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Abstract

By means of two fundamental fractional integral identities, we derive two classes of
new Hermite-Hadamard type inequalities involving Riemann-Liouville fractional
integrals for once and twice differentiable (o, m)-logarithmically convex functions,
respectively. The main novelty of this paper is that we use powerful series to describe
our estimations.

MSC: 26A33; 26A51; 26D15

Keywords: Hermite-Hadamard type inequalities; Riemann-Liouville fractional
integrals; (¢, m)-logarithmically convex functions

1 Introduction

Fractional calculus was introduced at the end of the nineteenth century by Liouville and
Riemann, but the concept of non-integer calculus, as a generalization of the traditional in-
teger order calculus, was mentioned already in 1695 by Leibnitz and L'Hospital. The sub-
ject of fractional calculus has become a rapidly growing area and has found applications
in diverse fields ranging from physical sciences and engineering to biological sciences and
economics. For more recent development on fractional calculus, one can see the mono-
graphs [1-8].

Due to the wide application of fractional integrals and importance of Hermite-Hadamard
type inequalities, some authors extended to study fractional Hermite-Hadamard type in-
equalities according to the Hermite-Hadamard type inequalities for functions of different
classes. For example, see for convex functions [9, 10] and nondecreasing functions [11],
for m-convex functions [12—14] and (s, m)-convex functions [15], for functions satisfying
s-e-condition [16] and the references therein.

Very recently, the authors [17] raised the new concept of («, m)-logarithmically convex
functions and established some interesting Hermite-Hadamard type inequalities of such
functions. The main results can be improved if we replace E;, i = 1,2, 3, by suitable series.

Motivated by [13, 16, 17], we study Hermite-Hadamard type inequalities for (o, m)-
logarithmically convex functions involving Riemann-Liouville fractional integrals. Thus,
the purpose of this paper is to establish fractional Hermite-Hadamard type inequalities

for (o, m)-logarithmically convex functions.

2 Preliminaries
In this section, we introduce notations, definitions, and preliminary facts.
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Definition 2.1 (see [3]) Letf € L[a, b]. The symbols z; /%, f and . J;f denote the left-sided
and right-sided Riemann-Liouville fractional integrals of the order « € R* and are defined
by

(—f) @) = ﬁ / (- f(Odt (0<a<x=<b)

and

(reJpf) () = / (t—x)f(t)dt (0<a<x<b),

T(e)

respectively. Here I'(-) is the gamma function.

Definition 2.2 (see [17]) The function f : [0,b] — R* is said to be («, m)-logarithmically
convex if for every x,y € [0, ], (o, m) € (0,1] x (0,1], and ¢ € [0,1], we have

f(tx + (1 _ t)y) < (f(x))ta (f(y))WI(l—t )

The following inequalities results will be used in the sequel.

Lemma 2.3 (see [16]) For « >0 and k > 0, we have

i-1
I, k) = /0 1kt di = kZ( 1)’1(hzk;l < 00,

where
(@);=ald+1)(a+2)--(a+i-1).

Moreover, it holds

- |Ink| <|1nk|e>m1
Ta2nm-1)\ m-1 ’

" (~Ink)?
I(a, k) —k; @

Lemma 2.4 (see [13]) For«a >0 and k >0, z> 0, we have

! s i-1
](Ol,k) Z:/ (l_t)olflktdtzz (lnk) <0,
0

i1 (o)

‘ © (_zInk)-L
H(ak,z) := / K de = 2Ky (zhnk)™
0

1 ();
Lemma 2.5 Fort € [0,1], we have

A-p)" <2 - " forne(0,1],

A-t)"=2""—¢" forne[l,00).
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Proof Letf(t)=t" + (1—1t)" for n,t € [0,1]. Clearly, f(-) is increasing on the interval [0, %
and decreasing on the interval [%,1]. So, f(t) Sf(%) =21 for all t € [0,1]. Then we have
the first statement. Similarly one can obtain the second one. O

3 The first main results
In this section, we apply the fractional integral identity from Sarikaya et al. [9] to derive
some new Hermite-Hadamard type inequalities for differentiable («, m)-logarithmically

convex functions.

Lemma 3.1 (see [9]) Letf:[a,b] — R be a differentiable mapping on (a,b). If f' € Lla, b],
then the following equality for fractional integrals holds:

fla)+f(b) T(x+1)
2 2(b-a)

1
- b ; a /0 (A=) = t*]f (ta + (1 - £)b) dt. 1)

(5 f (B) + riJf-f (a)]

By using Lemma 3.1, one can extend to the following result.

Lemma 3.2 Let f : [a,b] — R be a differentiable mapping on (a,b) with a < mb < b. If
f' € Lla,b), then the following equality for fractional integrals holds:

fla)+f(mb)  T(ax+1)

(RS S (mb) + ri)5y,f(@)]

2 2(mb — a)*
mb-a [* ,
= (A=) = t*]f (ta + m(1 - )b) dt. (2)
0
Proof This is just Lemma 3.1 on the interval [a, mb] C [a, b]. O

By using Lemma 3.2, we can obtain the main results in this section.

Theorem 3.3 Let f : [0,0] — R be a differentiable mapping. If |f'| is measurable and
(o, m)-logarithmically convex on [a, b] for some fixed o € (0,1], 0 < a < mb < b, then the
following inequality for fractional integrals holds:

f(a) + f(mb) Mo +1)

T 3o = aye RS mb) + riTy f@)]| < Lo
where
(b~ @)|f D))" [(—lnk)i‘1“i< "20)
he= , k- —
o i-1 [Ol;l] Qe
al(=Ink)=t [ K2 2 k
+ [o(;i_ 1] <2ia+1 + ic—a+2 - §>i| fO}’ k 7-/1,
o -aee-n
Ik = (@112 fork=1,
_ Ir@

N
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and

[;0] :=1, [;i] = (@ +1)2a +1)--- (i +1), ieN.

Proof (i) Case 1: k # 1. By Definition 2.2, Lemma 2.4 and Lemma 2.5, we have

’f(a) +f(Wlb) B F(Ol +1) [RL]:*f(mb) + RL]ftnb—f(d)]

2 2(mb — a)*
mb—a

1
= /O](1—t)°‘—t“|[f’(m+m(1—t)b)|dt

b- ! % m—mt%
<" “/ (-0 = || @)|" |/ b)) dt
0

Swflm £ |k dt

< M/ [(1-0)* — 2|k dt
by / o oF oo s

< w / : (L =) =) (K + K99 e

0

< w /0 : (= 0% + (1 - k") dt
+w[( k" — k) dr

< wfoé(l—t)“ktadt
b e /0 (L= k0" gy

, m 1 / m 1
_ (Mb_ﬂ)lf (b)| /2 takt“ dt— (I’I’lb—&l)[f (b)| /2 tak(l—t)a dt
2 0 2 0

(mb =@ B)" 31y e, (mb=a)f (B)™ -
Sf/o (2" — )K" dt + f/z K" dt

mb-a)lf B (%, w  (mb—a)f BN 1
_f/o‘ t“k dt—f/l(l—t)k dt

(mb —a)|f ()" [? o\ (mb — a)|f'(b)|" ot
s fo(z1 — )K" dt + e / k" dt

mb-a)f' B)" (% , ., (mb—a)f B [*
- e o /0 ekt dp - 2O /

2

A OF e gy A= OF e
=< 5 2 0

1
2

2

(1-*)k" dt
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e DO [y =V OF [y
0

2 2

2
1

1 2
s(mb—a)[f/(b)|mﬁ £k dt—(mb—a)[f’(b)|m/0 k" dt

% _ / m 1
+2’“(mb—a)V’(b)|mf0 ke dp%/l K dt

ml [t 1 [
<(mb-a)|f ()| 5/1 t(é’fl)‘lktdt—(mb—oz)[f/(b)|’".5/2 £t gy
0

20

1
m 1 [ b-a)f' )" 1 (1
+27%(mb - a)|f'(b)|" - = 2 té—lktdt_w._ ra Lt dt
o Jo 2 b

o J Ll
2
! m Lu
<O ([t i [F i)
<m0 | 0

2!

—a _ / m LO, _ ! m 1
2 (mb a)lf (b)l /2 té—lkt dt— (mb a)lf (b)| / té—lkt dt
0 @

o 20

! m Lot
- (mb - a)|f'(b)| (/lt(‘}’+l)_lktdt—2/2 t(é+1)—1ktdt>
- o 0 0

N
T O (¥ g
0

o

o=@ O [ [*ae [P
_T(/Ot kdt—/o ¢ kdt)

(mb - a)lf’(b)|m (- lnk)ll 1 é+1 2% 00 (—%lnk)i_l

- [/Z 1), 2(7) k 21:W

o

2mb - @lf B (1), 1, o (3 Nk
() L0

a (é)i
(mb a [f’ —Ink)*-! < 1 )é i (—%lnk)i’l
k — ) k2@ A
( i=1 ( )l 2« ; (%)i

(mb — a)[f(b)|’”” (-Ink)lod ot i (= Ink) e
- [’Z Wl X L

i=1

1
2

N k2 (mb - a)|f' (b)|" = a'(—Ink)!

o p= [or; i —1]20+1

(mb-a)|[f' D)" [ e~ a(~Ink) wen @l(=Ink)!
- 2a (kz [;i—1] D [o; i — 1]2ia—a+1

i=1 i=1

(mb — a)|f' (b)|" [ (- Ink)la! k2
e S 1)

i=1
N al(=Ink)=t [ K> N Tk
[Ot; i— 1] Qi+l Qia—a+2 2 :

The proof is done.
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(ii) Case 2: k = 1. By Definition 2.2, we have

‘f(a) + f (mb) MNa+1)

= S — aye RS (D) + wily S (@)]

mb —a

1
= /0|(1—t)"‘—t“|V’(ta+m(1—t)b)|dt

b- ! y % m-mt®
<2 [la-or-ellr@f o a

(mb - a)|f'(B)|™ (! o
< oAy O “2If /0|(1—t) — | dt

5(mb—a)[f’(b)|m/oj|(1—t)“—t"‘\dt

_ @) mb - a)(2* - 1)
- (o +1)2 )

The proof is completed. O

Theorem 3.4 Let f: [0,b] — R be a differentiable mapping and 1 < g < 0. If |f'|1 is mea-
surable and (o, m)-logarithmically convex on [a, b] for some fixed o € (0,1], 0 <a <mb <
b, then the following inequality for fractional integrals holds:

fla)+f(b) T(x+1)

2 2b-ar [rJgf (B) + reJj-f (@)]| < I,
where
fo b=l @l (1- 2pa) [ (mqIn |f'(B)| - gIn |f (@)]) '« z}l o
2qaq pa+1 [o;i—1]
fe= o a)lf/(b)lm(lpa{pla>p fork=1
and k = 6)1‘%,1%+§:1.

Proof (i) Case 1: k #1. By Definition 2.2, Lemma 2.4, and using the Holder inequality, we
have

f(a) +f(mb) Mo +1)
’ 2 " 2(mb - a)

(RIS S (D) + riTfy-f (@)]

mb —a

1
== /0|(1—t)°‘—t"|[f/(ta+m(1—t)b)|dt

1 i %
ool oot [ e o]

: o %
- sz_ 4 [2/0 (-0 - ) dt] [/0 |f'(ta + m(1 - )b) |th}

1

mb—a BT [l 1
pot / VAL
= S |:/0 (A-pp 2 )dt:| |:/0 If' (ta + m(1 - t)b)| dti|
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o 1 %
Mb—a(pa2+i> [/0 [f’(m+m(1—t)b)|th}

b- P ! ¥ mq—-maqt® %
S}’}’l - a(pa2+1> I:/O lf/(ﬂ)|q lf/(b)| q-mq dt:|

_ mb-a)f (B)" (1-27
- 23 (poc+1 )

kf dtj|

24

(mb - tz)[f(b)lm 1- 21”0‘ k (1nk)‘1
anq pa+1 im ( )l

(mb—a)|f'(a) [1-277* 1_17 > (= Ink)! %
=< 11 (PO[-I—I) [Zﬁ}

241 i=1

1

< =0l @)1= 2?“)5 [i (mgln|f'(6)| - qIn Wmflat} "

.

- it pa +1 — [a;i—1]

The proof is done.
(ii) Case 2: k = 1. By Definition 2.2, Lemma 2.4, and using the Holder inequality, we have

f(a) +f(b) Mo +1)
2(b—a)

b— — 2P 177 ! ¥ mg-maqt® %
- 2la(lpa2+1> [/0 lf’(“)V v/(b)’ q-mq dt]

(b - a)[f/(b)|”’ 1-27%\»
24 (pa+1> '

(RS (D) + Ty f(ﬂ)]‘

The proof is done. 0

4 The second main results

In this section, we apply a fractional integral identity to derive some new Hermite-
Hadamard type inequalities for twice differentiable (o, m)-logarithmically convex func-
tions.

We need the following result.

Lemma 4.1 (see [15]) Let f : [a,b] — R be a twice differentiable mapping on (a,b) with
a<mb <b.Iff" € L\[a,b), then the following equality for fractional integrals holds:

f@)+f(mb)  T(x+1)
2 - 2mb - a)®

(mb _ (,1)2 1 1-— (1 _ t)a+1 _porl .
= 1-
5 /0 1 -f (ta + m( t)b) dt

(RIS S (mb) + riJy,-f(a)]

Now we are ready to present the main results in this section.
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Theorem 4.2 Let f : [0,b] — R be a differentiable mapping. If |f”| is measurable and
(o0, m)-logarithmically convex on [a, b] for some fixed o € (0,1], 0 < a < mb < b, then the
following inequality for fractional integrals holds:

f(@) +f(mb)  T(ax+1)

(%S (mb) + ri )y, f(@)]| < I,

2 ~ 2(mb - a)”
where
<h:mmmgf&?ﬁw—n§?OmunWﬁ2;iTV“”W1 fork 41,
P —za(z[f’l()b)l’” (1 = +2p+ 1)’1’ fork=1
and k = Lo

Proof (i) Case 1: k # 1. By Definition 2.2, Lemma 2.3 and Lemma 2.5, we have

’f(a) +f(mb)  T(x+1) [RJCf () + ri]%,-f(@)]

2 " 2(mb - a)®
2 1 a+l +1
< (sz_ %) /0 1-d _at)+ 1 it [f”(m +m(l - t)b) | dt

(mb _ a)z 1 1-— (1 _ t)a+1 _ ta+1

= [ el e

( b- )2 //(b)|m - _ po a+177.%
gﬂﬁgﬁ—/[Q 1) _ R g

(mb - a2l B2 -1) ' .
= 2a+1(a+1) / k- dt

2 // m o
<(mb a)’|f (2 1)/ e gy

- 2‘“101(0: +1)
(Wlb —d)zlf//(b)|m(2a )z 1
= 2o+l (o + 1) Z

i=1 oz )i

_ If"(a)|(mb — a)?(2% — 1) i (mIn|f"(b)| - In|f"(a)]) a
- 29y (or + 1) [a;i—1]

i=1

_ "@Imb - a)*2* ~1) i (maIn|f"(b)| - eln |f" (@)
- 20+ (o + 1) [o;i—1]

i=1

The proof is done.
(ii) Case 2: k = 1. By Definition 2.2, Lemma 2.3, we have

‘f(a) +f(mb)  T(x+1) (RS S (mb) + riJ Sy f ()]

"~ 2(mb - a)®

(}’}’Zl’) _ 6{)2 (1 _ t)ot+l _ ta+l

! 1- , % m—-mt%
< A @ ) ar
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(Wlb - a)Zlf//(b”m ! —a a+l a+l
SW/O[I_(Z — ) — ) dt

_ (mb —a)’|f"(b)|"(2% - 1)
- 20+l (or + 1)

The proof is done. O

Theorem 4.3 Let f : [0,b] — R be a differentiable mapping and 1 < q < co. If |[f"|? is mea-
surable and (o, m)-logarithmically convex on [a, b] for some fixed o € (0,1], 0 <a <mb <
b, then the following inequality for fractional integrals holds:

b r 1
f(a) + 2f(m ) . niz ' a))a o (mb) + r)y f@)]| = o
where
=@ @) ;1\ mgatn | ®)] - qan @) ]
Ik_W(l_ﬁ> |:; [Ol;i—l] j| fork;ll,

1
bh— 2 (b 1 »
A MOy PR LS
2 +1) ope
_ @1 1,1
and k= grgypm> 5+ 3 =1

Proof (i) Case 1: k # 1. By Definition 2.2, Lemma 2.3, Lemma 2.5, and using the Holder
inequality, we have

b
If(a) +2f(m - 2(232 t it))a (RS f (mb) + riTy-f (@)

I (ta + m(1-t)b)|dt

- (Wlb _ﬂ)2 /1 1-— (1 _ t)ct+l _ toz+l
= 9 o

oa+1

1

= %(/01(1— - —t‘“l)pdt>% (/01V”(ta +m(1—t)19)|‘1,;1t>a
e o ([ 2)

b PTON (Y ([ )
<W(1_L)'l’(°° %)

T 2+ Dad we ) \ & ()

- (mb - a)?|f"(a)| (1 ~ L)é |: >, (mqIn|f'(b)| — qIn [f’(a)l)i‘loz"i| q

]

[

= 1 >
2o + 14 2r i=1 lo;i—1]

< b VL, i)% = (mgarIn | (5) - garIn |f @)1 |
= 2(c +1) 20 la;i—1] ’

™

i=1
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where we use the following inequality:

(1 _ (1 _ t)a+1 _ ta+l)P <1- [(1 _ t)a+1 + tot+l]P
< 1-— (2—0{)[J
1

opa’

The proof is done.
(ii) Case 2: k = 1. By Definition 2.2, Lemma 2.3, and using the Holder inequality, we have

If((,z) +éf(Wlb) 3 F(O{ + 1) [RL]Z*f(mb) + RL]f,t,b—f(ﬂ)]

2(mb — a)*
(mb _ a)z 1 1- (1 _ t)a+1 _ ta+1 .
< 5 /(; ) I (ta + m(1-t)b)|dt

(Mb_a)z ! o+l a+1\? r ! 17 q %
fm(/o (1-@-pt -t )dt) (/OLf(m+m(1_t)b)| dt)

(mb — a)z 1 117 1 . qt“ , mqimqta %
Sm(l‘ﬁ) (/OV(a)I If" ()| dt)

_ (mb—aPlf" )" (1_L>z‘(
- 2(ax +1) 2p

The proof is done. O
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