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Abstract

The Harary index is defined as the sum of reciprocals of distances between all pairs of
vertices of a connected graph. In this paper, expressions for the Harary indices of the
join, corona product, Cartesian product, composition and disjunction of graphs are
derived and the indices for some well-known graphs are evaluated. In derivations
some terms appear which are similar to the Harary index and we name them the
second and third Harary index.
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1 Introduction and preliminaries

Throughout this paper we consider simple connected graphs without loops and multiple
edges. Suppose that G is a graph with vertex set V(G) = {vy,vs,...,v,} and edge set E(G).
The distance between the vertices v; and v; of V(G) is denoted by dg(v;, v;) and it is defined
as the number of edges in a minimal path connecting the vertices v; and v;. The Harary
index is one of very much studied topological indices and is defined as follows [1, 2]:

1
HG= ) oy

V,',V/'GV(G),iafj

where the summation goes over all unordered pairs of vertices of G. Mathematical prop-
erties and applications of H are reported in [3—11]. We now propose two more members
of the class of Harary indices, the second Harary index and the third Harary index, which
are as follows:

1
e - Y L
Vv eV(G)idi dg(vivj) +1

and

H@ = Y -

Vi eV(G)iZi dg(vi,vj) +2

where the summation goes over all unordered pairs of the vertices of G. The Wiener index
of G is defined as [12]

W = W(G) = E dg(Vi, V]‘).
{vivj}cV
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If we denote by d(G, k) the number of vertex pairs of G, the distance of which is equal to

k, then the Wiener index of G can be expressed as

W(G) =) kd(G,k).
k>1

The maximum value of k, for which d(G, k) is non-zero, is the diameter of the graph G,
and it will be denoted by D(G). The Wiener index is of certain importance in chemistry
[13]. It is one of the oldest and most thoroughly studied graph-based molecular structure-
descriptors (the so-called topological indices) [12—14]. Numerous chemical applications
of it have been reported (see, for instance, [15, 16]), and its mathematical properties are
reasonably well understood [17-20]. The degree of v; € V(G), denoted by dg(v;), is the
number of vertices in G adjacent to v;. For other undefined notations and terminology
from graph theory, the readers are referred to [21].

In [22], Khalifeh et al. computed some exact formulae for the hyper-Wiener index of
the join, Cartesian product, composition, disjunction and symmetric difference of graphs.
Some more properties and applications of graph products can be seen in the classical book
[23].

The paper is organized as follows. In Section 2, we obtain lower and upper bounds on the
Harary index of graphs. In Section 3, we give some exact expressions for the Harary index
of various graph operations, such as join, corona product, Cartesian product, composition,

disjunction, etc. Moreover, computations are done for some well-known graphs.

2 Bounds on the Harary index
We define

1

e Gz 4G ) + ¢

H,(G) =

where ¢ is any non-negative real number. In this section we obtain lower and upper bounds
on H,(G) of the graph G. From that we can find lower and upper bounds on the Harary
index of graphs. These results are useful in the next section. We begin with the following

lower and upper bounds on H;(G).

Theorem 1 Let G (2 K|g)) be a connected graph of order |G|, |G| edges and diameter

D(G). Then
G IGIUGIED _ 112
@z 18, O —IGh 0
t+1 W(G)+ FER - e+ DG
with equality holding if and only if G is isomorphic to a graph of diameter 2. Moreover,
Gl(G]-1) IGI(IG|-1) D(G)
G < 161, T IGDR s (B2 - 161 -1 x B + i),
T+l 2W(G) + FEFR e~ + |G

with equality holding if and only if G is isomorphic to a graph of diameter 2.
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Proof For (u;,ux) # (wj,ue), i Zk, j # £, 2 < dg(ui, ux) < D(G), 2 < dg(uj, ue) < D(G), we
have

2 < de(u,u) +t  de(ujug) +t < D(G) +t s t+2 ' 3)
deuj,ue) +t  de(ui, ur) +t t+2 D(G) +t
From the definition of the Wiener index, we have
WG = Y delu,um).
u;uReV(G),izk
Using the above, we get
G|(|G| -1
3 (dotuse) +0) = wi@) + NIV sy, (@)
ui,ukeV(G),i;/k,dg(ui,uk)22
Now,
) (doluss ) + 1) ) S
; ; d(;(lztl', Ltk) +1
wj,up€V(G),izk,dg(usur)>2 ujureV(G),i#k.dg(u;ur)>2
IGI(IG| - 1)
= (f - 1G]
.\ Z (ZGEML’; uk; +§ .\ Z’GEM;, W; + i) 5)
(i) # () ik j 74,46 (i) 2 2,dG () ug) 22 G\ te) G\i, Uk) +
Using (3) in the above, we get
3 (de(u 1) + 1) 3 S —
; ; de(ui, ug) + t
uj,u€V(G)izk,dg(u;ur)>2 uj,ureV(G),itk,dg(uiue)>2
IGI(IG| -1) IGI(IG| -1) IGI(1G| - 1)
>|———-IGl)+| ——— -Gl ){ ——=—-1GlI-1) by(@3)
2 2 2
IGI(IG| - 1) ?
= (f -Gl (6)
and
3 (da(u ) + 1) 3 S —
; : dg(ui, Mk) +t
upur eV (G),itk,dg(upur)>2 u;ug € V(G),izk,dg (ujur)>2
(1GI-1) IGI(1G]-1)
1GI(1G| - 1) (GIZD g2 — Gl - 1)
S\————-lGl)+ . 2
2 2
D(G) +¢t t+2
by (3). 7
( t+2 +D(G)+t) ¥ 3 @
Now,

1
H@G)= Y ——
Uit V(G ik da i, uy) +¢

_G 1
- I|f| ! * Z ﬁ
+ uj,ur€V(G),itk,dg(uur)>2 c\Uj Ui) +
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Using (4), (6) and (7) in the above, we get the lower bound in (1) and upper bound in (2)
on H,(G) of the graph G.

Now suppose that the equality holds in (1) and (2). Then all inequalities in the above
argument must be equalities. For the lower bound, we must have

dg(ui,ur) =2 for any pair of vertices (u;, ux) in V(G).
For the upper bound, we must have
dg(u;, ug) =2 =D(G) for any pair of vertices (u;, ux) in V(G).

Thus G is isomorphic to a graph of diameter 2.
Conversely, one can see easily that both equalities hold in (1) and (2) for graphs of di-
ameter 2. O

Corollary 1 Let G (2 K|g|) be a connected graph of order |G|, ||G|| edges and diameter
D(G). Then

16l ({SEED G2
2 W@ - 206 + 9D

H\(G) >

with equality holding if and only if G is isomorphic to a graph of diameter 2. Moreover,

1 -
? 201+ D —2)Gl)

with equality holding if and only if G is isomorphic to a graph of diameter 2.

Proof Putting t =1 in (1) and (2), we get the required result. By Theorem 1, we have that
both equalities hold if and only if G is isomorphic to a graph of diameter 2. d

Corollary 2 Let G (22 K|g)) be a connected graph of order |G|, ||G|| edges and diameter
D(G). Then

IGI (IEISED _ Gy
3 " W(G) -3|G| +IGI(GI-1)

Hy(G) >

with equality holding if and only if G is isomorphic to a graph of diameter 2. Moreover,

Gl (‘G‘“# IGI[2 + (“CUZD — |Gl - 1) x (92 + 5d5)]

2(W(GQ) +lGl(IGl-1) - 3lGll)

Hy(G) <

with equality holding if and only if G is isomorphic to a graph of diameter 2.

Proof Putting ¢ = 2 in (1) and (2), we get the required result. By Theorem 1, we have that
both equalities hold if and only if G is isomorphic to a graph of diameter 2. O

From the above Theorem 1, we get the lower and upper bounds on the Harary index of
graphs.
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Theorem 2 Let G (2 K\g|) be a connected graph of order |G|, ||G|| edges and diameter
D(G). Then

( \G\(|2G|*1) _ ”G”)Z

G G
HO) 21161+ —2 ==

with equality holding if and only if G is isomorphic to a graph of diameter 2. Moreover,

(1GUGD G2 + (IS0 G —1) x (22 4 2]
HG) <G
G) <G+ 2(W(G) - IGll)

with equality holding if and only if G is isomorphic to a graph of diameter 2.

Proof Putting ¢ = 0 in (1) and (2), we get the required result. By Theorem 1, we have that
both equalities hold if and only if G is isomorphic to a graph of diameter 2. d

3 Harary index of graph operations
In this section, some exact formulae for the Harary index of some graph operations are
presented.

Let G; and G, be two graphs with |G;| and |Ga| vertices, and ||G;| and ||G;|| edges,
respectively. The join G; V G; of graphs G; and G, with disjoint vertex sets V(G;) and
V(G;), and edge sets E(G;) and E(G,) is the graph union G; U G, together with all the
edges joining V(G,) and V(G,). Thus, for example, K, V K,; = K, ;, the complete bipartite
graph.

Theorem 3 Let G, and G, be two graphs. Then
1 1
H(G1V Gy) = 5(|Gl||G2| +Gull + G2 ) + Z(|Gl| +Ga])(1G1] + |Ga| - 1).

Proof By the definition of the Harary index, we have

1
H(Gl \ GZ) = Z m
u[,VjEV(Gl\/Gz),ui#V/ G1VG Wi Vj

:Z;+Zl

d U;, v; d U;,v;
u;,v;€V(G1),u;#vj 616, (i /) u;,v;€V(Ga)ui#vj 616, (i /)

DD I

u;€V(Gy) vj eV(Gy)

G| —dg, (u;) -
:% > )<del(ui)+%>

Gl VvGy (uzr V])

u,'EV(G1
|G2| —dg,(v) -1
> (dGz(Vj) + +} +1G1]1Go|
VI‘GV(Gz)
0 ifu;=v,

as dGl\/Gz 77 Vj) =11 if uvj € E(G1V Gy),

2 otherwise
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1 1
= 5(|Gl||GZ| + Gl + 1Gall) + Z(|Gll +1Ga|)(IG1] + |G, | - 1)
as Y dg(w)=2Glland Y dg,(v)=2|Gall.
w;eV(Gy) v;eV(Ga) U

For two cycles C,, and C,, we have the following.

Example 1

1 1
H(Cm\/Cn):E(mn+m+n)+1(m+n)(m+n—1)
2 2 1
= —(m* +n’) + mn+ —(m+ n).
4 4

The corona product G; o G, of two graphs G; and G, is defined to be the graph I" ob-
tained by taking one copy of G; (which has |G;| vertices) and |G| copies of Gy, and then
joining the ith vertex of G; to every vertex in the ith copy of G5, i=1,2,...,|Gy|. Let G; =
(V,E) and G, = (V, E) be two graphs such that V(G1) = {u1, ua,..., up, }, p1 = |1G1l, [E(G1)| =
IGill and V(G2) = {v1,V2,..., Vpy 1, P2 = |Gal, IE(G2)| = | G2 ||. Then it follows from the defi-
nition of the corona that G; o G; has |G;|(1 + |G, |) vertices and ||G1 ]| + |G1|||G2 || + |G1]|G2|
edges, where

V(GioGy) = {(ui,v)),i=1,2,...,|G1;j=0,1,2...,|Gs|} and
E(Gy 0 Gy) = { ((us, vo), (s, v0)), (i i) € E(Gy) }
U (s v)), (i ve)), (v, ve) € E(Ga),i = 1,2,..., ]Gy |}
U{((i,v0), (i v0)), £ = 1,2,...,1Gal,i=1,2,..., |Gyl }.

It is clear that if G, is connected, then G; o G, is connected, and in general G; o G, is not
isomorphic to G o Gj.

Theorem 4 The Harary index of the corona product is computed as follows:
) 1 1
H(G) 0 Gy) = H(G)) + |G2|[H1(G1) + |Ga|"H2(Gy) + Z(|G2| +3)|G1||Ga| + §|G1|||G2||,

where H1(Gy) = Y and Hy(G1) =) 1

1
st €V(G1)uiFug dg, (uj,up)+1 ujsu€V(GL)uiFug dg (uiup)+2"

Proof Note that

1
Hi(Gy) = E ——— fork=1,2.
u;,ui €V (G1),ui7u; dGl (24 Mj) +k

By the definition of the Harary index, we have

H(G1oG)y) = > .

dec oa, (U, vi), (U, v
(119,15, v) €V (GLoG),uyv) Augove) O 62 ((#4rv)), (v, v0))

_ 3 !

(42,0 )14gv0) €V (G10Ga )itk dG]oGz ((uix VO): (Mk, VO))
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. 3 !

(1,v0), (g0 )€V (G10Ga) L0 dGloGz ((ui: VO): (I/lk, VZ))

. 3 !

dg,ec, (145, v;), (tg, v
(i) g v € V(GLoG), ut ) Ao v 707 1 62 (i), (o v2)

. 1

de (u;,u
uiu€V(Gy),izk Gn (2t i)

N » 1

(,v0), (i) €V (GL0G), €50 dGloGz ((ui’ 1/0)7 (ui; Vﬁ))

+ 3 !

o)V GroGa)er0,igk G106 (Whis Vo), (145, v2)

N 3 !

(ui,Vj),(ui,V[)EV(GloGz),O#j#K#O dGloGz ((ui’ Vj): (ui’ VK))

. 3 !

s V@t rose sk LG (1), (i i)

“HG)+ Y Gl Y Y !

de, (ui, ) +1

u;eV(Gy) VIEV(Gz) upureV(Gy),itk
1 ¢l
Yy Z[d@(v,n (1Gal - dcz(v,»)—l)]
uLGVGl) =

'Y ¥ Gal

vieV(Gy) uj,ureV(Gy )itk dGl (Mi’ Mk) +2
1
CHGY+ GG+ 1G] Y
uiur€V(Gy)igk dGl (ui; uk) +1

|Ga|

1 1
+21GiI1Y (1G] +de, () 1) +1Go* Y

j=1 uiu €V(Gy),izk

= H(G)) + |G2|Hy(G)) + |G2|*H2(Gy)

1 1
+ Z(IGzl +3)1G1||Ga| + 51GillIG .

Theorem 5 Let Gy (22 K|,|) and G, be two connected graphs with diameter of G, D(G;).
Then the lower and upper bounds on the Harary index of the corona product are as follows:

H(G1 o Gz)

- |: 1 . |G|
TLWG) -G W(G) - 2IIGy | + Sl

|G, [? ]
W(G1) - 3l1Gi]l +1Gil(1Gil - 1)

Gi(1Gy| -1 2 G G,
X(| 111Gyl )—||G1||) +”GIH<I+Q+| 2|>
2 2 3

1 1
+ Z(IGzl +3)|G1]|Ga| + 5 1GillG|

dGl (ui) uk) +2

Page 7 of 16
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with equality holding if and only if G, is isomorphic to a graph of diameter 2. Moreover,
H(G10G)

<|G1|(|G1| D e Il) [2 (SIS G,y 1y | 2
_— — X
2 ' 2(W(G)) - IGL])
|Go (2 + (SSHIZUD — Gy | - )PP + 5250

2AW(G)) - 2(|Gy|| + G1UIGIED)

<

7 D(G)+2
2(W(Gy) = 311Gil +1G1[(1G1| - 1))

|Ga* @+ (CUER — Gy - DY + 5 ))}

Ga| 1Gof?
— 4
3

1 1
+||G1||<1+ )+Z(|G2|+3)|G1||G2|+§|G1|||G2||

with equality holding if and only if G, is isomorphic to a graph of diameter 2.

Proof Using Corollaries 1 and 2 with Theorem 2, from Theorem 4, we get the lower and
upper bounds on the Harary index of the corona product. Moreover, the equality holds if
and only if G; is isomorphic to a graph of diameter 2. O

Given a graph G with vertex set V = {v1,vy,...,1,}, the thorn graph G(py, p2, . .., py) first
introduced by Gutman [24], is a graph obtained by attaching p; pendent vertices to vertex
v; for i = 1,2,...,n. In particular, if p; = po = --- = p, = p, we denote by G® the thorn
graph G(p1,p2,...,py) for short. Recall the definition of the corona product, the graph
G ~Go K, where K,, denotes the complement of a complete graph K),. Therefore, for a
connected graph G of order 1, we have the following.

Example 2
_ 1
H(GY) = H(G o K,) = H(G) + pH(G) + p*H»(G)) + Z(p +3)np.

The Cartesian product G; X G, of graphs G; and G, has the vertex set V(G; x Gj) =
V(G1) x V(G,) and (u;, vj)(ux, ve) is an edge of Gi x Gy if u; = ux and vjv, € E(Gy), or
uui € E(G1) and v; = v.

Theorem 6 Let Gy and G, be two connected graphs with diameter D(G,) of the graph G,.
Then

|G1|H(Ga) + |Ga|H(Gy) + |Ga|(1Ga| - 1)Hp(Gh)

<H(G) x Gy)
< |GiH(Gy) + |G2|H(GY) + |G2|(IG2| - 1)Hy(Gy), 8)
where
HD(GI) = Z 1 and

wiur €V(Gy)idk dGl (uil uk) + D(G2)

H(Gy) = Z !

oGk 461 (o ) + 1

Page 8 of 16
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Moreover, both sides of the equality hold in (8) if and only if G, is isomorphic to a complete
graph of order |G;|.

Proof By the definition of the Harary index, we have

1

dGl x Gy (U V;‘), (4, ve))

H(Gy x Gy) = >

(u3)), (g, ve) €V (G1 X Go), (i, vy) A(uag,ve)

_ 3 !

dg, (ui, uy) +dg, (v, v
(1)), g0 )€V (Gr X G, i=k 0 & (i, ) + d, (v, vi)

N 3 1

dg (u;, ux) +dg, (vi,v
(19, 15,7 € V(Gr X Ga ihyj=t 61 (i i) + g, (v, ve)

v ) 1

s v VG x e 4 (Wi 1) + Ay (v, ve)

DD D

Vi, V.
u;€V(G1) vj,ve €V(Ga),j#L Gz( 7 l)

DM S

de (up,u
i €V (Gr),izk vieV(Ga) AR

Y Y

dg (u, ux) +dg, (v, v,
ik €V(G)iAk vy €V (Ga) it 61 (145 140) + i, (v, vi)

as dg, (u;, u;) = 0 and dg, (vj, v)) =

< |G1IH(Go) + |G2|H(G1)

+zzl

)2V (G) e (Gy) L6 (i 1) + 1
as dGz (Vj’ VZ) > 17] #E
= |GIIH(G)) + |Ga2[H(GY) + |G| (1G2| - 1) Hi(Gy), )

where H(G;) is given in the statement of the theorem. Since dg, (v}, v¢) < D(G,), similarly,
we get

H(G; x Gy) = |G1|H(Gy) + |G2|H(G))
1
> 2 do, (uy,ux) + D(Gy)

(ujug)€V(G1) (vj,v)€V(Gy

= |GIIH(G)) + |G2[H(G)) + 1G2|(1G2| - 1)Hp(Gy),

where Hp(G) is given in the statement of the theorem. The first part of the proof is over.
Suppose that both sides of the equality hold in (8). Then we must have dg, (v;,v¢) = 1,
v; # vy, for all vj, vy € V(Gy) or dg, (vj, ve) = D(Ga), v; # vy, for all vj, v, € V(Gs). Hence Gs
is isomorphic to a complete graph of order |G,]|.
Conversely, one can see easily that (8) holds for G,, a complete graph of order |G,|. This
completes the proof. O
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Theorem 7 Let Gy (¥ Kig,|) and Gy (% Kig,|) be two connected graphs with diameter
D(G,) of the graph Gy and D(G,) of the graph G,. Then

G211l - DIGil ({2l G, )26y
D(Gy) +1 W(G,) - |G|

+[ Gl 1G21(1Ga| ~1) }
W(G) -Gl W(G) + [CUGED D(G,) - (D(G,) + D)1 Gyll

Gil(1G1| - 2
x(l 1|(|21| 1)—||G1||>-

H(Gy x G2) > |Gi][|Ga | + |G| Gyl +

Moreover,

1G2|(1G2| = DI Gl
2

|G| (82UGD _ Gy )2 + (12D _ Gy ) x (RG24 2]
2(W(Gy) - 11Gall)
|:|G2|(2 + (\61\(I261\—1) _ ”Gl” _ 1)(D(G1) " 2 ))
+

H(G1 x G2) < |Gi][ G2l + G2 Gl +

+

2 D(GY)
2(W(Gy) - IG1ID)

1G11(1G, | = 1)(2 + (GG Gy — 1) (260 5 ))]
+

3 D(Gy)+1
2W(Gy) + A=) —2)Gy )

o (|G1|(|(2;1| -1) ||G1||>.

Proof Using Theorems 1 and 2 with Corollary 1 in Theorem 6, we get the lower and up-
per bounds on the Cartesian product G; x G, of the graphs G; and G,. Moreover, both
inequalities are strict as G; 2 K|g,|, G2 2 K|g,| and by Theorem 6. O

Theorem 8 Let Gy and G, be two connected graphs with diameter D(G) of the graph G;.
Then

|G1IH(G2) + |G2|H(Gy) + |Gi|(IG1] - 1) Hp(Ga)

<H(G) x Gy)
< |GIIH(Gy) + |G2|H(Gy) + |G1|(|G1| - 1) Hi(Ga), (10)
where
1
HD(Gz) = Z and

Vj:VZEV(Gz),j#Z dGz (Vj; V@) + D(Gl)

HG)= Y !

v Ye v +1

Moreover, both sides of the equality hold in (10) if and only if G, is isomorphic to a complete
graph of order |G |.

Page 10 of 16
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Proof Sincel < dg, (u;, ux) < D(Gh), i # k, from (9) we get the required result in (10). More-
over, both sides of the equality hold in (10) if and only if G; is isomorphic to a complete
graph of order |G;|. g

Theorem 9 Let Gy (2 K|g,)) and Gy (% Kig,|) be two connected graphs with diameter
D(G,) of the graph Gy and D(G,) of the graph G,. Then

1G11(|G1| - 1)[|Ga|
H
(G x Go) > GG +|Gol Gl + =5 e
([SIGID _ G, )2|G, |
W(G) - |Gl
G E T
. + G2(1Gal-D)
WG - 1Gal * W(Gs) + CUSED DGy — (D(Gr) + DGl

_ 2
. <|Gz|(|cz;z| 1) _”G2”> '

Moreover,

1G1(IG1] = DI Gall
2

Gol (UG _ Gy )[2 + (SULD — Gy ) x (22 + 2]
2(W(G) - 1G1])
. [|G1|(2+ (CUDED Gy - 1)(2E2 + 525))
2(W(G2) - G2 )
1GI(1G1| - 1)(2 + (22D G, || - 1)(2G24 3 )):|
N 3

H(Gy x G2) < |GGzl + G2l Gy || +

+

3 T DGyl
2AW(G,) + (22D 916G, )

G, |(|Go| -1
x(' 2|(|22| )—||G2||>.

Proof Using Theorems 1 and 2 with Corollary 1 in Theorem 8, we get the lower and upper
bound on the Cartesian product G; x G, of graphs G; and G,. Moreover, both inequalities
are strict as Gy % K|g,|, G2 2 K|g,| and by Theorem 8. O

Corollary 3 Let G be a connected graph of order |G|. Then
H(G x K3) =2H(G) + |G| + 2H1(G),

= 1
where H,(G) = ZVi’VieV(G)M PROAE
Proof Choosing G; = G and G, = K, in Theorem 6, this theorem follows immediately.
O

The lattice graph L, , (see [25]) isjust P, x K. It is well known that [2] H(P,) = n Z”fl i_

i=1
n + 1. So, we have the following example.

Page 11 of 16
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Example 3
n-1 1
H(Lyy) = 2H(P,) + 1+ 2Hy (Py) =21 )~ = 2n+2 + 1+ 2H (P,)
l
i=1

n-1

=4nZ%+n+6.

i=3

The composition (also called lexicographic product [26]) G = G1[Ga] of graphs G; and
G, with disjoint vertex sets V(G;) and V(G,) and edge sets E(G;) and E(G,) is the graph
with vertex set V(G1) x V(G,) and (u;, ;) is adjacent with (i, v¢) whenever u; is adjacent

with uy, or u; = uy and v; is adjacent with v,.

Theorem 10 Let Gy and G, be two connected graphs. Then
1 1 )
H(Gi[G,)) = ZIG1||G2|(IG2I -1)+ E|Gl|”G2” +|G2|"H(Gy).

Proof By the definition of the Harary index, we have

H(G\[G,]) = > !

) VG TG ) “61162) (B, (2 V)

_ 3 !

eV GriGaDze 4611621 (07, (i ve))

. » !

(u,-,v,-),(uk,vl)eV(Gl[Gz]),i#k dGl [G2] ((ui, Vj)’ (le, VZ))

IGz\

Z Z[dGz vj) + |G2| dg, (v)) —1)}

u;eV( Gl) =

N Z Z |Ga|

dg,(uy,u
VjEV(Gz)ul‘,ukEV(Gl),i#k Gl( v k)

0 if V/ =Vy,
as dGl[Gz]((ui; V), (ui,Ve)) =11 ifvyy, € E(Gy),

2 otherwise

G S (Gl 4 o) - 1) + 16 T :
= — 2| + Gy V]‘ — + 2 7

4 =1 Ui g €V(G), itk dg, (i, 1)

1 1 ,
:E|G1||G2|(|G2|—1)+§|G1|||G2||+|G2| H(Gy). O

The double graph of a given graph G, denoted by G®, is constructed by making two
copies of G (including the initial edge set of each), denoted by G; and G,, and adding edges
u1vo and uyv; for every edge uv of G. From the definition of composition, we conclude that
G® = G[K,] for any connected graph G. Therefore the following corollary can be easily
obtained.
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Corollary 4 Let G be a connected graph. Then

H(G[K3]) = @ +4H(G).

For a complete graph K, we find that K is a graph obtained by deleting a perfect match-
ing from the complete graph K5, which is just the well-known cocktail party graph (see
[27]).

Example 4

3
H(K) = 5+ 4H(,) =20 - 2.

The disjunction G; ® G, of graphs G; and Gj is the graph with vertex set V(G;) x V(Ga)
and (u;,v;) is adjacent with (i, v¢) whenever u;uy € E(G) or vjv, € E(Gy).

Theorem 11 Let Gy and G, be two connected graphs. Then
1 1 9 2
H(G ®Gy) = E|G1||G2|(|G1||G2| -1)+ 5(||G1|||G2| +1G211G1?) = 1GullI Ga -
Proof In [22], it has been proved that

0 wui=wuandv;=v,
dc 06, ((Mh v)), (ur, V/z)) =11 wu € E(G) or vjvy € E(H), (11)

2 otherwise.

Moreover, it has been showed that

|{V € V(Gl ® GZ)ldG1®G2 ((ui) Vj); V) = 1”
=dg, (u)|Ga| + dg,(v))|G1| - dg, (u)dg, (v)). (12)
By the definition of the Harary index, we have

1

dG1®G2 ((uil Vj)! (Mk, Vl))

H(G1 ® G,) = >

(ui)) (e, ve) €V(G1®G2)y(uiv)) #uugve)

= % Z |:dGl®G2 ((wirvy)) + %(|G1||G2| —dee6, (i v) - 1)]

(uiv))eV(G1®G2)

by (11)

1
= E|Gl||G2|<|Gl||G2| -1)

1
*a Z (de, (u)|Gal + dg, (v)|Gi| - dg, (u))dg, (v})) by (12)
(ui,v))€V(G10G2)
1

= Z|G1||G2|(|G1||G2| -1)

Page 13 0of 16
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+£ Z Z (d, (u)|Ga| + dg, (v))|G1| - dg, (ui)d, (v)))

uieV(Gl) VjEV(Gz)
1 1 9 9
= Z|G1I|G2|(|G1IIG2|—1)+§(||G1|||G2| +1G201Gi?) = 1Gi 11 Gall. O

The construction of the extended double cover was introduced by Alon [28] in 1986.
For a simple graph G with vertex set V' = {vi,vs,...,v,}, the extended double cover of G,
denoted by G*, is the bipartite graph with bipartition (X;Y) where X = {x,5,...,%,} and
Y = {y1,¥2,...,¥n}, in which x; and y; are adjacent if and only if i = j or v; and v; are adjacent
in G. Note that for a graph G, G* = G ® K. So, the corollary below follows immediately.

Corollary 5 Let G be a connected graph of order n. Then
1 1 )
HG®K;) = En(2n -1+ §(4||G|| +n*) -Gl
For a complete graph K,,, by the definition listed above, we find that K, ® K3 is just K, ,,.

Example 5
1 1 5 5
H(K, ® Ky) = 571(2}1 -1+ 5(4||1<n|| +n%) = |Kyll = 2n° — .

Let G = (V, E) be a connected graph of |G| vertices with || G|| edges. If we put two similar
graphs G side by side, and any vertex of the first graph G is connected by edges with those
vertices which are adjacent to the corresponding vertex of the second graph G and the
resultant graph is denoted by K; & G, then we have |K; W G| = 2|G| and || K; W G| = |G| +
|G|l +2||G|| = 4]|G||. Moreover, K; & G is the graph of K; and G with the vertex set V (K, x
G) = V(K3) x V(G) and (u;, v;)(uk, ve) is an edge of Ky x G whenever (u; = ux and v; is
adjacent with v¢) or (#; # ux and v; is adjacent with v,).

Theorem 12 Let G be a connected graph. Then

G
H(K, W G) = 4H(G) + %

Proof By the definition of the Harary index, we have

1
H(K, W G) = >
(o5 )V oG vy 206 (Bir Vi (W V)

_ 3 ’ 1

(oo )V (Kp9G) e dicywc (i vy), (ui, ve))

N 3 !

(ul',V/),(uk,Vg)EV(KzlﬂG),i#k dKzL*JG((ui; Vj)! (ukl VZ))

DIDS %+ZB+ > )

dc(v;,v
€Ky vivy eV (G),ji# AL veV(G) veeV(G),t

1 1
=2 Z dG(Vp V(f) Z Z

dc(vi,v
Ve V(G),ji#e veV(G) vpeV(G)L# a(vjve)
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G
=4H(G)+%

1 1 1
as H(G) = Z WZEZ Z -

v eV(G)LH V(G vV GLE dg(vj, ve) O

Let G = (V, E) be a connected graph of |G| vertices with || G|| edges. If we put two similar
graphs G side by side, and any vertex of the first graph G is connected by edges with those
vertices which are nonadjacent to the corresponding vertex (including the corresponding
vertex itself) of the second graph G and the resultant graph is denoted by K; U G, then we
have |K; U G| = 2|G| and ||K; U G|| = |G| + |G| + |G|* = 2||G|| = |G|>. Moreover, K, LI G
is the graph of K3 and G with the vertex set V(K; U G) = V(K3) x V(G) and (u;, v;)(ax, ve)
is an edge of Ky x G whenever (u; = ux and v; is adjacent with v;) or (u; # ux and v; is
nonadjacent with v;).

Theorem 13 Let G be a connected graph of order |G|. Then

GIBIGI-1)

H(K,UG) = 5

Proof In K, UG, for each vertex (u;, v;), there are dg(v;) + |G| —1—dg(v;) +1 = |G| neighbors,
and dg(vj) + n—1-dg(v)) = |G| —1 vertices with the distance 2 from itself. By the definition
of the Harary index, we have

1
H(K, UG) = >
(o )V Go) ) g vy 26 (Wi V), (i ve))

1 2|G| - diyuc(uipvy) — 1
Z E Z (dKzuG(Mi;Vj) + zuz / )

€Ky vieG

1 G- 1
> 531+ 957)
ui€Ky — vjeG

_1GIBIGI - 1)
=
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