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Abstract

In this paper, we construct a new hybrid projection method for approximating a
common element of the set of zeroes of a finite family of maximal monotone
operators and the set of common solutions to a system of generalized equilibrium
problems in a uniformly smooth and strictly convex Banach space. We prove strong
convergence theorems of the algorithm to a common element of these two sets. As
application, we also apply our results to find common solutions of variational
inequalities and zeroes of maximal monotone operators.
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1 Introduction
Let E be a Banach space with the norm | - || and let E” denote the dual space of E. Let
S ={x € E: ||x|| = 1} be the unit sphere of E. A Banach space E is said to be smooth if the

limit

x+tyl| - ||x
i 1+ 211 = Il

lim ; (1.1)

exists for any x,y € S. E is said to be uniformly smooth if the limit (1.1) is attained uniformly
for (x,y) in S x S. A Banach space E is said to be strictly convex if || % |<1lforallx,yeE
with ||x|| = ||y|| =1 and x # y (see [1] for more details).
One of the major problems in the theory of monotone operators is as follows.
Find a point z € E such that
0 € Bz, (1.2)
where B is an operator from E into E". Such z € E is called a zero point of B. We denote

the set of zeroes of the operator B by B~10.

An operator B C E x E’ is said to be monotone if

<x —y,x* —y*> >0, ‘v’(x,x*), (y,y*) € B.
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A monotone B is said to be maximal if its graph G(B) = {(x,y") : ¥ € Bx} is not properly
contained in the graph of any other monotone operator. If B is maximal monotone, then
the solution set B0 is closed and convex. The resolvent of a monotone operator B is
defined by

L= +AB)Y, Viso.

Let C be a closed convex subset of a Banach space E, a mapping T': C — C is said to be

nonexpansive if
ITx =Tyl < llx=yll, YxyeC
Recall that a point x € C is a fixed point of T provided Tx = x. Let E be a Banach space
with dual £ and let (-, -) be the pairing between E and E". The normalized duality mapping

J:E— 2F is defined by

J@) = {x € E :{xx) = %)%,

x| =lxl}, VxeE.
The Lyapunov functional is defined by
¢(x,9) = x> —2(x,Jy) + |yI>  forx,y € E. (1.3)

It is obvious that

(Iyll = 1x1)* < pO2) < (Iyll + Ixl)*,  ¥xy € E. (1.4)

If E is a Hilbert space, then ¢(x,y) = ||x — y||? for all x,y € E.

A point p in C is said to be a strongly asymptotic fixed point of T [2] if C contains a
sequence {x,} which converges strongly to p such that lim,_, ||, — Tx,| = 0. The set of
strong asymptotic fixed points of T will be denoted by F(T).

A mapping T from C into itself is said to be a weak relatively nonexpansive mapping if

1. F(T) is nonempty;

2. ¢(p, Tx) < ¢(p,x) for allx € C and p € F(T);

3. E(T)=FET).

Kohasaka and Takahashi [3] proved that if E is a smooth strictly convex and reflexive
Banach space and B is a continuous monotone operator with B~10 # ¢, then J; is a weak
relatively nonexpansive mapping. By Takahashi [4], we know that F(J;) is closed and con-
vex, where F(J) is the set of fixed points of J;.

Let B be a maximal monotone operator in a Hilbert space H. The proximal point algo-

rithm generates, for starting x; = x € H, a sequence {x,} in H by
Xn+l :]Anxn’ Vn>1, (1.5)
where {1} C (0,00) and J;,, = (I + 1,B)~L.

Also, Rockafellar [5] proved that the sequence {x,} defined by (1.5) converges weakly to
an element of B710.
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Let C be a nonempty closed convex subset of E and let R be the set of real numbers. Let
fi :Cx C— Rbeabifunctionand 4;: C — E be anonlinear mapping fori=1,2,3,...,N.
The system of generalized equilibrium problems is as follows.

Find u € C such that for all y € C,

ﬁ(u’y) + ()’— M,Alu) = O’
f2(’4;y) + (J’— M,A2u) > 07 (16)
S () + (y — u, Ayu) = 0.

Iff; =f and A; = A in (1.6), then from the problem (1.6) we have the following generalized
equilibrium problem denoted by GEP(f, A).
Find # € C such that

flu,y)+{y—u,Au) >0, VyeC. 1.7)

The generalized equilibrium problems include fixed point problems, optimization prob-
lem, monotone inclusion problems, saddle point problems, variational inequality prob-
lems, minimization problems, vector equilibrium problems, Nash equilibria in noncoop-
erative games and equilibrium problems as special cases (see, for example, [6]). Also, some
solution methods have been proposed to solve the equilibrium problem (see, for example,
[7-14]) and numerous problems in physics, optimization and economics reduce to finding
a solution of problem (1.7).

Recently, Liand Su [15] introduced the hybrid iterative scheme for approximating a com-
mon solution of the equilibrium problems and the variational inequality problems in a
2-uniformly convex real Banach space which is also uniformly smooth. In 2010, Zegeye
and Shahzad [16] introduced the iterative process which converges strongly to a common
solution of the variational inequality problems for two monotone mappings in Banach
spaces.

Quite recently, Shehu [13] introduced an iterative scheme by the hybrid method for ap-
proximating a common element of the set of zeroes of a finite family of «-inverse-strongly
monotone operators and the set of common solutions of a system of generalized mixed
equilibrium problems in a 2-uniformly convex real Banach space which is also uniformly
smooth.

Motivated by the results of Shehu [13], we prove some strong convergence theorems
for finding a common zero of a finite family of continuous monotone mappings and a
solution of the system of generalized equilibrium problems in a uniformly smooth and
strictly convex real Banach space with the Kadec-Klee property.

2 Preliminaries
Throughout this paper, let E be a Banach space with its dual space E’. For a sequence {x,,}
of E and a point x € E, the weak convergence of {x,} to x is denoted by x, — x and the
strong convergence of {x,} to x is denoted by x, — x.

The normalized duality mapping J : E — 2F is defined by

J6) = & € E < fu.x) = Il

x| =lxl}, VxeE,

where (-, -) denotes the duality pairing.
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Cioranescu [17] proved the following properties:

(1) If E is an arbitrary Banach space, then J is monotone and bounded;

(2) If E is a strictly convex, then J is strictly monotone;

(3) If E is a smooth, then J is single-valued and semi-continuous;

(4) If E is uniformly smooth, then J is uniformly norm-to-norm continuous on each
bounded subset of E;

(5) If E is reflexive, smooth and strictly convex, then the normalized duality mapping J
is single-valued, one-to-one and onto;

(6) If E is a reflexive, strictly convex and smooth Banach space and J is the duality
mapping from E into E, then /! is also single-valued, bijective and is also the
duality mapping from E” into E and thus JJ ™} = I» and J7Y] = If;

(7) If E is uniformly smooth, then E is smooth and reflexive;

(8) E is uniformly smooth if and only if E” is uniformly convex.

A Banach space E has the Kadec-Klee property [1, 17] if, for any sequence {x,} C E and
x € E with x,, — x and ||x,,|| — [|x]|, then ||x, — x| — 0 as n — o0.
Consider the functional ¢ : E x E — R defined by

o, y) = llxlI> = 2(x, Jy) + Iyl>,  Va,y €E, (2.1)

where J is the normalized duality mapping from E to 2F
It is obvious from the definition of the function ¢ that

(IIyl - ||9C||)2 <om,x) < (lyl + ||x||)2, Vx,y €E. (2.2)
If E is a Hilbert space, then ¢(y,x) = ||y — x||%.

Remark 2.1 If E is a reflexive, strictly convex and smooth Banach space, then, for any
x,y € E, ¢(x,y) = 0 if and only if x = y. It is sufficient to show that if ¢(x,y) = 0, then x = y.
From (1.4) we have ||x|| = ||y||. This implies that (x,y) = ||x||> = ||Jy||%. From the definition
of J, one has Jx = Jy. Therefore, we have x = y (see [1, 17] for more details).

Let C be a nonempty closed convex subset of a reflexive, strictly convex and smooth
Banach space E. The generalized projection Ilc : E — C is a mapping that assigns to an
arbitrary point x € E the minimum point of the functional ¢(x, y), that is, [Tcx = X, where
x is the solution to the minimization problem

¢ (%, x) = inf P(y, x). (2.3)
yeC

The existence and uniqueness of the operator I1¢ follows from the properties of the
functional ¢(y,x) and the strict monotonicity of the mapping J (see, for example, [1, 17—
20]). If E is a Hilbert space, then I1¢ becomes the metric projection of E onto C.

Example 2.2 (Qin et al. [21]) Let I1¢ be the generalized projection from a smooth strictly
convex and reflexive Banach space E onto a nonempty closed convex subset C of E. Then
I¢ is a closed relatively quasi-nonexpansive mapping from E onto C with F(I¢) = C.

We also need the following lemmas for the proof of our main results.
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Lemma 2.3 (Alber [19]) Let C be a nonempty closed convex subset of a smooth Banach
space E and let x € E. Then xy = I cx if and only if

(xo -y, Jx—Jxo) =0, VyeC.

Lemma 2.4 (Alber [19]) Let E be a reflexive, strictly convex and smooth Banach space, let
C be a nonempty closed convex subset of E and let x € E. Then

¢y, Mcx) + p(Tew, x) < Pp(y,x), VyeC.

Let E be a smooth strictly convex and reflexive Banach space, C be a nonempty closed
convex subset of E and B C E x E” be a monotone operator satisfying the following:

DB)cCcJ (ﬂ R( + AB)).

A>0

Then the resolvent ], : C — D(B) of B is defined by
Jix={z€D(B):Jx € Jz + ABz,¥x € C}.

J». is a single-valued mapping from E to D(B). For any A > 0, the Yosida approximation
B, :C — E of Bis defined by Byx = /x_# for all x € C. We know that B,x € B(J,x) for all
A>0andx e€E.

Lemma 2.5 (Kohsaka and Takahashi [22]) Let E be a smooth strictly convex and reflexive
Banach space, let C be a nonempty closed convex subset of E and let BC E x E be a mono-
tone operator satisfying D(B) C C C ]’1(ﬂk>0 R(J + AB)). For any A > 0, let ], and B, be the
resolvent and the Yosida approximation of B, respectively. Then the following hold.:

(1) ¢(p,)hx) + p(hx,x) < ¢d(p,x) for all x € C and p € B0;

(2) (hx,Byx) € Bforallx € C;

(3) F(J,) =B™0.

Lemma 2.6 (Rockafellar [23]) Let E be a reflexive strictly convex and smooth Banach
space. Then an operator B C E x E  is maximal monotone if and only if R(J + AB) = E’
forall > 0.

For solving the equilibrium problem for a bifunction f : C x C — R, assume that f sat-
isfies the following conditions:

(Al) f(x,x) =0 forallx € C;

(A2) f is monotone, ie., f(x,y) +f(y,x%) <0 for all x,y € C;

(A3) foreachx,y,z€C,

ltilrgf(tz +(1- t)x,y) <fxy);

(A4) foreachx € C, y— f(x,y) is convex and lower semi-continuous.
The following result is given in Blum and Oettli [6].

Lemma 2.7 Let C be a closed convex subset of a smooth strictly convex and reflexive
Banach space E and let f be a bifunction from C x C to R satisfying the conditions (Al)-
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(A4). Then, for any r > 0 and x € E, there exists z € C such that

1
Sflzy) + ~y-zjz-jx =0, VyeC

Lemma 2.8 (Takahashi and Zembayashi [24]) Let C be a closed convex subset of a uni-
formly smooth strictly convex and reflexive Banach space E and let f be a bifunction from
C x C to R satisfying the conditions (A1)-(A4). For any r > 0 and x € E, define a mapping
T,:E— C as follows:

1
Tx = {ze C:f(z,y) + ;(y—z,]z—]x) zO,VyeC}, Vx e C.

Then the following hold:
(1) T, is single-valued,;
(2) T, is a firmly nonexpansive-type mapping for all x,y € E, that is,

(Trx = Toy, JTrx = JT,y) < (Trx — T,y Jx = Jy);

(3) E(T;) = EP(f);
(4) EP(f) is closed and convex.

Lemma 2.9 (Takahashi and Zembayashi [24]) Let C be a closed convex subset of a smooth,
strictly convex and reflexive Banach space E, f be a bifunction from C x C to R satisfying
the conditions (A1)-(A4) and let r > 0. Then, for any x € E and p € F(T,),

o (p, Trx) + p(Tx, %) < (p, x).

Lemma 2.10 Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E. Let A : C — E' be a continuous monotone mapping and f be a
bifunction from C x C to R satisfying the conditions (A1)-(A4). Then, for any r > 0 and
x € E, there exists z € C such that

flzy)+(y—2z,Az) + %(y—z,]z—]x) >0, VyeC.

Proof Define a bifunction ® : C x C — R by O(x,y) =f(x,5) + (y —x,Ax) for all x,y € C.
We show that ® satisfies the conditions (Al)-(A4).
First, we show that © satisfies the condition (Al). Since

Ox,x) =f(x,x) + (x—x,Ax) =0, VxeC,

the condition (A2) is satisfied.
Next, we show that © satisfies the condition (A2). Since A is a continuous monotone
mapping and f satisfies the condition (A2), for any x,y € C, we have

O, y) + O, x) = f(x,9) +f(1,%) + (y — x,Ax) + (x — y, Ay)
<0+ {y—-xAx—-Ay) <0.

So, the condition (A2) is satisfied.
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Thirdly, we show that © satisfies the condition (A3). Since f satisfies the condition (A3)

and A is a continuous monotone mapping, for any «x,y,z € C, we have
limsup O (x + t(z — %), y)
£0

= limsupf(x +t(z —x),y) + (y - (x +t(z - x)),A(x +t(z - x)))
£,0

<limsupf(x + t(z — x),y) + limsup(y — (x + t(z — %)), A(x + t(z - %)))
tl0 tL0
<f(x,y) +limsupy — (x + t(z - %)), A(x + t(z — x)))
£40

=f(xy) + (y —x,Ax)
= 0(x, ).

The condition (A3) is satisfied.

Finally, we show that ® satisfies the condition (A4) since y > (y — x, Ax) is convex and
continuous; thatis, y — (y—x, Ax) is convex and lower semi-continuous. Since y — f(x,y)
is convex and lower semi-continuous, y — ©(x, y) is convex and lower semi-continuous.

Therefore, O(x, y) satisfies the conditions (A1)-(A4). From Lemma 2.7, we can conclude
that there exists z € C such that

1
flzy)+(y-2A2) + -(y-z,Jz-Jx) =0, VyeC.
r
This completes the proof. d
Lemma 2.11 Let C be a nonempty closed convex subset of a smooth, strictly convex and
reflexive Banach space E. Let A : C — E’ be a continuous and monotone mapping and f be

a bifunction from C x C to R satisfying the conditions (Al)-(A4). Then, for any r > 0 and
x € E, there exists z € C such that

1
flzy)+(y—2z,Az) + ;(y—z,]z—]x) >0, VyeC.

Define a mapping K, : C — C as follows:
1
K, (x) = {z e C:f(z,y) +(y—2zAz) + ;(y—z,]z—]x) >0,Vye C}, VxeC. (2.4)

Then we have the following:
(1) K, is single-valued;
(2) K, is firmly nonexpansive, i.e., for all x,y € E,

(Ko — Ky, JKx = JKy) < (Ko — Ky, J = Jy)s
(3) F(K;) = GEP(f, A);

(4) GEP(f,A) is closed and convex;
(5) ¢, Ki2) + ¢p(Kyz,2) < @(p,2) forall p € F(K,) and z € E.
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Proof Define a bifunction ® : C x C — R by O(u,y) = f(u,y) + (y —u,Au) for all u,y € C.
From Lemma 2.8, it follows that © satisfies the conditions (A1)-(A4). Now, we can rewrite

the mapping K, : C — C given in (2.4) as follows:
1
K, (x) = {z eC:0(z,y) + ;(y—z,]z—]x) >0,Vye C}, Vx e C. (2.5)

Thus, from Lemmas 2.8 and 2.9, we obtain the conclusion. This completes the proof. [

Throughout this paper, we define a mapping Kf? {(x):C— Cby
1
K,(',)i(x) = {z €C:0iz,y)+—(y-2zJz-Jx) >0,Vy e C}, Vx e C, (2.6)
i rl

where O;(z,9) = fi(z,y) + (y —z,A;z) forallz,ye Cand i = 1,2,3,...,m.

3 Main results

Theorem 3.1 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Forany i =1,2,3,...,m, let f;
be a bifunction from C x C to R satisfying the conditions (A1)-(A4) and let {A;} be a finite
Jamily of continuous and monotone mappings from C to E'. Let Bj C E x E' be maximal
monotone operators satisfying D(B;) C C and ]fi’n = (J + AjuBy)™Y for all X, > 0 and j =
L,2,...,1. Assume that F := (2, GEP(f;, A;)) N (ﬂ]l«=1 Bj‘10) # . For arbitrary x, € C and
C; = C, generate a sequence {x,} by

By Bj1 By
Zn =])‘ln O])‘l—ln o o])‘l,nx”7

_ 10 Om-1 O1
U, = Krm’; oK, ", 00Ky zy,

Cun ={z€ Cy: 9(z,u,) < d(z,x4)},
KXn+l = ch+1x1, Vn > 1,

(3.1)

where {r;,} C [a,00) for some a >0 forall i=1,2,...,m and liminf,_, o X;, >0 for all j =

1,2,...,1. Then the sequence {x,} converges strongly to a point p € F, where p = Tlpx;.

Proof We split the proof into five steps as follows.
Step 1. We first show that C,,,; is closed and convex for all n > 1. Clearly, C; = C is closed
and convex. Suppose that C, is closed and convex for all # > 1. Since, for any z € C,,, we

know that ¢(z, u,) < ¢(z,x,) is equivalent to the following:
2(2, Jtn = Jun) < l|%nll* = .

Thus C,,; is closed and convex for all n > 1.
Step 2. We show that F C C,, for all # > 1 and {x,,} is well defined. Since F C C;=C, sup-
pose that F C C, for some n > 1. Let g € F, from Lemma 2.11 and Lemma 2.5, we have that

O @ un) = (g KO oK1 o 0 KOl 2,)

'm,n

< ¢(q,1<,‘jnrjl—; 0. ol(,?i Z)
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< ¢(q,1(r?;zn)

< ¢(q:z)

= (p(q’]}l‘l,n °© )l;—ll,n O o]}l‘l,nxn)

=@, 0 0T, %)

< ¢(q»]il‘nxn)

=< (g, %n). (3.2)
This shows that g € C,,;1, which implies that F C C,,;. Hence F C C, for all n > 1. This
implies that the sequence {x,} is well defined.

Step 3. We show that lim,_, « ||#t,, — %, || = 0 and lim,,_, » ||Ju,, — Jx,, || = 0. By the definition
of Cy;1 with x, = I, %1 and %, = ¢, %1 € Cyp1 C C,, it follows that

d)(xn:xl) = ¢(xn+1rx1): Vn>1, (33)

that is, {¢(x,, 1)} is nondecreasing. By Lemma 2.4, we get

DXy x1) = ¢(chx1,x1)
= ¢>(61’x1) - ¢(qrxn)
E d)(qrxl)r VC] € F' (3'4)
This implies that {¢(x,,x;)} is bounded and so lim,,_, o ¢(x,,x1) exists. In particular, by
(1.4), the sequence {([|x,|| — ||lx1[1)?} is bounded. This implies {x,} is also bounded. So, {z,}
and {u,} are also bounded. Since E is reflexive and C, is closed and convex, without loss

of generality, we may assume that there exists p € C, such that x, — p.
Since x,, = I1¢, %1, we have

dxnx1) <P, x1), VpeC,
On the other hand, since

liminf @ (x,, 1) = liminf{ [l 1> = 24, Jer) + [l [|°}
n— 00 n—oQ

> |pl? = 2(p, ) + Il |1?
= ¢(19»x1)»

it follows that

op,x1) < hrgg.}f¢(xn;xl) < limsup ¢(x,,%1) < @ (p,x1).

n—00

This implies that lim,_, o ¢ (x4, 1) = ¢(p, x1). Hence we get ||z, || — ||pll as n — oo. In view
of the Kadec-Klee property of E, we obtain

lim x, = p. (3.5)

n—00
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Now, we claim that ||Ju,, — Jx,|| — 0 as n — co. By the definition of I1¢, «1, it follows that

¢(xn+1:xn) = ¢(xn+17 nCnxl)
< ¢(xus1,%1) — P(Ic, %1, 1)

= ¢(xn+1’xl) - ¢(xmx1)~
Since lim,,_, o ¢ (x,,,%1) exists, we obtain
lim ¢(x,,1,%,) = 0. (3.6)
n—0oQ

Since x,,1 = I¢,,,%1 € Cyp C C, and the definition of C,,;, we have ¢(x,.1,u,) <
¢ (%41, %4). By (3.6) we also have

nlin;o @ (X1, 4y) = 0. (3.7)
From (2.2) it follows that
lunll = llpll - (n— 00). (3.8)

Since J is uniformly norm-to-norm continuous on bounded subsets of E, it follows
that

Wunll = Upll - (n— o0). (3.9)

This implies that {||/u,||} is bounded in E". Note that E is reflexive and E’ is also reflexive,
we can assume that Ju, — x~ € E". Since E is reflexive, we see that J(E) = E'. Hence there
exists x € E such that Jx = x*, and we have

2 2
¢(xr1+1: un) = ||xr1+1” - 2(xn+1;]’4n> + ”un”
2 2
= %1 l” = 201, Jutn) + Jutnll”

Taking liminf,_, -, on both sides of the equation above, in view of the weak lower semi-
continuity of the norm | - |, it follows that

0> [pI? —2p,x) + |«
= IpI2 = 2(p. ) +
= IpI2 = 2(p, ) + 15112
= $(p,%).

From Remark 2.1 we have p = x, which implies that x” = Jp, and so Ju,, — Jp € E". From the
Kadec-Klee property, we have that

Ju, —Jp asn— oo.
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Note that /7! : E — E is norm-weak -continuous, that is,
Uy, —p asm— 0o. (3.10)
From (3.8), (3.10) and the Kadec-Klee property of E, it follows that
lim u, =p. (3.11)
n—00
Since [|x, — uy|l < ||x, — pll + ||p — us|, it follows that
lim ||x, — u,| = 0. (3.12)
n—00

Since J is uniformly norm-to-norm continuous on bounded subsets of E, we obtain

lim ||Je, — Jocu | = O. (3.13)
n— 00

Step 4. We show that p € F := (2, GEP(f;, 4;)) N (ﬂ}l.zl BJTIO). First, we show that p €
M, GEP(f;,A;). From (3.2), (3.5) and (3.11), it follows that for any g € F,

lim ¢(q,2,) = $(q,p)- (3.14)

Denote Al;, :=ff;jn OI)\B;:ln o--- o]fllnx,, foreachj=1,2,...,/ and Ag = 1. We have that z,, =
Alx, for all n > 1. From Lemma 2.5(1), it follows that

¢(zn:xn) = ({b(quxmxn)
< ¢(q, %) — b (q, Al

= ¢(q,%4) = (g 24)-
Taking limit as # — oo on both sides of the inequality, we have
nlggoqﬁ(zmxn) =0.
From (2.2) it follows that (||x, | — ||z.]|)> = 0. Since ||x,|| — ||p|l, we have
zull = lipll - (n — o). (3.15)
Since J is uniformly norm-to-norm continuous on bounded subsets of E, it follows that
Wzull = Wpll - (n— o0). (3.16)

This implies that {||/z,||} is bounded in E” and E” is reflexive, we can assume that Jz, —
z € E . Inview of J(E) = E’, there exists z € E such that Jz = z', and so

O xu,24) = ||xn||2 = 2(%n, Jzn) + ||Zn||2

= (%61 = 2 (%, J2) + V2|12

Page 11 0of 18
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Taking liminf,,_, o, on both sides of the equality above and in view of the weak lower semi-
continuity of the norm | - |, it follows that

02 pI* - 2{p )+ |
= llpll® - 2(p.J2) + 1211
= lIpl* - 2(p, J2) + l12II”
= ¢(p,2).
From Remark 2.1, we have p = z, which implies that z* = Jp and so Jz, — Jp € E". From
(3.16) and the Kadec-Klee property of E’, we have Jz, — Jp as n — oo. Note that J 7! is

norm-weak -continuous, that is, z, — p. From (3.15) and the Kadec-Klee property of E,

we have

lim z, = p. (3.17)

n—00

For any g € F, we note that

(b(qyxn) - ¢(61; u,) = ||xn||2 - ||un”2 - 2(61,]96” —Juy,)

< N — nll (116l + N2tnll) + 2111120 — it |l
Thus it follows from ||x,, — u,|| — 0 and ||Jx,, — Ju,| — O that
¢(q1xn) - ¢(q; un) - 0 (Vl i OO). (3'18)

Denote &/, := K\ 0 K"l 0.+ 0 K for each i =1,2,...,m and ®° = I. We can rewrite u,

Tijn Ti-1,n "Ln

as u, = ®/'z,. It follows that for each i = 1,2,...,m, we have

o(q,un) = ¢(q, P)'zn)
¢(q, @) z,)

< ¢(q, ) z)

IA

< ¢(q, P'zn). (3.19)
From Lemma 2.11(5), for each i = 1,2,...,m, we have

(l)(q);Zn, Zn) < ¢(qg,zu) - ¢(qr CI);Z,,)
< (g, %1) — (q, Plyz0)
< (g, %n) — H(q> tn)- (3.20)

From (3.18) it follows that ¢(®',z,,z,) — 0 as n — oo for each i = 1,2,...,m, and so from
(2.2), that

(1@hzu]) = l1zal)* — 0.

Page 12 0of 18
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Since ||z,|| = |lpll, we also have, for each i =1,2,...,m,
| @iza]| = lipll - (1 — o0). (3.21)

Since {®! z,,} isbounded for each i = 1,2,...,m and E is reflexive, without loss of generality,
we may assume that CDi,zn — hforalli=1,2,...,m. From the first step, since C,, is closed
and convex for each n > 1, it is obvious that # € C,. Again, since

A(D 20 20) = | ®L 2] = 2( 20 J2) + 121,
taking liminf,_, ., on both sides of the equality above, we have

0> |41 = 2(h Jp) + IpII* = $(h, p).
This implies that 1 = p for each i =1,2,...,m, and so

dDLG —p. (3.22)
From (3.21), (3.22) and the Kadec-Klee property, for each i = 1,2,...,m, we have

Tim 'z, =p. (3.23)
By using the triangle inequality, for each i =1,2,...,m, we obtain

|92 - 512, < | WL, p] + |- 0 2
Hence, for each i=1,2,...,m, we have

lim || @}z, — @'z, | = 0. (3.24)

n—00

Since {r;,} C [a,00) and J is uniformly norm-to-norm continuous on bounded subsets of
E,foreachi=1,2,3,...,m, we have
e

n—00 Tin

0. (3.25)

From Lemma 2.11 we have, for each i =1,2,...,m,

; 1 . ; .
O;(P)zny) + r—(y - @z, ] Plz, —J DL 2,) =0, VyeC,

in

where ©;(u,,y) =fi(un,y) + (y — uy, Ajuy) for all u,,y € C. From the condition (A2), it fol-
lows that for each i =1,2,...,m,

1 i i i-1 i
—(y = D20, P20 — J D 24) = O4(y, Phza), ¥y eC.

Tin
From (3.23) and (3.25), for each i = 1,2,...,m, we have

0>0;(p), VyeC. (3.26)
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Foranyt e [0,1] and y € C, let y, = ty + (1 — £)p. Then we get y, € C. From (3.26) it follows
that foreachi=1,2,...,m,

Oi(yp) <0, Vy eC. (3.27)
By the conditions (Al) and (A4), for each i =1,2,...,m, we have

0 = ©;(y 1)
<10i(yuy) + 1 -1)0;(yp)
< t0i(yy)
< 0;(ysY). (3.28)

From the condition (A3), we get
0 < Oi(y,y) = Oty + (1= )p, ).
Taking t — 0 in the equality above, for each i =1,2,...,m, we have

0=1im0 < }irré Oi(ty + 1-0p,y) = Oi(p,y), VyeC,

t—0

that is, fi(p,y) + (y —p,Aip) > 0 for all y € C and i = 1,2,...,m. This implies that p €
GEP(f;,A;) for each i = 1,2,...,m. Therefore, p € (", GEP(f;, A;).

Next, we show that p € ﬂ;ﬂ B].‘IO. Letz, = qux,, for each n > 1. For any ¢q € F, it follows
that foreachj=1,2,...,/,

¢(%Zn) = ¢(q’quxn)
< ¢(q, AL x,)

< ¢(q, A7)

< ¢(q, Nyxn). (3.29)

By Lemma 2.5 we have, forj=1,2,3,...,m,

D (A xn, %) < D(q,%0) — (g, V%)
< ¢(q, %) - 9(q, zn). (3.30)

Sincex, — pandz, - pasn — oo,wegeth(ALx,,,x,,) — 0asn— ooforj=1,2,3,...,m.
From (2.2) it follows that

(&4 = teall)” = 0.
Since ||x,|| — Ilp|l, we also have

| AL xa]| = llpll asn— o0,Vj=1,2,3,...,m. (3.31)
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This implies that for each j =1,2,3,...,m, {A’;,xn} is bounded and E is reflexive, without
loss of generality, we assume that N,x, — k. We know that C, is closed and convex for
each n > 1, it is obvious that k € C,,. Again, since

(AN X, %) = || Ao |~ = 2{ A 50, Joen) + 1% 117,

taking liminf,_, - on both sides of equality above, we have

0 > [lklI* = 2(k,Jp) + lIp|I?
= ¢(k,p).

Thatis, k=p,Vj=1,2,3,...,1, it follows that

N x, — p. (3.32)
From (3.31), (3.32) and the Kadec-Klee property, it follows that

lim Nx,=p, V¥j=123,..,m (3.33)

We also have

lim A%, =p, Vji=1,2,3,...,m. (3.34)
n—0oQ

It follows that
lim [|A]x, - A x| =0, ¥j=1,2,3,...m. (3.35)

Since J is uniformly norm-to-norm continuous on bounded subsets of E and
liminfA;, >0

n—00

foreachj=1,2,...,/, we have

lim | A, — AR x| = 0.
o

n—00 )‘j
Let A];,x,, :]ﬁjn A’;Ixn for eachj=1,2,...,I. Then we have
X 1 . .
. 1 T 1 _
i 18,855, = tim 85,8 <.

Forany (w,w’) € G(B;) and (A’},xn,AM‘n A];lx,,) € G(B)) foreachj=1,2,...,1, it follows from
the monotonicity of B; that for all > 0,

(w - A’;,x,,, w— B,\/.,n A’;lx,,) > 0.

Page 150f 18
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Letting # — oo in the inequality above, we get (w —p,w’) > 0. Since B; is maximal mono-
tone for eachj=1,2,...,/, we obtain p € ﬂ/l.zl B]TIO.
Step 5. We show that p = [1px;. From x,, = Il¢,x1, we have (Jx; — Jx,,x, — z) > 0 for all

z € C,. Since F C C,, we also have
(Jx1 = Jxw, %, —y) 20, VyeF,
and so, taking limit n — 0o, we get

(Jx1—Jp,p—y) >0, VyeF.

Therefore, by Lemma 2.3, we can conclude that p = [1zx; and x,, — p as n — 00. The proof

is completed. d
If i =1 and j = 1, we have the following.

Corollary 3.2 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. Let f be a bifunction from
C x C to R satisfying the conditions (A1)-(A4) and let A : C — E be a continuous and
monotone mapping. Let B C E x E be a maximal monotone operator satisfying D(B) C C
and J,,, = (J + A,B)™Y for all A, > 0. Assume that F := GEP(f,A) N B™10 # (. For arbitrary

x1 € C and Cy = C, generate a sequence {x,} by

Zn = X

Uy = K, zy,

Cn+l = {Z € Cn : ¢(Z’ un) < ¢(z¢xn)}:
Xntl = HC,H.lxlv Vn = ]-)

(3.36)

where {r,} C [a,00) for some a > 0 and liminf,_, ., X, > 0. Then the sequence {x,} converges

strongly to a point p € F, where p = I1px;.

4 Applications
In this section, we apply our result to find a common solution of the variational inequality
problems and zeros of the maximal operators.

We need the following lemma for our result, which is a special case of Lemmas 2.8 and
2.9 of [24].

Lemma 4.1 (Zegeye and Shahzad [16]) Let C be a closed convex subset of a uniformly

smooth, strictly convex real Banach space E. Let A : C — E be a continuous monotone

mapping. For any r > 0 and x € E, define a mapping T, : E — C as follows:
1
T.x = {ze C:(y-z,Az2)+-(y—2,Jz—Jx) > 0,Vy e C}, Vx e E.
r

Then we have the following:
(1) T, is single-valued,
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(2) T, is a firmly nonexpansive-type mapping, i.e., for any x,y € E,
(Trx = Try,JTix = JTry) < (Trx = Tyy, Jx = Jy);

(3) F(T;) = VI(C,A);
(4) VI(C,A) is closed and convex;
(5) o(p, Trx) + ¢(Tx,x) < ¢(p,x) for any p € F(T,).

Theorem 4.2 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. For each i = 1,2,...,m, let
{A;} be a finite family of continuous and monotone mappings C — E". Forr, >0 and x € E,
define a mapping T, : E — C by

Tim™r *

1
T, x:= {ze C:(y-zAz)+ —(y—2zJz—Jx) > 0,Vy € C}.
Tn
Let B C E x E be a maximal monotone operator satisfying D(B) C C and ]ﬁ’n =+
AjuBy) Y forall >0 andj=1,2,...,1. Assume that F := ("2, VI(C,A;)) N (N, B0) # 9.

=15
For an initial point x; € E with C, = C, define the sequence {x,} in C as follows:

_7B By By
Zn _])‘l,n °© M-1,n ° o])\l,nx"’
Uy = Trm,n o Trm—l,n ©---0 Trl,nz”’ (4 1)

Cun ={z€ Cy: 9(z,u,) < d(z,x4)},
KXn+l = ch+1x1! Vn > 1,

where {r;,} C [a,00) for some a >0 forall i=1,2,...,m and liminf,_, o X;,, > 0 for all j =
1,2,...,1. Then the sequence {x,} converges strongly to a point p € F, where p = I1x;.

Proof Taking fi(u,,y) =0 foralli=1,2,...,m in Theorem 3.1, we can get the desired con-
clusion. 0

By Theorem 4.2, if we set B; = 0 for each j = 1,2,...,/, we obtain the following.

Corollary 4.3 Let C be a nonempty closed and convex subset of a uniformly smooth and
strictly convex Banach space E with the Kadec-Klee property. For any i = 1,2,...,m, let
{A;} be a finite family of continuous and monotone mappings C — E . Assume that F :=
ﬂimzl VI(C, A;) # @. For an initial point x, € E with Cy = C, define the sequence {x,} in C as

follows:
uy =Ty, , 0Ty, 1,0 0Ty, %
Cin=1{z€ Cy:9(z,u,) < d(z,x,)}, (4.2)

KXn+l = Hcmlxh Vn=>1,

where {r;,} C [a,00) for some a > 0 foreachi=1,2,...,m. Then the sequence {x,} converges
strongly to a point p € F, where p = I1px;.

Remark 4.4 Corollary 4.3 extends and improves the result of Zegeye and Shahzad [16]
to a common solution of the variational inequality problems.
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