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Some new concepts of generating spaces of quasi-norm family are introduced and their
linear topological structures are studied. These spaces are not necessarily locally convex.
By virtue of some properties in these spaces, several Schauder-type fixed point theorems
are proved, which include the corresponding theorems in locally convex spaces as their
special cases. As applications, some new fixed point theorems in Menger probabilistic
normed spaces and fuzzy normed spaces are obtained.
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1. Introduction

The Schauder fixed point theorem and its generalizations which were obtained by Kras-
noselskii et al. (see [3, 5], we call them the Schauder-type fixed point theorems), play
important role in nonlinear analysis. In classical case, many interesting extensions and
important applications of these theorems were presented by Fan [1] and others. In non-
classical case, several extensions of these theorems in Menger probabilistic normed spaces
were given under some conditions by Zhang-Guo [11] and Lin [6]. Naturally, a subject
is to consider their unified extensions both in classical case and in nonclassical case. In
this paper, we introduce some new concepts of generating spaces of quasi-norm family,
and establish some new unified versions of Schauder-type fixed point theorems in more
general setting. As applications, we also study the existence problems concerning the fixed
points for operators on Menger probabilistic normed space and fuzzy normed space. Our
results contain not only the former versions of the Schauder-type fixed point theorems
but also the corresponding theorems in Menger probabilistic normed spaces and fuzzy
normed spaces as their special cases.

2. Fixed point theorems in generating spaces of quasi-norm family

Throughout this paper we denote the set of all positive integers by Z* and the field of real
or complex numbers by E.
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2 Fixed point theorems in generating spaces

Definition 2.1. Let X be a linear space over E and 0 the origin of X. Let

Q=1{l"ls:ae(0,1]} (2.1)

be a family of mappings from X into [0, +c0). (X, Q) is called a generating space of quasi-
norm family and Q a quasi-norm family if the following conditions are satisfied:

(QN-1) |x|4 =0 for all « € (0,1] if and only if x = 6;

(QN-2) lex|q = lel|x|4 for x € X and e € E;

(QN-3) for any «a € (0,1] there exists a § € (0,] such that

lx+yla < lxlp+1ylp forx,y €X; (2.2)

(QN-4) for any x € X, | x|, is non-increasing and left-continuous for « € (0,1].

(X,Q) is called a generating space of sub-strong quasi-norm family, strong quasi-norm
family and semi-norm family respectively, if (QN-3) is strengthened to (QN-3u), (QN-
3t) and (QN-3e), where

(QN-3u) for any « € (0,1] there exists a § € (0,a] such that

n

D %

i=1

n
SZ|xi\ﬂ foranyneZt, x; € X (i=1,2,...,n); (2.3)

a i=1

(QN-3t) for any a € (0, 1] there exists a € (0,«] such that
[x+yla < |xla+lylg forx,yeX; (2.4)

(QN-3e) for any a € (0, 1], it holds that [x+ y|q < [x|a + | |4 for x, y € X.

Remark 2.2. Clearly, by Definition 2.1 we obtain the following assertions: (QN-3e) im-
plies (QN-3t); (QN-3t) and (QN-4) imply (QN-3u); (QN-3u) implies (QN-3).

LEmMMA 2.3. Let (X, Q) be a generating space of quasi-norm family, e >0, a € (0,1], N(¢&,«)
= {x:|x|q < &}. Then
(i) e # 0 implies eN(1,a) = N(lel,a);
(ii) & < & implies N(e1,a) C N(&z,x);
(iii) o < ay implies N(e,01) C N(&,a2).

Proof. It follows immediately from (QN-2) and (QN-4). O

Lemma 2.4. Let (X,Q) be a generating space of quasi-norm family. Then there exists a
topology T q on X such that (X, T q) is a first-countable Hausdorff linear topological space
(further, is metrizable) having {N(e,a) : € >0, o € (0,1]} as a neighbourhood base of 0.
Additionally, if (X,Q) is a generating space of semi-norm family, then (X,J q) is a locally
convex space.

Sketch of proof. Applying Lemma 2.3, we have the following.
(a) For N(e1,a1) and N(&,a,) there is a N (&g, ) such that

N (&, a0) C N(e1,01) NN (&p,02), (2.5)
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where
g = ap = min {e;, 01,8, 0} (2.6)
(b) For N(¢,«), by (QN-3) and (QN-4), there is an N(¢/2, ) such that
N(e/2,5) +N(e/2,3) € N(e,a). (2.7)

(c) Forany e € E, |e| < 1, it holds that eN(e,a) C N(e, o).
(d) For any x € X, thereis a e = &/(|x|o +¢€) € E such that ex € N(¢,a).
(e) For 6 # x € X, by (QN-1), there exist ap € (0,1] and & > 0 such that

|x|q >0, thatis, x & N(eg,a). (2.8)

(f) {N(1/n,1/n) :n € Z*} is also a neighbourhood base of 6 for J .
(g) If (X, Q) satisfies (QN-3e), then N (e, ) is convex.
Finally, by [4, pages 34-35, pages 45—49], the assertion is valid. O

Remark 2.5. From Lemma 2.4 we see that the topology 7 can be described using se-
quence instead of net or filter.

Definition 2.6. Let (X, Q) be a generating space of quasi-norm family.
(i) A sequence {x,},—; C X is said
(a) to converge to x € X denoted by lim,—.. x, = x if lim,—« |x, — x|o = 0 for each
a € (0,1] (equivalently, for each a € (0,1] there is a K € Z* such that |x, —
x|lq <aforall n > K);
(b) to be a Cauchy sequence if limy, ;.0 [X — Xula = 0 for each a € (0,1].
(ii) A subset B C X is said
(a) to be complete if every Cauchy sequence in B converges in B;
(b) to be bounded if for each a € (0,1] there is a M = M(«) > 0 such that B C
N(M,«a);
(c) to be precompact (or totally bounded) if for each & € (0,1] there exist n, € Z*
and {X14, X245 ->Xn«} C B such that B C U™, Xig + N(a, );
(d) to be compact if every open cover of B has a finite subcover.
(iii) An operator T from B C X into X is said to be continuous if for each x € B,
limy,— x, = x implies lim,— Tx, = Tx.

Remark 2.7. From Definition 2.6 and Lemma 2.4 we get the following immediately: if B
is compact, then it is precompact; If B is precompact, then it is bounded; If B is a subset
of a precompact set, then it is also precompact.

LemMA 2.8. Let (X, Q) be a generating space of quasi-norm family.
(1) If Y € X is a finite dimensional subspace of X, then Y is topologically isomorphic to
a finite dimensional Euclidean space and is therefore complete and closed in X.
(ii) A subset of X is compact if and only if it is precompact and complete.

Proof. Tt follows from Lemma 2.4 and [4, pages 59-61]. O
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LEMMA 2.9. Let (X,Q) be a generating space of strong quasi-norm family. Then for each
€ (0,1], |xlq is a continuous function on X.

Proof. By (QN-3t), for {x,} C X and x € X, we have
le,xs|x—x,,|ﬁ+|x,,|a, |xn|a§|xn—x|ﬁ+|x|a, (2.9)
that is, [|x,|a — |x[al < x4 — x[g, showing the assertion is true. O

In the sequel, we denote the closure of a set B by B, the convex hull of B by coB and
the closure of the convex hull of B by coB. Now, we give our main theorems.

TaeorEM 2.10. Let (X, Q) be a generating space of sub-strong quasi-norm family satisfying
that each | - |, € Q is continuous on X, C a compact convex subset of X and T a continuous
operator from C into C. Then there exists an xo € C such that Txy = .

Proof. Forn e Z* and a, € (0,1/n], by (QN-3u), there is 8, € (0,«,] such that

k
>
i=1

Set a1 = min{fB,,1/(n+1)}. By (QN-4), we have that {a,},;~; C (0,1] with a,1 < a,
and a, < 1/n such that

k
>
i=1

Observe that a subset of a precompact set is also precompact. Since C is compact and
TC c C, there exist p, € Z* and {ym}fz”l C TC such that

k
<> |xi|ﬂn; Vke Z*,V{xi}il cX. (2.10)
o, i=1

=<

[xil,,, 5 VkeZ*,V{x,‘}il cX. (2.11)

U

1

a, i

Pn
TCC inn + N (041, 0nt1)- (2.12)
i=1
Set gin(x) = max{0,p1 — | TX = Yinla,.,}> Vx € C,i=1,2,..., p,. Since the quasi-norms
are continuous on X and T is continuous on C, we have that gj,(x) is continuous on C. If
x € C, then by (2.12), there exists iy (1 < iy < p,) such that |Tx — yinla,,, < 01, thatis,
Zign(x) > 0. Set g, (x) = Zf:”lgin(x). Then for all x € C, g,(x) > 0. Define

Pn

gin(x)
Thx = in> eC 2.13
* ,:Zl gn(x) % * (2.13)

Then T, is a continuous operator on C. Notice that gi,(x) # 0 if and only if | Tx — yiyla,.,
< @p41. For each x € C, by (2.11) and (QN-2) we have that

Pn
1
Tx—Tpx|, = | —— > gin(x)(Tx — yin
| " gn(X) i:1g ( )( 4 ) o

(2.14)
1 &

in\X Tx— in| g
g 28Tyl

<

< Op+l-
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Set C, = E{ym}fﬁl, Y, = span{yin}fz"l. Since C is compact and convex, by (2.13) we have
that T,,C ¢ C, and C, C C. Thus, T,,C, C C,,. Since Y,, is a finite dimensional closed sub-
space of X and the bounded convex closed set C,, C Y,,, by the Brouwer fixed point theo-
rem and Lemma 2.8(i), there exists x,, € C, such that T, x,, = x,,. Since {x,},-, C Cand C
is compact, without loss of generality, we can suppose that lim, .. x, = xy € C. For each
a € (0,1], by (QN-3u) and (QN-4), there exists 3 € (0,a/3] such that

|xo— Txo|, < |x0—xn|ﬁ+ |Tnxn—Txn|ﬁ+ |Txn—Tx0|ﬁ. (2.15)

Since T is continuous and lim,_« «a, = 0, there exists a K € Z* such that a, < 3, |xg —
Xnlp <Pand |Tx, — Txolg < B for all n > K. By (2.14) we have that

| Toxn — Txy |/5 < | Tuxn = Txn | o, < i1 < 0ty <. (2.16)

Hence (2.15) implies |xg — Txolo < 3 < a, that is, Txy = x9. This completes the proof.
O

As a direct consequence of Theorem 2.10, we can obtain the following by Lemma 2.9.

CoroLLARY 2.11. Let (X, Q) be a generating space of strong quasi-norm family, C a compact
convex subset of X and T a continuous operator from C into C. Then there exists an xy € C
such that Txy = xo.

THEOREM 2.12. Let (X, Q) be a generating space of sub-strong quasi-norm family satisfying
that each | - |, € Q is continuous on X. Let C be a closed convex subset of X and T a contin-
uous operator from C into C. If X is complete and TC compact, then there exists an xo € C
such that Txg = xo.

Proof. Set B = T'C. We will prove that coB is compact. For each « € (0,1], applying (QN-
3u) and (QN-4), there exists a § € (0,a/3) such that [w; +w, + w3l < [w lg+ [walp +
[ws|g for all wi,ws, w3 € X. Thus,

N(B,B)+N(B,f) +N(B,) C N(a,a). (2.17)

Applying (QN-3u) again, there exists a y € (0, ] such that

n

2.7

i=1

n
sZ|z,-|y; VneZ', Viz}., cX (2.18)
B i=1

Since TC is compact, we obtain that B is precompact. Thus, there exist an n, € Z* and
{xiy}?:yl C B such that

ny

Bc [ Jxiy +N(p,y). (2.19)

i=1
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Suppose that x € coB. Then x = 2?21 ejyj,wherekeZ*, y; € Bande; >0 (j = 1,2,...,k),

Zl;=1 ej=1.By (2.19), there exists x; € {xiy}:'z1 such that y; —x; €N(y,y), (j = 1,2,...,k).
By (2.18), we have that

k k
x= D ejx; SZCJUJ‘—XHYWS/)’- (2.20)
j=1 B =1

Set C, = co{xiy}?:yl, Y, = span{x,-y}:zl. Since Z];:I ejxj € C,, from (2.20) we get that
x€ Cy+N(B,B), thatis, coBC C,+N(B,p). (2.21)

Since Y), is a finite dimensional space and C, a bounded set of Y,, we derive that C, is

compact. Thus, there exist k, € Z* and {ziy}:-zl c Cy cBsuchthatC,c C, C U:Zl Ziy +
N(B,B). Hence, by (2.17) and (2.21) we have that

coB CcoB+N(B,B) C C, +N(B,B) +N(B,p)

ky ky (2.22)
cJzy +NB.B+NB,B)+N(B.B) c | Jziy + N(a, ),

i=1 i=1

showing €oB is precompact. Since X is complete, we obtain that coB is complete. Ap-
plying Lemma 2.8(ii), coB is compact. Since B C C and C is a closed convex set, we de-
rive that coB C C. Clearly, T(coB) C TC = B C coB. Therefore, T is a continuous oper-
ator from the convex compact set coB into itself. Applying Theorem 2.10, there exists
Xo € ¢oB C C such that Txy = x¢. This completes the proof. O

As a direct consequence of Theorem 2.12, we can obtain the following by Lemma 2.9.

CoroLLARY 2.13. Let (X, Q) be a generating space of strong quasi-norm family. Let C be a
closed convex subset of X and T a continuous operator from C into C. If X is complete and
TC compact, then there exists an xo € C such that Txy = Xo.

TaeOREM 2.14. Let (X, Q) be a generating space of strong quasi-norm family and C a closed
convex subset of X. Let Ty and T, be continuous operators from C into C satisfying the
following conditions:

(1) Ty is contractive, that is, there exists a constant r € [0,1) such that

|Tix=Tiy|, <rlx—yla Vae(0,1],x,y€C. (2.23)
(ii) T,C is compact.

(iii) For any x,y € C it holds that T\x+ T,y € C.
If X is complete, then there exists an xo € C such that xo = (T + T2)xo = T1x0 + Taxo.

Proof. Suppose that z € T,C. Define

T, T,x=Tix+z, VxeC (2.24)
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Then T,x — T,y = Tix — Ty y. Since C is closed, by (i) and (iii) we have that T is a
contractive operator from C into C. Set y,+1 = T, y,, where n € Z* and y, € C. Then
{¥n}n=o C C. Since (QN-3t) and (QN-4) imply (QN-3u), for each a € (0,1], by (i) and
(QN-3u), there exists a 8 € (0,«] such that

M~

| ynsp = nloa= | D (Ynti = Ynriz1)

14
=< z |)’n+i = Vn+i-1 |/3
o i=1

i=1

(2.25)

IA
KM““

. rh
T =yl = T I =yl

i=1

showing that {y,} is a Cauchy sequence in C. Since X is complete and C closed, lim,,—« y»
= y € C. Observe that T is continuous. From y,;1 = T,y, we derive that T,y = y. By (i)
we see that y is a unique fixed point of T,. Define S: Sz = y. Then § is an operator from
T,C into C. By (2.24) we have that

Sz="TSz+z. (2.26)
By (i) and (QN-3t), for each a € (0,1] there is € (0,«] such that

T:Sz; — T1822) + (Z] — 22) |“

|SZ1_SZ2|,1: |(
< |(T1821—T1522)|a+|Zl—22|ﬁST|Szl—SZZ|a+|21—Zz|ﬁ

(2.27)

for all z;,z, € T>C, that is, |Sz; — Sz2 1o < (1/(1 —1))|z; — 231, showing that S is contin-
uous. Since ST, is a continuous operator from C into C, S(T,C) is compact by (ii), and
ST,C c S(T,C), we derive that ST, C is compact. Observe that (QN-3t) and (QN-4) imply
(QN-3u), and by Lemma 2.9, (QN-3t) implies the quasi-norms are continuous. Apply-
ing Theorem 2.12, there exists an xy € C such that STyxy = x¢. Setting zo = T>xy, then
Sz = x9, and by (2.26), Szy = T1Szo + zo. Therefore, xo = T1x0 + T2x0. This completes the
proof. O

Remark 2.15. From Lemmas 3.5 and 2.9 we see that, if (X,Q) is a generating space of
semi-norm family, then it is a locally convex Hausdorff linear topological space and its
semi-norms are continuous. Noticing that (QN-3e) implies (QN-3u) and (QN-3t), The-
orems 2.10, 2.12 (Corollaries 2.11, 2.13) and Theorem 2.14 are in some sense the gen-
eralizations of fixed point theorems (in locally convex space) of Schauder-Tychonoff,
Schauder-Hukanare and Schauder-Krasnoselskii, respectively.

3. Applications: fixed point theorems in probabilistic case and fuzzy case

Throughout this section, We denote by L, R, A the mappings from [0,1] X [0,1] into
[0, 1] which are symmetric and nondecreasing for both arguments and satisfy L(0,0) = 0,
R(1,1) =1, A(a,1) = a and A(a,A(b,c)) = A(A(a,b),c), respectively. we denote by & the
set of all fuzzy real numbers (see [9]). If 1 € & and #(t) = 0 for t < 0, then 7 is called
a non-negative fuzzy real number and by F* we mean the set of all them. For 5 € F*
and a € (0,1], a-level set (], = {t: n(t) = a} is a closed interval and we write by [#]4
= [n5,1%]. We also denote by & the set of all left-continuous distribution functions (see
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[7, 10]); by 0 the fuzzy number which satisfies 0(¢) = 1 for £ = 0 and 0(¢) = 0 for ¢ # 0; by
H the distribution functions which satisfies H(t) = 1 for t >0 and H(t) = 0 for t < 0.

Now we recall some basic concepts and facts about fuzzy normed space (briefly, FNS)
and probabilistic normed space (briefly, PNS).

Definition 3.1 (see [2, 9]). Let X be a real linear space and || - || a mapping from X into
F*. Denote [llx|l]4 = [lIxll5, Ixl}] for x € X and a € (0,1]. The quadruple (X, - [I,L,R)
is called an FNS and || - || a fuzzy norm if the following conditions are satisfied:

(FN-1) |lx|l = 0 if and only if x = 6;
(FN-2) |lex]| = |e] ® ||x]| forallx € X and e € (—00,+0);
(FN-3) forallx,y € X,
() llx+ yli(s+1) = L(llxI(s), 1 yII(£)) whenever s < [[x]l7, ¢ < llyll; and s+
t<lx+yllys
(i1) llx+ yli(s+£) < R(llxlI(s), 1 ¥lI(¢)) whenever s = [[x|ly, t = [|yll; and s+
t=lx+ylly.

Remark 3.2. By [9, Theorems 3.1-3.4] we know that the topology of (X, || - I|,L,R) is de-
cided by {l|x]|} : «€(0,1]} or {N*(g,a) : >0, a €(0,1]}, where N"(¢,a) = {x : || x|} <e}.

LemMa 3.3 (see [9]). Let (X, || - II,L,R) be an FNS. Suppose that
(R-1) R < max;
(R-2) for each o € (0,1] there exists a § € (0,«] such that R(3,y) < « for y € (0,);
(R-3) lim,—¢+ R(a,a) = 0.
Then (X, {llx|lt : € (0,1]}) is
(i) a generating space of quasi-norm family if (X, || - ||, L,R) satisfies (R-3);
(ii) a generating space of strong quasi-norm family if (X, || - II,L,R) satisfies (R-2);
(iii) a generating space of semi-norm family if (X, || - ||,L,R) satisfies (R-1).

Definition 3.4 (see [6, 7, 10]). Let X be a real linear space and F a mapping from X into
9. Denote F(x)(t) = fi(t) for x € X and t € (—co,+00). The triple (X,F,A) is called a
Menger PNS if the following conditions are satisfied:

(PN-1) £.(0) =05 fi(t) = H(t) ifand only if x = 6;

(PN-2) fox(t) = fi(t/lel) forallx € X and 0 # e € (—c0,+0);

(PN-3) fery(s+1) = A(fi(s), f(t)) forall x,y € X and s,¢ = 0.

LeEmMma 3.5 (see [8, 10]). Let (X,F,A) be a Menger PNS. For any € >0 and o € (0,1] we
define N*(e,a) = {x: fi(e) >1 —a} and ||x|l, = inf{t = 0: f(t) > 1 —a}. Then

(i) N*(e,a0) = {x: [[xlla < €};

(ii) fu(t) = f,(¢) forallt = 0 if and only if ||x|la < ||y« for all « € (0,1].

LEMMA 3.6 (see [8, 11]). Let (X,F,A) be a Menger PNS. Suppose that
(A-1) A = min;
(A-2) for each o € (0,1) there exists a 3 € [, 1) such that A(B,y) >« for y € (a,1);
(A-3) sup,, Aa,a) = 1.
Then (X, {llxlla: a € (0,1]}) is
(1) a generating space of quasi-norm family if (X, F,A) satisfies (A-3);
(ii) a generating space of strong quasi-norm family if (X, F,A) satisfies (A-2);
(iii) a generating space of semi-norm family if (X, F,A) satisfies (A-1).
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Remark 3.7. From Lemmas 3.5 and 3.3(i) we see that if (X, F,A) satisfies (A-3), then the
(&,a)-topology on (X, F,A) induced by {N*(g,a) : ¢ >0, a € (0,1]} coincides with the
topology on (X, {llxll4:a € (0,1]}).

Next we make use of Theorems 2.10, 2.12, 2.14 and Lemmas 3.3, 3.5, 3.6 to give some
Schauder-type fixed point theorems in FNS and Menger PNS. The proofs are omitted
here for the sake of brevity.

THeoreM 3.8. Let (X, || - I,L,R) be an ENS with (R-2), C a compact convex subset of X
and T a continuous operator from C into C. Then there exists an xo € C such that Txy = Xo.

TaeOREM 3.9. Let (X, - II,L,R) be an FNS with (R-2), C a closed convex subset of X and
T a continuous operator from C into C. If X is complete and TC compact, then there exists
an xy € C such that Txy = xo.

TaeoreM 3.10. Let (X, || - II,L,R) be an ENS with (R-2), and C a closed convex subset of X.
Let Ty and T, be continuous operators from C into C satisfying the following conditions:
(1) Ty is contractive, that is, there exists a constant r € [0,1) such that

ITwx - Thylll <rllx—yli Vae(0,1], x,y € X. (3.1)

(ii) T>C is compact.
(iii) For any x,y € C it holds that T\x+ T,y € C.
If X is complete, then there exists an xo € C such that xo = (T1 + T2)xo = T1x0 + Taxo.

TueoreM 3.11. Let (X,F,A) be a Menger PNS with (A-2), C a compact convex subset of X
and T a continuous operator from C into C. Then there exists an xo € C such that Txy = xy.

THEOREM 3.12. Let (X,F,A) be a Menger PNS with (A-2), C a closed convex subset of X
and T a continuous operator from C into C. If X is complete and TC is compact, then there
exists an xo € C such that Txo = xo.

THEOREM 3.13. Let (X, F,A) be a Menger PNS with (A-2), and C a closed convex subset of
X. Let Ty and T, be continuous operators from C into C satisfying the following conditions:
(1) Ty is contractive, that is, there exists a constant r € (0,1) such that centerline
Srix-1y(t) = fxy(t/1) forall t = 0;
(ii) T, C is compact;
(iii) for any x,y € C, it holds that T\x + T,y € C.
If X is complete, then there exists an xo € C such that xo = (T + T2)xo = T1x0 + Taxo.

Remark 3.14. Since A(a,a) > a for all a € [0,1] is equivalent to A = min, and T is non-
expansive implies T is continuous, Theorem 3.12 presents an improved version of [11,
Theorem 3.2], moreover, Theorems 3.11 and 3.13 present a complementary version of
[6, Theorems 2 and 4].
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