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Firstly, we will show the following extension of the results on powers of p-hyponormal
and log-hyponormal operators: let n and m be positive integers, if T is p-hyponormal for
p € (0,2], then: (i) in case m > p, (Tmm Trtm)mep)/ntm) > (Tn"m)mtp)n and
(T” Tn*)(n+p)/n > (Tn+m Tn+m*)(n+p)/(n+m) hold, (ii) in case m < P, Trm* pntm >
(T Tm)tm)/n and (T )(ntm)/n > premTnem® hold, Secondly, we will show an estima-
tion on powers of p-hyponormal operators for p >0 which implies the best possibility
of our results. Lastly, we will show a parallel estimation on powers of log-hyponormal
operators as follows: let « > 1, then the following hold for each positive integer n and m:
(i) there exists a log-hyponormal operator T such that (T7*m" Tn+myna/(ntm) o (Tn"Tm)a
(ii) there exists a log-hyponormal operator T such that (T"T"")* # (TmmTmm" yna/(mtm)

Copyright © 2006 C. Yang and J. Yuan. This is an open access article distributed under
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1. Introduction

In this paper, let H be a complex Hilbert space and B(H) be the algebra of all bounded
linear operators in H, and a capital letter mean an element of B(H). An operator T is said
to be positive (in symbol: T > 0) if (Tx,x) > 0 for any x € H, and an operator T is said to
be strictly positive (in symbol: T > 0) if T is positive and invertible.

An operator T is said to be p-hyponormal for p >0 if (T*T)? = (TT*)?, where T*
is the adjoint operator of T. An invertible operator T is said to be log-hyponormal if
log(T*T) = log(TT*).If p = 1, T is called hyponormal and if p = 1/2, T is called semi-
hyponormal. It is clear that every p-hyponormal operator is g-hyponormal for 0 < g < p
by the celebrated Lowner-Heinz theorem and every invertible p-hyponormal operator for
p > 01islog-hyponormal since logt is an operator monotone function. log-hyponormality
is sometimes regarded as 0-hyponormal since (X? — 1)/p — logX as p — 0 for X > 0.

Recently, Furuta-Yanagida [6] showed the following results on powers of p-hyponor-
mal operators with p € (0,1] which is a generalization of Aluthge-Wang [1].
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2 Powers of p- and log-hyponormal operators

TaEOREM 1.1 [6]. Let T be a p-hyponormal operator for p € (0,1]. Then

(T”* Tn)(p+1)/n S>> (TZ* Tz)(p+l)/2 > (T*T)PH,
(1.1)
(TT*)P" = (12727) P2 > s () PO
hold for all positive integer n.

Very recently, Ito [8] showed that Theorem 1.1 holds for p > 0.
Tueorem 1.2 [8]. If T is p-hyponormal for p € (k — 1,k] where k is a positive integer, then

(T1+m* T1+m)(1+P)/(1+M) > (T* T)HP) (TT*)HP > (T1+mT1+m*)(1+P)/(1+m) (1.2)
hold for all positive integer m such that m = p,
T1+m* THm > (T* T) 1+m) (TT*)1+”" > T1+mT1+m* (13)

hold for all positive integer m such that m < p.

Yamazaki [13] also showed the following Theorem 1.3 which is a parallel result to
Theorems 1.1 and 1.2.

Traeorem 1.3 [13]. If T is log-hyponormal, then
(TnH*TnJrl)"/(”"'l) > " ™, ™" > (Tn+1Tn+1*)”/(”+1) (1.4)

hold for all positive integer n.
We can rewrite Theorem 1.3 into the following easily.

TaeoOREM 1.4. If T islog- hyponormal, then
(Tn+m* Tn+m)”/("+m) > " ™, ™" > (Tn+an+m*)”/(”+m) (1.5)

hold for all positive integer n and m.

In fact, if m > 1, then by Theorem 1.3 we have

| Tner |2(n+m71)/(n+m) > | Tner,l |2"”’ | Tn+2 |2(n+1)/(n+2) > | Tn+1 |2’

| Tn+1 |2n/(n+1) > | Tn | 2’
(1.6)
| Tn* |2 > | Tn+1* |2n/(n+1)

>

|Tn+1* |2 > | Tn+2* |2(n+1)/(n+2) | T’Hm_l* |2 > | Tner* |2(n+m—1)/(n+m)

>
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so that
(Tn+m* Tn+m)”/(”+m) > (Tn+m—1*Tn+m—1)"/(”+m_l) > > (T”*l*T”H)"/(nH) > T" "
™ > (Tn+1Tn+1*)”/(”+1) > > (Tn+m—lTn+m—l*)”/(”+m_1) > (Tn+an+m*)”/(”+m)

(1.7)

hold by Lowner-Heinz inequality.

In this paper, we will show Theorem 2.1, the parallel result to Theorem 1.4, stated
below which is an extension of Theorems 1.1 and 1.2. We will also show an estimation
on powers of p-hyponormal operators for p >0 which implies the best possibility of
Theorem 2.1 and discuss the best possibility of Theorem 1.4.

2. An extension of Theorems 1.1 and 1.2

TaroreM 2.1. If T is p-hyponormal for p € (k — 1,k] where k is a positive integer, then
(i) in case k = 1,2,

(Tm_m* Tn+m)(n+p)/(n+m) > (Tn* Tn)(”ﬂ’)/”) (2.1)

(T" T"* )(n+p)/n > (T"+m T"+m* ) (n+p)/(n+m) (2.2)

hold for all positive integer n and m such that m = p;
(ii) in case k = 2,3,

rtmt pntm o (Tn* Tn)(”““)/”) (2.3)
(TnTn*)(”"'m)/” > rrmntm (2.4)
hold for all positive integer n and m such that m < p.

COROLLARY 2.2. Let n and m be positive integers, if T is p-hyponormal for p € (k — 1,k],
then
(1) incasek = 1,2 and m = p,

(Tner* Tn+m)(rl+P)/(n+m) S>> (T,ﬁk* Tn+k)(”+1’)/(”+k) > (Tn* Tn)(n+P)/n’ (2.5)

(Tn Tn*)(n+p)/n > (TnJrk* Tn+k)(”+P)/(”+k) > (Tn+an+m*)(”+P)/(”+m); (26)

(ii) in case k = 3,
(Tn+2* Tn+2)(”+1)/(“+2) > Tn+1*Tn+1 > (Tn* Tn)("“)/“’ (2.7)

(TnTn*)(”ﬂ)/” Sl S (Tn+2Tn+2*)(”+1)/(n+2)' (2.8)

Remark 2.3. In case p € (0,1], Theorem 1.1 follows from Corollary 2.2(i) by taking k = 1
andn = 1.

In case k = 1,2,3 and p € (k — 1,k], Theorem 1.2 follows from Theorem 2.1 by taking
n=1.
We need the following results to show Theorem 2.1.
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Figure 2.1 The best possible domain for Furuta inequality.

THEOREM 2.4 (Furuta inequality [3] call it FI simply). If A = B > 0, then for each r = 0,
(1)

(Br/ZApBr/Z)l/q > (Br/ZBpBr/Z)l/Q) (29)
(ii)
(Ar/ZApAr/Z)l/q > (Ar/ZBpAr/Z)l/q (2‘10)

hold for p = 0 and g = 1 with (1+r)q = p+r.

FI yields the following famous Lowner-Heinz inequality by putting » = 0 in (i) or (ii)
of FI. It was shown by Tanahashi [11] that the domain drawn for p, g and r in Figure 2.1
is the best possible for FI.

THEOREM 2.5 Lowner-Heinz (Loner-Heinz inequality [7, 10] call it L-H simply). Let 1 >
a>0.ThenA>B=>0= A%> B*

LemMa 2.6 [5]. Let a € R and X be invertible. Then (X*X)* = X*(XX*)*"1X holds, espe-
cially in case o = 1 Lemma 2.6 holds without invertibility of X.

THEOREM 2.7 [2,4,5,9]. Let A,B = 0 such that A* > B for a > 0. Then for each q¢ = 0 and
t = 0 the following hold.

(1) frq(s) = (A”ZBSA“/Z)(qH)/(SH) is decreasing for s = q = 0.

(2) giq(s) = (B‘/ZASB”Z)(qH)/(SH) is increasing for s > q > 0.

TaeoreM 2.8 [13]. Let T be a p-hyponormal operator for p € (0,1]. Then
(Tn* Tn)l/n S>> (TZ* Tz)l/z S T*T,

(2.11)

TT* > (TZTQ*)I/Z S>> (T”T”*)U”

hold for all positive integer n.



C.Yangand]J. Yuan 5
LemMa 2.9. If T is p-hyponormal for p € (k — 1,k] where k is a positive integer, then

( | T* | | Tn+m | 2 | T* | )(n+1+p)/(n+1+m) > | T* | | Tn+m | 2(n+p)/(n+m) | T* |) (212)

(|T| | Tn+m* |2‘T|)(n+1+p)/(n+1+m) < |T| | Tn+m* |2(”+P)/("+m)|T| (2.13)
hold for all positive integer n and m such that m > k. If k = 1,2 in addition, then

[T T PO T (T T ) e, (2.14)
| T | ™" |2(n+p)/n|T| < (|T| |T”* |2|T|)(n+1+p)/(n+1) (2.15)

hold for all positive integer n.
Proof of Lemma 2.9. Put y = min{1, p}, then
(T 1) = o = (T2 T2 2 (T*T) = (TT*) = (T*T¥) = - = (777 )"
(2.16)
holds by Theorem 2.8, p-hyponormality of T and L-H. O

Proof of (2.12). Since (| T |¥(tm))y > (| T*|2)7 by (2.16), then for each t > 0 and g > 0,
Grq(s) = (|T*[t|Trmem |2/ (mim) | T |1)(a+0/(s+) js increasing for s = ¢ = 0 by Theorem 2.7(2).
Then by takinga =y, t =1, g = n+ p and s = n+m we have

( | T* | | Tntm | 2 | T* | )(n+1+p)/(n+1+m)

_ ( | T* | | rtm |2(n+m)/(n+m) | T* | )(n+l+p)/(n+l+m)

= gl,n+p(” +m)

2.17
Zgl,n+p(”+P) ( )
_ ( | T* | | THtm |2(n+p)/(n+m) | T* | )(n+p+1)/(n+p+1)
_ | T* | | Tn+m | 2(n+p)/(n+m) | T* |. |:|

Proof of (2.13). Since (| T|?)? = (|T™™" |¥(n+m)y by (2.16), similar to the proof of (2.12),
(2.13) holds by takingw =y, t = 1, g = n+ p and s = n+ m in Theorem 2.7(1). O

Proof of (2.14). It k = 1,2, then p € (0,1] or p € (1,2], thus y+n = y+1 = p. So that
(L+n/y)((1+n)/p) = 1/y+n/y holds. O

On the other hand, by applying (ii) of Theorem 2.4 to |T"|?/" and |T*|* for (1 +
n/y)((1+n)/p) = 1/y+n/y, we have

| ™ |2p/n _ | ™ | (2y/n)(p/y)
. ( | ™ | (2y/n)(n/2y) | T* |2y(1/y) | ™ | (2y/n)(n/2y))"/("+1) (2.18)

A RE
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so that
It P R IV e P b
> [T [T (|7 TP T P T T (209)

_ (| T* | | Tn|2 | T* |)(n+1+P)/(n+1)'

Proof of (2.15). Since |T|? > |T" |?'" by (2.16), similar to the proof of (2.14), (2.15)
holds by Lemma 2.6 and taking p; = 1/y, ri = n/y and g1 = (1+n)/p in Theorem 2.4(i).
(I

Proof of Theorem 2.1. Let T = U|T| be the polar decomposition of T. Then it is well
known that the polar decomposition of T* is T* = U*|T*|. O

Proof of (2.1). In case k = 1,2.
(1) We will prove that the following (2.20) holds for all positive integer #n by induction:

(T,H_k* Tn+k)(n+p)/(n+k (T” T”) (n+p)/ (2.20)
Firstly, we prove that (2.20) holds for n = 1, that is, in case k = 1, p € (0,1], then
(12 72) P2 5 (7r7) P! (2.21)
and in case k = 2, p € (1,2], then
(13" 13) P8 5 (rrr) P (2.22)

In case k =1, p € (0,1], since (T*T)P = (TT*)?, by applying (i) of Theorem 2.4 to
(T*T)? and (TT*)?P for (1+(1/p))((L+1)/(1+p)) = 1/p+1/p, we have

(T1+1* T1+1)(1+P)/(1+1 (U* | T* | T*T| T* | U) (1+p)/(1+1)
(1+p)/(1+1)
= U (T P e Ve e Py ) T
> U (| T* |2p)<1+p)/pU
— U* | T* | (1+p) U
_ |T|2(1+p)

= (T*T)""?,
(2.23)

so that (2.21) is proved.

In case k =2, if T is p-hyponormal for p € (1,2], then T is hyponormal (i.e.,
1-hyponormal) by L-H; thus T2 T? > (T*T)? by (2.21), s0 (T?" T?)?2 > (T*T)? = (TT*)?
by p-hyponomality of T and L-H for p/2 € (0,1], we have the following by applying (i)
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of Theorem 2.4 to (T?"T?)#? and (TT*)? for (1+1/p)((1+2)/(1+ p)) = 2/p+1/p:
(T1+2* T1+2)(1+P)/(1+2 U* | T* \ T2 T2 | T* | U (1+p)/(1+2)

2p\1/2 2/ 291 1/2p\ (1+P)/(142)
(TP TP U

> U*(|T* ~2p)<1+p)/pU
(2.24)
= U* | T* | (1+p) U
_ | T | 2(1+p)
(T* T) 1+P
so that (2.22) is proved.
Secondly, assumed that (2.20) holds for 1,...,n(> 1). We will prove that (2.20) holds

forn+1.
In fact, we have

(TnHJrk* Tn+1+k)(n+1+p)/(n+1+k) _ (T* | Tk | zT)(n+1+p)/(n+1+k)
_ (U* | T* | | T”+k | 2 | T* | U)(n+1+p)/(n+1+k)

=U*(|T*]| Tk | 2 | T* | )(n+1+P)/(n+1+k)U

> U* | T || Ttk |2 e U oby (2.12)
> U* | T | "> | T*|U by induction

> U (|T*| | T | T )" PV by (2.14)

_ (T* | ™" |2T)(n+1+p)/(n+1)

— (Tn+1* Tn+1)(n+1+p)/(n+1)

>

(2.25)
so that it is proved that (2.20) (i.e., case m = k of (2.1)) holds for n + 1.
(ii) We will prove that (2.1) holds for m > k.
Ifk =1, p € (0,1], then m > 1 and by (2.20) we have
(Tn+m* Tn+m)(”+m_1+17)(n+m) > (Tn+m—1* Trm=1 ) (ntm—1+p)/(ntm-1) .
(T’Hz* Tn+2)(n+l+p)/(n+2) > (TnJrl* TnJr] ) (n+l+p)/(n+l)’ (226)

(Tn+1* Tn+1)(”+P)/(”+1 (Tn Tn) (n+p)/
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thus by L-H we have

(Tn+m* Tn+m)(”+P)/(”+m) > (Tn+m—1* Tn+m—1)(”+P)/(”+m71) > ...

1 , (2.27)
> (Tn+l*Tn+1)(”+P) (n+1) > (Tn* Tn)(”"‘P) n.

If k =2, Tis p-hyponormal for p € (1,2], then T is hyponormal (i.e., 1-hyponormal)
by L-H; thus

Tl el 5 () D/ (2.28)

holds by case k = 1 and p = 1 of (2.20), so we have

Tn+m* M s (Tn+m—1* Tn+m—l)("+m)/(”+m_1)

Tn+3* n+3 > (Tn+2* Tn+2)(”+3)/(”+2), (2'29)

(Tn+2* Tn+2)("+P)/(H+2) > (Tn* Tn)(n+p)/n

by (2.28) and (2.20) (the last inequality holds by (2.20)), so that the following holds by
L-H:

(Tn+m* Tn+m)(”+P)/(”+m) > (Tn+m—1* Tntm=1 ) (n+p)/(ntm=1)

(2.30)

>0 > (Tn+2* Tn+2)(”+l7)/(”+2) > (Tn* Tn)("ﬂ’)/”.
Consequently, the proof of (2.1) is complete by combining (i) and (ii). O
Proof of (2.2). The proof is similar to the proof of (2.1), so we omit it here. O

Proof of (2.3). If k = 2, we only need to show T™" T > (T T")"*D/n this is just
(2.28), so that (2.3) holds for k = 2.

If k = 3, we need to show T"#1" 71 > (T Tm)(nt0/m and Tn#2" T2 > (T Tm)(n2)/m,
In fact T is p-hyponormal for p € (2,3], then T is 1-hyponormal by L-H; thus
T Tl > (7 ") D/m holds by case k = 1 and p = 1 of (2.1); similarly, T is p-
hyponormal for p € (2,3], then T is 2-hyponormal by L-H; thus T"*?" T"*? >
(T T)"*2/n holds by case k = 2, p = 2 and m = 2 of (2.1), so that (2.3) holds. O

Proof of (2.4). The proof is similar to that of (2.3), so we omit it here. O

Proof of Corollary 2.2. We have (i) by the process of the proof of (2.1) and (2.2). (ii) is
obvious by case k = 3 of (2.3), (2.4) and L-H. O
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3. Estimation on powers of p-hyponormal and log-hyponormal operators

The following Theorem 3.1 which is an estimation on powers of p-hyponormal operators
for p > 0 implies the best possibility of Theorem 2.1.

THEOREM 3.1. Let k, n and m be positive integers, p € (k — 1,k] and a > 1.
(1) In case m = p the following hold.
(i) There exists a p-hyponormal operator T such that

(T,H_m* Tn+m)(n+p)a/(n+m) + (Tn* Tn)(ner)oc/n' (31)
(ii) There exists a p-hyponormal operator T such that
e\ (ntp)a/n ntm rnt+m* \ (ntp)a/ntm
(T"T"") # (Tmrmnim) . (3.2)

(2) In case m < p the following hold.
(i) There exists a p-hyponormal operator T such that

(Tm_m* Tn+m)a + (Tn* Tn)(ner)oc/n. (33)
(ii) There exists a p-hyponormal operator T such that
n | (nm)a/n n+mntm* | &
(T"T") £ (Trem)” (3.4)

The following Theorem 3.2 which is a parallel result to Theorem 3.1 implies the best
possibility of Theorem 1.4.

THEOREM 3.2. Let o > 1. Then the following hold for each positive integer n and m.
(i) There exists a log-hyponormal operator T such that (T™m" Trtmyna/(ntm) o (Tn* Tme,
(ii) There exists a log-hyponormal operator T such that (T"T™ )% # (T+mTrm™ yna/(nem),

We need the following results to show Theorems 3.1 and 3.2.

THEOREM 3.3 [12, 14]. Let § >0, p>0,r>0,and ¢>0. If0<g<lor (§+r)g<p+r,
then the following assertions hold.
(i) There exist positive invertible operators A and B on R? such that

A > BS) (Br/zApBr/Z)l/q # Blrtr/a. (3.5)
(ii) There exist positive invertible operators A and B on R* such that

A5 > B6, A(p+r)/q i (Ar/ZBpAr/Z)l/q' (36)
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THEOREM 3.4 [14]. Let p >0, r >0, and q >0. If rq < p +r, then the following assertions
hold.
(i) There exist positive invertible operators A and B on R* such that

logA = logB,  (B72APB"2)"1 4 Blr+r)a, (3.7)
(ii) There exist positive invertible operators A and B on R? such that
logA > logB,  AWP/a % (A72BPAT2)Va, (3.8)

LemMA 3.5. For positive operators A and B on H, define an operator T on @y _ ., Hy where
Hy = H as follows:

0
Bl/2 0
B2 (0) : (3.9)

Al/z 0
A1/2 0

where (-) shows the place of the (0,0) matrix element. Then the following assertions hold.
(i) T is p-hyponormal for p > 0 if and only if AP = BP.
(i) T is log-hyponormal if and only if A and B are invertible and log A = logB.
Furthermore, the following assertions hold for > 0 and any positive integer n and m:
(iii) (Trm" Treem)Bmem) > (T TR if and only if

(Bl/2An+m—lBl/2)ﬁ/("+m) > (BI/ZAn—lBl/Z)ﬁ/" hOldeOf’l =1,2,....n—1.

(3.10)
(BZ/ZA”W’IB”Z)M"W) >BF  holdsforl=nn+1,...,n+m— 1.
(iV) (T”T”* )ﬁ/n > (Tn+an+m* )ﬁ/(n+m) ifand only if
(AT2BriAI2) P 5 (Ai2gnem=i AP o1 for §=1,2,...,n— 1.
(3.11)

B/(n+m)

AP > (AJ2Brmm=iAil2) holds for j = n,n+1,...,n+m—1.
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Proof. By easy calculation, we have

T*T = (A) , TT*

(3.12)
so that (i) is obvious by comparing the two (0,0) elements of (T*T)? and (TT*)?, sim-

ilarly, (ii) is obvious by comparing the two (0,0) elements of log T*T and log TT*. Fur-
thermore, the following hold for n > 2:

. o
Bn
B(n—l)/ZAB(n—l)/2

Tn* T" = . Bl/zAn—lBl/Z

- B1/2An—1B1/2
(A")
An

(.3.13)

so that we have (iii) by comparing the corresponding elements of (T T"*m)B/(ntm)
and (T Tm)P/n,

. .
(B")
A1/2Bn71A1/2

™" = AJ2Bn=iAir?
‘ A(nfl)/ZBA(nfl)/Z

An
An

(3‘.14)
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so that we have (iv) by comparing the corresponding elements of (T"T" )f" and
(Tn+m Tn+m* )ﬂ/(n+m) . O

Proof of Theorem 3.1. Put py =m >0, 1, =n>0, q1 = (n+m)/(n+ po)a where py =
min{p,m}, and § = p >0, then we have q; <1 when m < p; (§ +r)q1 = (n+p)((n+
m)/(n+p)a) <n+m= p;+r whenm = p.

By (i) of Theorem 3.3, there exist positive invertible operators A and B on R? such that
A® > BY and (B"/2AP BV/2)Var % BPr+n)/ar that s,

AP > BP, (3.15)

(Bn/ZAmBn/2)(n+po)a/(n+m) i B(ﬂﬂ?o)a_ (316)

Define an operator T on @By _ ., Hx where Hy = R? as (3.9). Then T is p-hyponormal by
(3.15) and (i) of Lemma 3.5, and (T Tntm)(ntpo)a/(nem) o (pn™my(mtpo)a/n by (jii) of
Lemma 3.5 since the case [ = n 0of (3.10) does not hold for = (n+ po)a by (3.16), so that
Theorems 3.1(1)(i) and 3.1(2)(i) hold.

By (ii) of Theorem 3.3, there exist positive invertible operators A and B on R? such
that A® > B9 and A(Pr+r)/ar % (AN/2BPr AN/2)Va1 that is,

AP > BP, (3.17)

Almtpo)a + (An/zBmAn/Z)(”er")“/(mm), (3.18)

Define an operator T on @y _., Hx where Hy = R? as (3.9). Then T is p-hyponormal by
(3.17) and (i) of Lemma 3.5, and (T"T"")(rtpo)a/n o (Tnmnem™)(ntpo)al(ntm) by (iy) of
Lemma 3.5 since the case j = n of (3.11) does not hold for = (n+ po)a by (3.18), so that
Theorems 3.1(1)(ii) and 3.1(2)(ii) hold. |

Proof of Theorem 3.2. Put py =m >0, r, =n>0, q = (n+m)/na, then we have r;q; =
(n+m)/a<n+m=p;+r.
By (i) of Theorem 3.4, there exist positive invertible operators A and B on R? such that

ogA >lo .
logA > logB (3.19)
and (B"2AP B1/2)Var £ Bpi+1)/41 that is,

(Bn/ZAmBnﬂ)”O‘/(ner) i B« (320)

Define an operator T on ;. _ ., Hy where Hy = R? as (3.9). Then T is log-hyponormal by
(3.19) and (ii) of Lemma 3.5, and (""" Twmyna/(ntm) o (Tn" Tnyne/n by (iii) of Lemma
3.5 since the case [ = n 0f (3.10) does not hold for 8 = na by (3.20), so that Theorem 3.2(i)
holds.
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By (ii) of Theorem 3.4, there exist positive invertible operators A and B on R? such
that

logA = logB (3.21)
and AP+1)/a 4 (AT2BPIAN2)V/a: that s,
AT 4 (Am2Bm Ay ), (3.22)

Define an operator T on @, _ ., Hy where Hy = R? as (3.9). Then T is log-hyponormal by
(3.21) and (ii) of Lemma3.5, and (T"T" )"/n s (Trtmpntmyne/tntm) by (iv) of
Lemma 3.5 since the case j = n of (3.11) does not hold for § = na by (3.22), so that
Theorem 3.2 (ii) and holds. a
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