(t),x f f t,x* ))dt
fabg(t,x(t),x(t))dt f 2(t,x(2), & (0) .
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Now we recall the invexity for continuous case as follows.
Definition 2.2 The vector of functionals fahf = (fabfl, e fabfk) is said to be invex in x and

x if for each y : [a, b] — R™, with y piecewise smooth, there exists a function 7 : [a,b] x
R” x R" x R” x R” — R” such that Vi=1,2,...,k

b
/ {,ﬂ(tyx;‘?‘cyyy}‘/) —ﬁ(tyu,il;y:j/)}dt

b d
z / T}(t,x,?‘c, u, I:l)T|:_fix(t1 u, uryry) - Eﬁx(ty u, M,J’,y):| dt

forall x: [a,b] — R”, u: [a,b] — R", where (x(¢), i(t)) is piecewise smooth on [a, b].

Definition 2.3 The vector of functionals — f: f=(- f: firener— fab f) is said to be invex
in y and y if for each «x : [a,b] — R”, with % piecewise smooth, there exists function & :
[a,b] x R x R" x R™ x R"x — R™ such that Vi =1,2,...,k,

b
_/ {f;(tyxyjcyv;‘./) _ﬁ(trx)xyyly)}dt
b d
> —/ E(t,v, {/,y,y)T|:ﬁy(t,x,5c,y,j1) - Eﬁy(t,x,ic,y,j/)} dt

forallv: [a,b] — R™, y: [a,b] — R™, where (V(£), y(¢)) is piecewise smooth on [a, b].

Definition 2.4 The vector of functionals [”f = (/”f,..., [* ) is said to be pseudo-invex
in x and x if for each y : [4,b] — R, with j piecewise smooth, there exists a function
n:la,b] x R" x R" x R” x R" — R" such that Vi =1,2,...,k,

b d
/ n(t,x,x,u, it)T[fix(t, u,i,y,y) — %ﬁx(t, u, I'A,yJ)} dt =0
b
= / Uity %,59,5) — flty i y,5)} de 2 0

forall x: [a,b] = R”, u: [a,b] — R", where (x(¢), u(t)) is piecewise smooth on [a, b].

Definition 2.5 The vector of functionals — f: f is said to be pseudo-invex in y and y if
for each x : [a, b] — R”, with x piecewise smooth, there exists a function & : [a,b] x R" x
R"” x R"™ x R"™ — R™ such thatVi=1,2,...,k,

b . .. d .
—/ E(t,v, v,y,y)T[ﬁy(t,x,x,y,y) T iy(t,x,x,y,y)] dt=20

b
= —/ Uit %,%,v,9) = filt, %,%,9,5) Y dt =2 0
a

forallv:[a,b] - R™, y: [a,b] — R™, where (¥(¢),(£)) is piecewise smooth on [a, b].

We consider the problem of finding functions x : [a,b] — R” and y : [a, b] — R™, where
(x(t), y(t)) is piecewise smooth on [a, b], to solve the following pair symmetric dual prob-
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lems for nondifferentiable multiobjective fractional variational problems as follows.

(NFVP)

TPAF (8200, &(2), 5(0), 5(0)) + s(x()|C) — (O (8)} dt
TP4g(t, 20, 2(8), 98, 5(0) — s(<(IE) + y(&)Tr(2)) dt

_ <fj{ﬁ(r,x<t>,x(t),y<t>,y(t)> +s(x(®)|Cy) - y(6) Tz (0)) dt
[t x(8),5(),5(0) - s@OIE) +yOTri(Oyde

L2t 2(2), 20, y(8), 5(2)) + s(x(DICe) = y(B) 2 (1)) dt)
[P gt x(0), &(2), 5(2), 5(2)) — s Ex) + y(O) T ri(6)) dit

subjectto  x(a) =0 = x(b), y(a) =0 =y(b),

x(a)=0=x(b),  ya)=0=5(b),

Minimize

k
= " t{lfyy - Dfyy — 21Gi(x,y) - [giy — Dgiy + rilFi(x, )} € 3,
i=1

N

k
0"y w{lfy - Dfyy - 21Gilx,y) — [giy — Dgiy + rilFi(x, )} dt
i=1

[

>0,

1\

0,

tTe=1, x(t)e C, tel,

(=]

Zl'(t)EDl', I”i(t)EHi, i:1,2,.,.,k.
(NEVD)

fj’{f (&, u(t), iu(t), v(t), v(t)) — s(v(®)|D) + u(t) Tw(t)} dt
/1 P{g(t, ule), in(e), v(2), D)) + s((e) | H) — ule)'s(£)} dit

(f {fi(8, u(t), i(t), v(8), W(£)) — s(v(£)|D1) + u(t) " wi ()} dt
f gt u(?), u(t) v(t), 1)) + s () | Hy) — () Tsy (0} dt

24, u®), is(0), v(0), 9(8)) — s((£)| D) + u(t) ' wi(2)} dt>
S gt u®), is(®), v(®), 90)) + s(v() [ Hy) - u(®) T si(2)} dt

subjectto  u(a) = 0 = u(b), v(a) = 0 = v(b),

Maximize

u(a) =0 =ub), v(a) =0 =1(b),

k

t{ fiu — Dfiis + wil G} (u,v) — [giu — Dgiiz — si1F; (u,v)} € Cf,
i=1
b k
[ w0 3wl = D+ 167 ) - i~ D =1 )}
a i=1
<0,
150, tle=1, v(t)e Cy, tel,

w;i(t) € C;, si(t) e E;, i=1,2,...,k,
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wherefi : I x R" X R” x R”" x R” — R, and g;: I x R” x R” x R” x R” — R, \ {0} are
continuously differentiable functions, C;, E; (1 < i < k) are a compact convex set in R” and
D;, E; (1 £i < k) are a compact convex set in R™, C; and C, are closed convex cones in R",
R” with nonempty interiors, respectively. C; and C; are positive polar cones of C; and
C,, respectively, and s(x|C;) = max{{x,y)|y € C;}. Let h;(x) = s(x|C;), i = 1,...,p. Then A; is
a convex function and 94;(x) = {w € C;|(w,x) = s(x|C;)}, where 0/; is the subdifferential
of /;. Let

b
Fi(x,y) = / {ﬂ»(t,x,a‘c,y,j/) + s(x(t)|Ci) —y(t)Tz,-} dt;
b
Gilxy) = f (et ,5,5) — s((O|E) + 9(0) ) dis
b
Fi(u,v) = / Vit u, i1, v, 9) = s(v(£)|D;) + u(®) w;} dt;
and
b
Gi(u,v) = / lgi(t,u, i, v, 0) + s(v(e)|H;) - u(t)s;} dt.

Let f, = f:(t, x(¢), x(2), y(£), (2)), fi = (&, x(2), %(¢), y(¢), y(¢)), etc. All the statements above
for F;, G;, Fj and G will be assumed to hold for subsequent results. It is to be noted that

Dfiy = fisd + fisgd + fisn + fizik

and, consequently,

d d d

—Dfiy = Dfizy, —=Dfi5 = Dfi35 + fiy» —=Df5 = Dfiss»
oy fis = Dfizy 35 iy = Dfiyy + fisy oy fiy = Dfsy

0 d 0

anz& = Dfijn, anij/ = Dfiss + fisnr anij/ = Dfiji.

In order to simplify the notations we introduce

_ ) _ [Pt x,%,9,5) + s(x(8)|C) - y(6) T zi} dt
Gi%y)  [P1git,x,%,9,5) - s(x(£)|E) + y@O T} dt

i

and

Ewy) [ v,i) = s@(©)D) + u(®) wi) dt
UGy Mgt w it v, ) + SOIH) - w(t) s} dt

and express problems (NFVP) and (NFVD) equivalently as follows.
(NFVP) Minimize p= (py,...,px)

subjectto  x(a) = 0 = x(b), y(a) =0 =y(b), (1)

xa)=0=x(b),  y(a)=0=yb) (2)


http://www.journalofinequalitiesandapplications.com/content/2013/1/434

Kang et al. Journal of Inequalities and Applications 2013, 2013:434
http://www.journalofinequalitiesandapplications.com/content/2013/1/434

b
/{ﬁ(t,x,a'c,y,y')+S(x|Ci)—yTzi}dt

b
_Pi/ {gi(t,x,a'c,y,jl)—S(xlEi)+yTri}dt=0,

i=1,...k (3)

k
- ¥ u{(fy - Dfiy — z) — pi(gyy - Dgsy + 1)} € C3, (4)
-1

b k
/ y@®)" Z t{(fiy — Dfyy — z:) — pi(giy — Dgiy + 1) } dt
a i=1

>0, (5)
150, tle=1, x(t)eC, tel (6)
Zi(t) ED,‘, Vl‘(t) EHL‘, i=1,2,...,k. (7)

(NFVD) Maximize g¢=(q,...,qx)
subjectto  u(a) = 0 = u(b), v(a) = 0 = v(b), (8)
iw(a) = 0 = u(b), v(a) =0 =1(b), 9)

b
/ {ﬁ(t, u, i, v, v) —s(v|D;) + uTwi} dt

b
- 611'/ {gi(t, u, i, v,v) + s(v|H;) — uTsi} dr=0,

i=1,...,k (10)
Z t{ (fiu = Dfia + wi) — qi(giu — Dgins — 51)} € C}, (11)
i1

b k
[ w0 3 et~ Dfis + w) - e - D -5
a i=1
0

<0, (12)
>0, tle=1, v(it) e C,y, tel, (13)
w;i(t) € C;, si(t) e E;, i=1,2,...,k. (14)

In the problems (NFVP)’ and (NFVD)' above, it is to be noted that p and g are also

nonnegative.

3 Duality theorems

In this section, we state duality theorems for problems (NFVP)" and (NFVD)’, which lead
to corresponding relations between (NFVP) and (NFVD). We establish weak, strong and
converse duality relations between (NFVP)" and (NFVD)'.

Theorem 3.1 (Weak duality) Let (x(¢), y(t), p, T,2(t), r(t)) be feasible for (NFVP)', and let
(u(2), v(¢),q, T, w(£),s(t)) befeasible for (NFVD)'. Assume that Zf;l 7 f:{(fi +()Tw)—qi(gi—
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()T's))} dt is pseudo-invex in x and % with respect to n(x,u) and — Zl 1 ,f (i-()Tz) -
pi(gi + (-)Tr)} dt is pseudo-invex in y and y with respect to £ (v,y), with n(x,u) + u € C; and
E(v,y) +y € Cy Vit € I, except possibly at corners of (x,) or (i1,v). Then p £ q.

Proof From (11) and n(x, u) + u € C;, we get
TZ'[L Dfm + Wl qi(giu —ng _Si)}dtz 0.
From (12),

k
/ ﬂ(x, Z tl Dfm + Wz qi(giu - ng - Si)} dt Z 0.
a i=1

Since Zle T; f:{(fi + () Tw,) — qi(gi — (-)Ts;)} dt is pseudo-invex with respect to n(x, «), it
follows that

Z T / t X,%,V, V) + xTwi} — q,»{gi(t,x,a'c, v, V) — sz,-}] dt
>Zrl/ t U, i, v,V )+uTw,-}—q,»{g,-(t,u,it,v,i/)—uTsi}]dt. (15)
Since xTs; < s(x|E;), s; € E;, and xTw; < s(x|C;), w; € C;, (15) can be written as
k b
Z Ti/ [{_ﬂ(trx,jc) v, V) + S(xlcl)} - Qi{gi(t¢x;5€y v, V) - S(x|El)}] dt
i=1 a
k b
= ‘L’L'/ [Vt i v, ) + uTw;) - gt u,i,v,9) - u”s;}] dt. (16)
i=1 a
From (4) and £(v,y) +y € Cy, we get

k
T
x,u)+y E r, (fy —Dfy; — zi)—pi(giy—Dgij,+ri)}dt§0.
i=1

By pseudo-invexity of — Zf{:l T f:{(ﬂ ()7z) - pi(g; + (-)T'r;)} dt with respect to £(v,y), we
get

b

k
Zn/ [{fi(t, %%, v,0) =vTz:} - pi{@it, %, %, v,7) +vTr,'}]dt
i=1 “

k b
< Z / (L %,%,9,9) — yTzi} —pi{gi(t,x,a'c,y,j/) +yTr,-}] dt.
i=1 a
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Since vI'r; < s(v|H;), r; € H;, and v!'z; < s(v|D;), z; € D,
k b
- Z ‘L’if [{fi(t,x,x, v, V) — S(V|Di)} —pi{gi(t,x,jc’ V) + S(V|H,~)}] dr
i=1 a
k b
Z- Z Ti/ [{fi(t’ X%, 9, 9) —yTzL'} —pi{gi(t,x,a'c,y,y) +yTri}] dt.
i=1 a
From (16) and (17), we get
k b
Zfi(pi _qi)/ gt x,%,v,v)dt
i=1 a
k b
; Zti[/ {_ﬁ(t: u, l:i,V,l./) —S(V|Dl’) + uTWi}dt
i=1 a
b
_Qif {gl(t) M,I;l, V)]‘)) +S(V|Hi) —uTSi}dt}
a
k b
- Z Ti [/ Vit x,%,9,5) + s(xIC)) — y" z;} dt
i=1 a

b
—pi / {gi(t,%,%,9,9) — sx|E;) + y"ri} dt:|.
a

From (3) and (10), (18) yields

k

b
Zn(pi—qi)/ gt x,%,v,v)dt = 0.

i=1

17)

(19)

Suppose, if possible, that p; < g; for all i, then from 7 > 0, 7e =1 and fabg,»(t, xX,%,v,V)dt >

0,i=1,2,...,k, we have

k b
Z Ti(pi - qi)/ gi(t,x,%,v,v)dt <0,
i1 a

which contradicts (19), hence p £ g.

Consider the following multiobjective fractional variational problem.
b
(VP) Minimize (/ (fl(t,x(t),a'c(t)) + s(x(t)|D1)) dt,...,

b
[ Gex0.50) + stx010) dt)
subject to  x(a) = «, x(b) = B,

g(tx(®,41) =0, j=1,...,m,

hi(t,%(8),%0) =0, I=1,...,p,
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where g : I x R” x R” — R is a continuously differentiable function, /; : I x R" x
R" — R? is a continuously differentiable function. Let A = {x € X|x(a) = o, x(b) =
B,gi(t,x(t),%(t)) = 0,j = 1,...,m, (£, x(t),%(¢)) = 0,1 =1,..., p}.

We need the following Fritz John necessary optimality condition in order to establish
a strong duality theorem. Using the proof of Theorem 1 in [18], we obtain the following
theorem.

(VP) Minimize F(x)+/J(x):= (F1 (%) + 1), ..., Fr(x) + /k(x))
subject to  G(x) € C,(I,R"),
Hx)=0

where F; : X — R are functions defined on x € X, F;(x) = fabﬁ(t,x(t),ic(t))dt, Ji: X—>R
are functions defined by J;(x) = fab s(x(¢)|D;)dt, G : X — C(I,R™) are functions defined
by Gx)(t) = (@ (¢, x(2), %(8)), ..., (L, x(2), %(x))) and H : X — C(I,R?) are functions de-
fined by H(x)(£) = (h1 (£, x(£), %(2)), ..., hy (¢, x(2),%(¢))) and C,(I,R™). Let S = {x € X|G(x) €
C.(I,R™),H(x) = 0}.

Theorem 3.2 Let x € A be a weakly efficient solution of (VP). Suppose that there exists
an x € X such that G(x) + G'(x)(x — x) € — [ C.(I, R™), H'(x)(x — %) = Ocq,re), and the map
H'(x) is surjective. Then there exist t; 2 0, (11,..., ) # 0 and piecewise smooth . : [ — R,
w:l—RPandw; e D;,i=1,...,k, satisfying

Xk:r, [ (&%), 5(2)) + wi] + XW:A, (0)gx (6:7(0), () + im(t)hlx(t, 50, 50)
= k /=1m Hp
=D [,21: i (6,%(0), %(0)) + ; A(8)gi (£,%(2), X(2)) + ; O (t,a'c(t),jc(t))},
Xm: 2 (6)g (8, %(2), x(8)) =
1
wlx(t) = s(x(OID;), i=1,....k
foralltel.

Theorem 3.3 (Strong duality) Let (x0(£),¥0(t), po, To, 20(t), ro(t)) be a weakly e_ﬁicient solu-

. , o , S 4 (60,50,90.50) 8650 i)~y z0;)
tion for (NFVP) and fix © = 1y in (NFVDY', and define po; = fb{gl (tmosiog050)-solEmag ol dE”
i=12,...,k. Suppose that all the conditions in weak duality are fulfilled. Furthermore,

assume that

(D) poi>0, i=1,....k
k b
(I1) Z Toi / V&) [{(Fyy = Poiginy) = Dfisy — Poigins) }
i=1 a

= D{(fos ~ Dfiss ~fi) = Poi8s5 = Dgiss = &)
D*{~(fi5 — poigis) } | ¥ () dt £ 0
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implies that V(t) = 0,Vt € I, and

b
(IIT) (/ {(fiy = Dfiy — z01) — por(g1y — Dgiy + ron) } dit, ...,

b
/ {(fiy = Dfiy — zok) — Pok(gy — Dgis + ror) } dt)

is linearly independent.
Then there exist wo;(t) € C;, soi(t) € E;, i =1,2,...,k such that (xo(£),yo(t), po, To, wo(£),
s0(2)) is weakly efficient solution of (NFVD)'.

Proof Since (xo(2), yo(t), po, To, 20(t), 7o (t)) is a weakly efficient solution of (NFVP)’, by The-
orem 3.2, there exist A € R¥, « € R¥, ceR u:l— R, piecewise smooth B(t) : I — C,
and p(£) : I — Cj such that

Ai — ati(gi — s0i + ¥4 roi) — (giy — Dgiy + r0:)(B = £y0) = 0,

i=1,2,...,k (20)
k

Zai[{(fix +wi;) — poi(gix — 501) } — D(fix —poigix)]

i-1

k
+ Z TOi[{ (fiyx — P0igiyx) — Dfisx _pOigij/x)}

i=1
-D {(fiyic = Dfijic — fizx) — Poi(@iyic — Dgijic _gij/x)}
+ D*{~(fiss — Poigiz) } | (B = £¥0) = p = 0, (21)

k
Z(Oti — t70:){(fiy — Dfiy — z0i) — poi(gy — Dgiy + r0i) }
i-1

k
+ Z Tm[{(fiyy — poigiyy) — Dfizy —Pol'giyy)}
i=1

- D{(fiy — Dfis5 — fizy) — Poi(@i5 — Dz — Zisy) }

+ D*{~(fi5 — poigin) } | (B = ¢y0) = 0, (22)
{(fy = Dfiy — z0i) — Poi(giy — Dgiy + roi) } (B — £¥0) — i = 0,
i=1,...,k 23)
a;poiyo + (B — ¢yo)topoi € Ny (roi),  i=1,2,...,k, (24)
Yo + (ﬂ - é‘yO)TOi S ND[(ZOi), i= 1: 21 .. -,k; (25)
k b
Zai[/ {(fi +5(x01Ci) = 75 201) = poi(gi = s(xo|E:) + y5 7o)} dt} =0, (26)
i=1 a
k

B Z t0i{ (fiy — Dfiy — Zoi) — Poi(giy — Dgiy + r01)} = 0, (27)

i=1
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k
<4 Z Toi /ﬂb{(ﬁy - Dfyy — zoi) — poi(giy — Dgis + r01) } dit = 0, (28)
i=1
wlzy =0, (29)
pTx0 =0, (30)
wy€Ci,  whxo=s(x|C), i=12,...,k, (31)
Soi € E;, sgl.xo =s(xolE;), i=12,...,k (32)
(hot, B(), ¢, 11, p(2)) 2 0, (33)
(e, B(8), £, 11, p(2)) #0. (34)

Multiplying (22) by (8 - ¢y0)”,
k
Z(Oti — t70:){(fiy — Dfis — z0i) — Poi(@y — Dagiy + r0i) } (B — £ ¥0)
i-1

k
+(B-¢yo)" Z i {(fiyy — Poiiyy) — Dfiy — Poigisy) }
i=1

— D{(fiys — Dfisy —fizy) — P0i(@y5 — Dgisy — Zisy) }

+ D*{~(fi5 - poigisn) } (B = ¢y0) = 0.
Using the result in equality (23) and (29), we get

k k
Zami +(B-¢y0)” Z i {(fiyy — Poiiyy) — Dfiy — Poigisy) }
i1

i=1
= D{(fys = Dfigs —fisn) — Poi(@yy — Diss ~ &is»)}

+ D*{~(fi5 - poigip) } (B = ¢y0) = 0.
Since o € R, u € R¥, o” 1 > 0, and hence
b
To;/ (B - Cyo)T[{(ﬁyy = Poiiyy) = D(fizy ‘POigiﬂy)}
a

k
i=1

~ D{(fys — Dfisy = fisy) = Poi(@ny ~ Dgisy — i)}
+ Dz{—(fiw —Pol'gz‘yy)}](ﬁ - ¢y0)dt = 0.
Which by virtue of the hypothesis (II) yields
B=¢y Vtel (35)

From (22) along with (35), we obtain

k

b
Z(ai - Cl'ol‘)/ {(fy = Dfiy — z0i) — oi(giy — Dgiy + ro:) } dt = 0.

i=1

Page 12 of 15
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By hypothesis (III),
O(,'Zfl’()i, iZl,...,k. (36)

If ¢ =0, then (36) implies that & = 0 and using (35) 8 = 0. From (20), we get > = 0, and
from (21) p = 0 and using (23), we get that u = 0, which contradicts (34). Hence ¢ > 0 and
a >0.Hence by (35), y0 € C, YVt € 1. By (21), (35) and &; = { t0, i = 1,.. ., k,

k
Z ctoi[ { (ix + W) — poilgix — s0:)} — D(fii — poigia)] = p € Ci. (37)
i=1

Since Zle To:[{ (fix + W11) — Poi(gix — S0:)} — D(fix — poigix)] € C;. By multiplying both sides of
equation (37) by x¢, hence from (30) we get,

b k
/ xg Z toi { (fix + W) — Poi(gix — 50)} — D(fix — poigiz)] dt = 0.
a i=1
Equation (26) with « > 0 implies that

b
/ { (it %0, %0, y0, 30) + s(x0|C2) — ¥ Zo0:)
— poi(gi(t, %0, %0, Y0, 50) — s(¥o|E;) + ¥ roi) } dt = 0. (38)

By (25) and the fact that 8 = ¢y, a;y0 € Np,(z0;), i = 1,...,k. Since o; > 0, and so y, €
Np,(z0;), hence V& z0i = s(yolDy), i = 1,...,k. By (24) and the fact that 8 = o, a;poiyo €
Ny, (roi), i =1,...,k. Since «; > 0, po; > 0, and so yy € Np;(ro;), hence V&roi = s(yolHy), i =
L,...,k. Thus, from (31), (32) and ylzo; = s(yo|D;), y&roi = s(wo|H;), i = 1,...,k, equation
(38) implies

b
/ {(fi(t’xm?.COryO’j/O) _S(y()'Di) + xgwli)
— poi(gi(t, %0, %0, Y0, 70) + sy |H;) — x4 50;) } dt = 0,

and

LU %0, 50, Y0, 50) + $(x0|C:) — 8 zor) dt
J21gi(t,%0, 50,70, 0) — s(x0|E2) + yE ros) dit
~ fab{ﬂ(t,xo,ko,yo,j’o) —s(yo|Dy) + xiwr;} dt
fab{gi(f,xoyﬁ'co,yo,)'/o) +8(yolHy) — xd soi} dt
= q0i-

Poi

Thus (%0, Y0, Po, To, 20, T'o) is feasible for (NFVD)’, and the objective values of (NFVP) and
(NFVD)' are equal there. Clearly, (xo,¥0,p0, 0,20, 0) is weakly efficient for (NFVD)'. If
(0,0, Po, To, 20, 70) is not weakly efficient for (NFVD)/, then for some feasible (x,7,p,
7,%z,7) of (NFVD)', there exist wg;(¢) € C;, so;i(t) € E; such that py < p, with p; =
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b T ~ ~T
I\L:XX5 )Y ) — D,‘ i di . . . . . .
?bgv((t;;z?;)+Ss(€;'/‘\H‘))H;Tl:2‘}}d;’ i=1,...,k. Since g;(t,x0,%0,%0,%0) > 0, i = 1,..., k, it follows that
a \Si\bh)), 17 L

ZL ., (poi — pi) fab gi(t,%0,%0,%0,50) dt < 0, which contradicts by weak duality, equation

(19). Thus (%0, y0, Po, To, 20, 7o) is a weakly efficient solution of (NFVD)'. Hence the result
holds. O

Theorem 3.4 (Converse duality) Let (xo(t), y0(£), g0, To, wo(t), s0(t)) be a weakly efficient
solution for (NFVD)' and fix © = 1y in (NEVP)', and define

~ f:{ﬂ(t,xo,ko,yo,}'/o) — s(yo|Dy) + xd wo;} dt
fﬂb{gi(t,xo,ﬁ'co,yo,j'/o) +8(olHy) — xd soi} dt

qoi i=1,2,...,k

Suppose that all the conditions in weak duality are fulfilled. Furthermore, assume that

(D qoi>0, i=1,...,k
k b
(ID Z TO"_/ (O [{(fixx — GoiGixe) — D(ficx — Goigins)}
i-1 a

= D{(fixi — Dfiasc — fii) — q0i(giici — D — i) }
+ D*{~(fiss — qoigis) } [ W (D) dt 2 0

implies that V(t) = 0,Vt € I, and
b
(I11D) </ {(ix — Dfiz + wor) — qo1 (@1 — Dgiic — so) } dit, ...,

b
_/ {(fix = Dftic + wor) — qox(gkx — Dgiic — Sox) } dt)

is linearly independent.
Then there exist zo;(t) € D;, roi(t) € Hy, i =1,2,...,k such that (xo(£),y0(t), o, To,z0(£),
ro(t)) is weakly efficient solution of (NFVP)'.

Proof It is analogous to the proof of the lines of Theorem 3.3. d

Remark 3.1 (1) When C = D = E = H = {0}, then the support functions and inner prod-
ucts in the problems (NFVP) and (NFVD) in the draft disappear, and hence (NFVP) and
(NFVD) in the draft collapse to (P) and (D) in the paper of Ahmad, Sharma (EJOR, Vol.
188, 2008, pp. 695-704) [19].

(2) When C; =R%, and C; = R”?, then the problems (NFVP) and (NFVD) reduce to those
considered by Mishra et al. [16], respectively.
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