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1 Introduction
The fixed point theory in Banach spaces plays an important role and is useful in mathe-
matics. It can be applied for solving various problems, for instance, variational inequalities,
optimization and approximation theory. The common fixed point theorems for mappings
satisfying certain contractive conditions have been continually studied for a decade (see
[1-7] and references contained therein). Bernfeld et al. [8] proved the existence of PPF
(past, present and future) dependent fixed points in the Razumikhin class of functions for
mappings that have different domains and ranges. Recently, Dhage [9] extended the exis-
tence of PPF dependent fixed points to PPF common dependent fixed points for mappings
satisfying the weaker contractive conditions. In this paper, the PPF dependent fixed point
theorems and the PPF dependent coincidence points for a pair of mappings are proven in
terms of more general contractive conditions in Banach spaces.

Suppose that E is a Banach space with the norm || - ||z and I is a closed interval [a, b]
in R. Let Eg = C(I, E) be the set of all continuous E-valued functions on I equipped with
the supremum norm || - ||, defined by

I}z, = stu?||¢(t) I 1.1)

for all ¢ € Ey. For a fixed element ¢ € I, the Razumikhin class of functions in Ej is defined
by

Re={p € Eo: l9llz, = ¢} (1.2)

Recall that a point ¢ € Ej is said to be a PPF dependent fixed point or a fixed point with
PPF dependence of T : Ey — E if T¢ = ¢(c) for some c € I.
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Definition 1.1 Let A be a subset of E. Then:
(i) A is said to be topologically closed with respect to the norm topology if for each
sequence {x,} in A with x, — x as n — oo implies x € A.
(i) A is said to be algebraically closed with respect to the difference if x — y € A for all
x,y€A.

Definition 1.2 Let S, T : Ey — E be two mappings. A point ¢ € E; is said to be a PPF
dependent common fixed point or a common fixed point with PPF dependence of S and
T if S¢ = ¢p(c) = T¢p for some c € I.

Recently, Dhage [9] proved the existence of PPF common fixed points for mappings
satisfying the condition of Ciri¢ type generalized contraction in a Razumikhin class.

Definition 1.3 Two mappings S, T : Ey — E are said to satisfy the condition of Ciri¢ type
generalized contraction if there exists a real number X € [0,1) satisfying

|oc(c)— Ta

el P

IS¢ - Ta|l < Amax{||¢> —atllg,, [ (c) - S
5160~ Tal, + a0 - 01, 03

for all ¢, € Ey and for some c € I.

Theorem 1.4 (Dhage [9]) Suppose that S, T : Ey — E satisfy the condition of Ciric type
generalized contraction. Assume that R, is topologically closed with respect to the norm
topology and is algebraically closed with respect to the difference, then S and T have a
unique PPF dependent common fixed point in R..

Definition 1.5 Let A: Ey — E and S: Ey — Ej. A point ¢ € Ej is said to be a PPF depen-
dent coincidence point or a coincident point with PPF dependence of A and Sif A¢ = S¢(c)
for some c € I.

Dhage [9] also assured the existence of PPF dependent coincidence points for mappings
satisfying the condition of Ciri¢ type generalized contraction (C) in a Razumikhin class.

Definition 1.6 A:Ey, — E and S: Ey — Ej are said to satisfy the condition of Ciri¢ type
generalized contraction (C) if there exists a real number A € [0, 1) satisfying

S¢(c) - A

|Soz(c) - Aa

E

lA¢ - Aalle < )»maX{ IS¢ — S|l 5 -

5Ll1500 - o], + Jseto- a1 m

for all ¢, € Ey and for some c € I.

Theorem 1.7 (Dhage [9]) Let A: Ey — E and S : Ey — Ey be two mappings satisfying the
condition of Ciric¢ type generalized contraction (C). Suppose that
(a) A(Eo) € S(Eo)(c);
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(b) S(Ey) is complete;

(c) S is continuous.
If R, is topologically closed with respect to the norm topology and is algebraically closed
with respect to the difference, then A and S have a PPF dependent coincidence point in R..

In this work, we prove the existence of PPF dependent common fixed point theorems for
mappings satisfying the contractive condition which is weaker than the condition of Ciri¢
type generalized contraction. Furthermore, we also prove the PPF dependent coincidence
points for mappings satisfying the weaker contractive condition mentioned in [9] without
being topologically closed with respect to the norm topology of a Razumikhin class. Our

results extend Theorem 1.4 and partially generalize Theorem 1.7.

2 PPF dependent common fixed points

Let W be the set of all functions i where ¥ : [0, +00) — [0, +00) is a continuous non-
decreasing function with ¥ (¢) < ¢ for all £ € (0, +00) and ¥ (0) = 0. If € W, then ¢ is
called a W-map. We now introduce the definition of the condition of Ciri¢ type general-

ized v -contraction and prove our first result.

Definition 2.1 Let S, T : Ey — E. We say that S and T satisfy the condition of Ciri¢ type

generalized 1 -contraction if

|p(c) - S¢

IS¢ — Tarllg < w(maX{lltﬁ—allEo, ale) - Ta|,

E}
1
16 - Ta, + ot - 50, (1)
for all ¢, € Ey and for some c € I.
Theorem 2.2 Suppose that S, T : Ey — E satisfy the condition of Ciri¢ type generalized
Y-contraction. Assume that R is topologically closed with respect to norm topology and is
algebraically closed with respect to the difference, then S and T have a unique PPF depen-

dent common fixed point in R..

Proof Let ¢ € R.. Since S¢ € E, there exists x; € E such that S¢y = x;. Choose ¢ € R,
such that

x1=¢1(c) and 1 —ollg, = [¢1(c) — Po(c)] .-

Since ¢; € R, and by assumption, we have T'¢; € E. This implies that there exists x, € E
such that T'¢; = x,. Therefore, we can choose ¢, € R, such that

xy=¢o(c) and ¢y —1llg, = | ¢2(c) — 1) -

By continuing the process as before, we can construct the sequence {¢,} such that

S¢’2n = ¢2n+1(c)¢ T¢2n+1 = ¢2n+2 (C)
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and

ldn = Puirlley = ”¢n(6) — ¢ (c) ”E

for all n € NU{0}. We will show that {¢,} is a Cauchy sequence in Ey. Assume that ¢y_; =
¢y for some N € N. If N is even, then we have N = 2m for some m € N. Therefore

lP2m — Pama1ll gy
= ”¢2m(c) — Pams(c) HE

= 1Sp2m — Tham-1llE

¢2m(c) - S¢2m £ { ¢2m—1(c) - T¢2m—l £

=y (max{ ¢2m — bom-1 o |

3192000 = o1+ 1620100 - S0 1)

2 | #2m-1(0) = dam(E) |

<y max{ I $2m — b2m-1llEq> | D2m(c) — Pami(c)
[#3m(©) = $am(] + [ 6310 - damea(@)]] })

1
<y max{ P2 — P2m-1llEgs |P2m — Poma1ll £y 3 lp2m-1 — Pam1llE, })

<y (max{ P2 — P2m-1llEgs |P2m — Poma1ll £y

1
3 lP2m-1 = PoamllEy + l|P2m — P21l Eg })

<y (max{ll¢am — bom-1llggs I d2m = bomllz, })

< v (max{|¢am — b2ms1llE, })-

This implies that [|¢2, — G2mi1lle, = 0 and so @ay = Poia. Similarly, we can prove that
@om+1 = Pamsz. Therefore ¢y = ¢n,1. By mathematical induction, we can conclude that
¢n-1 = ¢n+k for all kK > 0. If N is odd, then by the same argument we also obtain that
On-1 = Ok for all k > 0. Therefore {¢,} is a constant sequence for all # > N — 1. This
implies that {¢,} is a Cauchy sequence in Ey. Suppose that ¢,,_; # ¢, for all n € N. For each
n € N, we obtain that

lp2n — Ponsilley = ||¢2n(c) ) ”E
= ISp2n — Tp2n-1lE

$2u(c) — Span

=V (max{ P21 — p2n-1llEo» $20-1(¢) = Thon1 |

E

N =

[[620(0) = T, + [ 20a(€) = S]] })

$on(c) — Pan1(c) Gon-1(c) — Pan(c)

<y <max{ P21 — P2n-1llEy> £ E
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(16210 = 2], + [ 202(€) = Bann(@)] ] })

N =

1
<y (max{ |P2n — P2n-1llEys | P20 — P2ni1ll gy 3 lp2n-1 — Paus1llE, })
<y (max{ |21 — P2n-1llEgs P20 — P2nstll g

1
2 lp2n-1 — anllEy + P20 — Pans1llgy })
< W(max{ |21 — P2n-1llEgs P20 — B2ns1 | g })

If max{l|¢2n — P2n-1ll£g, P20 — P2ni1llEy} = P20 — P2na1llEy» then
”¢2n - ¢2n+1”Eo = 1;[/(||¢2n - ¢2n+1 ”Eo) < ”¢2n - ¢2n+1”E0'

This leads to a contradiction. Therefore

I ¢2n = Ponalley < ¥ (Id2n — d2nilley)

< | P2n — P2n-1llE,-

Thus [|¢2, — P2ns1llgy < P21 — P2n-1llE,- Similarly, we can prove that

”¢2n+1 - ¢2n+2”E0 = ||¢2n - ¢2n+1”E()'
It follows that [|¢, — ¢uiille, < lPu1 — Gullg, for all n € N. Since the sequence {||¢, —

¢nnllg,} is @ nonincreasing sequence of nonnegative real numbers, we obtain that it is

a convergent sequence. Suppose that
lim ||¢, - ¢n+1||E0 =
n—00
for some nonnegative real number «. We will prove that « = 0. Suppose that « > 0. Since
1620 = Ganenllzy < ¥ (1120 — $2n1llEy)
for all » € N and the continuity of ¥, we have
a<y(@)<a,
which leads to a contradiction. This implies that « = 0. We next prove that the sequence
{¢,} is a Cauchy sequence in Ej. It suffices to prove that the sequence {¢,,} is a Cauchy
sequence in Ey. Assume that {¢y, } is not a Cauchy sequence. It follows that there exist ¢ > 0

and two sequences of even positive integers {2m} and {2} satisfying 2my > 2ny > k for
each k € N and

”¢2mk - ¢2nk ”E() > €. (22)
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Let {2m;} be the sequence of the least positive integers exceeding {2n;} which satisfies
(2.2) and

|22 — G2y |y < €. (2.3)

We will prove that limy_, o0 |P2m;, — P2n, I, = €. Since [[pom, — dan, g, > € forall k € N, we
have

Lim ||¢2m;, — P2 I, > €.
k—o0
For each k € N, we obtain that

lp2my — Do lEg < NP2y — Gamy-1llEg + 1P2mp—1 — P2mp—2llEg + 1P2mp—2 — Doy |l g

< N 2my = Pomp-1lley + lP2mp-1 = G2my—2llgy + 8.

This implies that limi_, o [|$2m, — P2, £, < €. Therefore

Lim (| — Pony Iy = €.

k— o0
Similarly, we can prove that

klggo ld2mpe1 = Do gy = €, klgglo lp2my — G2np-1lley = €
and

im (| ¢omy+1 — P21y = &

k—o00
For each k € N, we obtain that

”d’an - ¢2mk+l ”E() = H¢2nk (C) - ¢2mk+1(c) ||E

< 18¢2m; — Tham-1llE

¢2mk (c) - S¢2mk |

E

<y (max{ b2y — Pang-1llEgs

| dam-1(c) = Tepam1|

E

1
1820400 = T+ [0 100 - 503, ] )

¢2mk (c) - ¢2mk+1 (C)|

E’

<y (max{ P2, — B2ug-1llEq>
H D2 -1(€) = o, (€) ”E’

1
3 [[| B2 (©) = Do ()| 7 + | D2m-1(0) = P21 () 1] })

= 1# (max{ ||¢2mk - ¢2nk—1 ”Eo’ ”¢2mk - ¢2mk+1 ”Eor

|21 — P2 || £y
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1
5 [||¢2mk - ¢2nk ||E0 + ”Q’)an—l - ¢2nk+1 ||E0] })

<y (max{ b2y — Dang-1llEgs 1D20y — D211l g5
ld20p—1 — P2 | g s
%[”¢2mk — b Eg + P21 — Doy Iy + 12, — Pomes1 gy | })
By taking the limit of both sides, we have
e <y(e)<e,
which leads to a contradiction. It follows that the sequence {¢,,} is a Cauchy sequence
and so {¢,} is a Cauchy sequence. By the completeness of E, we have {¢,} is a convergent

sequence. Suppose that lim,_, o ¢, = ¢ for some ¢ € Ey. Since R, is algebraically closed

with respect to the norm topology, we have ¢ € R.. Moreover, we also obtain that
lim ¢2n+1 = ¢ = lim ¢2n+2'
n—00 n— 00
We will prove that ¢ is a PPF dependent fixed point of S. By using (2.1), we obtain that

IS¢ = d(0)] ;. < [SP = D220 . + | P2nra(c) = (D)
< 1S¢ — Tooniille + lp2ns2 — D llE,

Pon1(€) — Thopa

¢(C) - S¢ E E

<y (max{ lp — Pans1llgy>

1

B [[¢(c) = Thonar | + || 2nr(c) =S¢ ] }) + [ P2n42 = DI,
<v (max{ I — Pans1 ”Eor ¢(c) - So¢ E D2n41(C) — P2ni2(c) B

1

1900~ + 1022010 - 5811} ) + honsa =1

¢(c)-So B lp2ns1 — ¢2n+2||E0,

<y (max{ I — P2ns1llEy,

N | =

[I19 = donsallgy + | P2ns(c) — S ||E]}> + [[@2ns2 — Pl £y -

Letting n — 00, we obtain that ||S¢ — ¢(c)||g = 0. Therefore S¢ = ¢(c). Similarly, we can
prove that T¢ = ¢(c). This implies that ¢ is a PPF dependent common fixed point of S
and T'. We finally prove the uniqueness of the PPF dependent fixed point of S and 7' in R,.
Let o € R, be any PPF dependent common fixed point of S and 7. Therefore

lp —allz, = [ ¢(c) - @),
< IS¢ - Tall

ale) - Ta |,

el

< w(maX[IW — allg,, [#(c) - S¢
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31660 - Tl + ot - 50,1

max{ 16 -z 5 (1600 - a(@) g + a0 - 000 1} )

max{ Il —allgy, l¢ —allg, })
Il —atllz, )-

=y
=v(

v
It follows that ¢ = o. Hence S and T have a unique PPF dependent common fixed point
in R.. O

Remark 2.3 From the proof of Theorem 2.2, we obtain the following observations:
(1) We assume that the Razumikhin class R, is algebraically closed with respect to
difference, that is, ¢ — « € R, for all ¢, € R, in order to construct the sequence

{¢,} satistying
¢ —allzy = [|¢(c) — (0)] -

(2) If the Razumikhin class R, is not assumed to be topologically closed, then the limit
of the sequence {¢,} may be outside of R..

By applying Theorem 2.2, we obtain the following corollary which is Theorem 3.3 in [9].

Corollary 2.4 Suppose that S, T : Ey — E satisfy the condition of Ciric type generalized
contraction. Assume that R, is topologically and algebraically closed with respect to the
difference, then S and T have a unique PPF dependent fixed point in R..

Proof Define a function v : [0, +00) — [0, +00) by ¥ (¢) = At for all £ € [0, +00). Therefore
¥ is a continuous nondecreasing function and

Y(t)<t forallte(0,+00)and ¥ (0)=0.

This implies that all assumptions in Theorem 2.2 are satisfied. Hence the proof is com-
plete. d

3 PPF dependent coincidence points

Definition 3.1 Let A: Ey — E and S: Ey — Ey. A point ¢ € Ej is said to be a PPF de-
pendent coincidence point or a coincidence point with PPF dependence of A and S if
A¢ = S¢(c) for some c € I.

Definition 3.2 Let A:Ey — E and S: Ey — E,. We say that A and S satisfy the condition
of Ciri¢ type generalized contraction (C) if there exists a real number A € [0,1) satisfying

Sa(c) — Aa

S¢(c) - Ag| .

lA¢p — Aalle SkmaX{HSqﬁ—SotIIEo, ”

L1560 - Aal], + a0 —A¢||E]} (31)

for all ¢, € Ey and for some c € 1.
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We introduce the following contractive condition which is weaker than the condition of
Ciri¢ type generalized contraction (C).

Definition 3.3 Let A:Ey — E and S: Ey — E,. We say that A and S satisfy the condition
of Ciri¢ type generalized v -contraction (C) if

S¢(c) - A¢

A¢ — Aclle < W(max{ S¢ — S|k,

Sa(c) - Aa||,

E)
sllIs6) - o] + Jset0- gl 1} ) @2

for all ¢, € Ey and for some c € 1.

We now prove the existence of PPF dependent coincidence points for mappings satis-
fying the weaker contractive condition assumed in [9] without being topologically closed
of the Razumikhin class.

Theorem 3.4 Let A:Ey — E and S : Eg — Ey be two mappings satisfying the condition of
Ciri¢ type generalized  -contraction (C). Suppose that

(a) A(Eo) < S(Eo)(c);

(b) S(R.) is complete;

(c) S is continuous.
If R, is algebraically closed with respect to the difference, then A and S have a PPF depen-
dent coincidence point in R..

Proof Let ¢ € R.. Since A¢, € E, there exists x; € E such that Agy = x;. Because A(Ey) C
S(Eo)(c), we can choose ¢; € R, such that

x1=Spi(c) =an(c) and oy —aollg, = [orr(c) — o) | -

Since A¢; € Ey and by assumption, we have A¢; = x, for some x, € E. Because A(Ey) C
S(Eo)(c), we can choose ¢, € R, such that

% =Spr(c) =az(c) and oz — 0|5, = [@a(c) — ea(e) | -

By continuing the process as before, we can construct the sequence {,} such that
A¢y = Spn(c), St = otunt

and
lletn = et llgy = [|etn(c) =t (c)|

for all n € NU {0}. We will show that {«,} is a Cauchy sequence in Ey. If ay = an for
some N € N, then we have

lana — ansalley = [Jansale) —ania (o),

= ||Agpn — AdnallE
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Son(c) —Apn

E

=¥ (max{ Sén — Spn

|S¢n1(c) — Apna ]

%[||S¢N(c) —Adna| g + || Spnia(e) — Adw | ] D

an(c) — ana(c)

E

<y (max{ llon — anillgy

lena(e) = anea () | o

1

3 e - a0 + foxa(@) - (@)1} )
< w<max{ llan = ansillzgs llon — ansllg,»

1
llenr — ans2ll gy 3 llen — ane2llg,
1

< Y| maxq [lan — anallgy, lana — aniallg, E[”O‘N —ansallE |
< w<max{ llan = ansillzgs lloner — ane2ll gy s

lon — antllzy + ot — vzl | })

1

51
< ¢ (max{llan — ansllg, lona — anezllg })
<y (

llonrer — oenen ”EQ)'
Therefore oy, = ony2. By mathematical induction, we obtain that
an =an.x forallkeN.

This implies that {«,} is a constant sequence for n > N. Thus {«,} is a Cauchy sequence

in Ey. Suppose that «,, # ;41 for all n € N. For each n € N, we have

et — miallgy = ||tnir(c) — auia(0)]| 2

= ”Ad)n _A¢n+1 ”E

=y <maX{ 15bn = Stull£y,

S¢u(c) — Ad,

E

H Spus1(c) = Adus

E

1
150,00~ Adual [0 - 4041, )

iOln(C) - an+1(c) Jod

<y (max{ lloty — ot ll g

letnii(e) = otuia(0) | o

%[Ilan(C) — p2(0)|| p + [ (€) = i (9| ] })
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= 1// <max{ ”an - Oln+l||E()) ”an - aYIJrl”E();
1
”an+1 — Up42 ”Eov a ”an — Oy ”Eo
2
1
< Y| maxq |l — o ll g 100ne1 — Xni2 Il Egs E[”an - Oln+2||50]
<y <max{ e, — Oln+1||Eo» ety — Oln+2||Eoi
1
5 [”an - an+1||Eo + ||an+l - Oln+2||E0]
= I»[’(rﬂax{ llotn — @niallEgs 1 — szl })
If max{||et, — O5;1+1||E0; llets1 — an+2”E0} = |letps - an+2||E0, then
”an+1 - an+2||Eo = I//(”05;1-*—1 - an+2||1:"0) < ||an+l - Oln+2||E0-
This leads to a contradiction. Therefore

lotner = dmsalley < ¥ (lltn — sl )

< oty — @us1 ||E0~

It follows that ||y — @us2lle, < llotw — s llg, for all # € N. Since the sequence {|la;, —
aus1llg,} is a nonincreasing sequence of real numbers, we obtain that it is a convergent
sequence. Suppose that
lim |la, — Oln+1||E0 =
H—0Q
for some nonnegative real number «. We will prove that o = 0. Assume that « > 0. Since
llotner — msalley < ¥ (It — e lly)
for all » € N and the continuity of ¥, we have
a<y(a)<a,
which leads to a contradiction. This implies that @ = 0. We will prove that {«,} is a Cauchy
sequence in Ey. It suffices to prove that the sequence {ay,} is a Cauchy sequence in Ey.

Assume that {oy,} is not a Cauchy. It follows that there exist ¢ > 0 and two sequences of
even positive integers {2m} and {2n} satisfying 2my > 2n; > k for each k € N and

”a2mk - a2l’lk ”Eo =& (33)

Let {2m;} be the sequence of the least positive integers exceeding {2n;} which satisfies
(3.3) and

lletaimg—2 — 2, ||y < €. (3.4)
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We will prove that limy_ oo [|ot2m;, — ttan; |, = €. Since [lota,m, — 02y, |, > € forall k € N, we
have

Lim ||z, — @2 llg, > €.
k—o0
For each k € N, we obtain that

lletamy, — o lEg < Nlotamy — Camy-1llEg + llt2mp—1 — Q2mp—2llEg + |22 — 2, || £y

= ”aka - Olkafl”E() + ||052mk71 - Ol2mk72||E0 +é.

This implies that limy_, o |22, — 062, IE, < €. Therefore

lim ”aka — Oy ”EO =é.

k—o00
Similarly, we can prove that

lim lom 1 — @ony |y = &5 lim oy, — @2n-1llg, = €

k—o0 k—o0
and

lim [|@2mm 1 — Qon-1llE, = €.

k—o00

Since

llotan, — tamatllEy < ||etan (€) = ot (0)|

|A@on 1 — Abom || E

Shan-1(c) = Aoy |

E

< 1[/ (max{ ||S¢2nk_1 - S¢2mk “Eo’

||S¢2mk (C) - A¢2mk |

E

1
3 1503100 = A |+ 502000~ Adan 11

oy -1(€) = oty ()|

<y (max{ lletan, -1 = camy |l Eg s

|l tam, (€) = ctamy41(0)|

%[”abfzk—l(c) = o1 (0| + [ eram; (€) = 02 ()] ] D

E

=< 1,” (maX{ ||052nk71 - aka ”Eo! ”a2nk71 - Ol2nk ”EO’

1
lot2my — @amyes1llEgs = N 02m-1 — @amys1 | By + 12y — C2m Mg ¢ )
2
by taking the limit of both sides, we have

e<y(e)<e,
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which leads to a contradiction. It follows that the sequence {«,} is a Cauchy sequence
and so {«,} is a Cauchy sequence in Ey. Therefore {S¢,} is a Cauchy sequence in S(R.).
By the completeness of S(R.), we have {S¢,} is a convergent sequence. Suppose that
lim,,_, 00 S¢, = ¢* for some ¢* € S(R.). Therefore ¢p* = S¢ for some ¢ € R.. Moreover,

we also have
lim Ag, = lim S¢,.1(c) = Sp(c).
n—0oQ n—oQ

We will prove that ¢ is a PPF dependent coincidence fixed point of A and S. By using (3.2),
we obtain that

|A¢ - Sp(0)||; < IIA¢ — Adulle + Ay - Sp(0)|
< A — Adulle + | Spua(c) - Sp(c) | .

Sp(c) - Ad

S¢n (C) - A¢n

E’ £’

< w<max{ IS¢ — Sl
1
5[||S¢(c) — Ay + ||Stulc) - Ad| ] }) + [ Snir(c) - Sp(c) | -

By taking n — 0o, we obtain that A¢ = S¢(c). Hence ¢ is a PPF dependent coincidence
point of A and S. O

By applying Theorem 3.4, we obtain the following corollary.

Corollary 3.5 Let A:Ey — E and S : Ey — Eg be two mappings satisfying the condition of
Ciric type generalized contraction (C). Suppose that

(a) A(Eo) < S(Eo)(c);

(b) S(R.) is complete;

(c) S is continuous.
If R, is algebraically closed with respect to the difference, then A and S have a PPF depen-
dent coincidence point in R..

Proof Define a function v : [0, +00) — [0, +00) by ¥ (¢) = At for all £ € [0, +00). Therefore
A:Ey— E and S: Ey — Ej satisfy the condition of Ciri¢ type generalized v -contraction
(C). This implies that all assumptions in Theorem 3.4 are now satisfied. Hence the proof

is complete. g

Questions
(i) Are the results in Theorem 2.2 and Theorem 3.4 still true when the norm closedness
for R, is replaced by weak closedness or weak* closedness (for dual Banach spaces)?
(ii) Is there some way to improve the results to more than two mappings or a family of
mappings as in the case of nonexpansive mappings (see, for example, [10] and
references contained therein)?
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